
363 

Appendix D 

Floquet Analysis for an Infinite Array 
of Regular Electrodes 

The equations for multi-strip couplers were derived in Chapter 5 using the analysis o f  
o fGreen's function method, making use the quasi-static approximation. The 

equations there fore exclude electrode interactions, and in consequence do not predict 
the presence o f  any stop bands. In addition, for frequencies outside the stop bands the 
interactions cause a small change to the sur face wave velocity, and this is not correctly 
predicted by the quasi-static approximation. To these omissions, this recti fy 
appendix gives an account based on the work o f  Blotekjaer et al. [ 475, 476 ], in which 
the solution is obtained by applying Floquet's theorem and using the effective 
permittivity discussed in Chapter 3. The permittivity is taken to be adequately 
represented by Ingebrigtsen's approximation, assuming that the only acoustic wave 
present is a pie zoelectric Rayleigh wave. A similar approach was used by Emtage 
[477], and an alternative method using perturbation theory [11 8] gives equivalent 

results. In the analysis here the sur face electric field and charge density are written in 
terms o f  space harmonics with coefficients given by Legendre in a manner functions, 
similar to an earlier analysis o f  helical waveguides given by Chu [47 8]. 


The use o f  
the effective permittivity implies that mass loading due to the electrodes 
is neglected, and it is also assumed that the electrodes have negligible thickness and 
resistivity. The electrodes are taken to have a length, in the y-direction, much greater 
than their width, and the sur face waves are assumed to be free diffraction and to o f  
have wavefronts parallel to the y-axis. Thus all quantities, including the sur face 
potential and charge density, can be taken to be invariant with y.

It is a feature the solution that the equations become very complex when high o f  
frequencies are considered. In view o f  this, the analysis is given here for frequencies 
w < 2nvo/p,where Vois the free-s velocity and pthe pitch o f  Inur face the electrodes. 

most practical cases this range includes the frequencies o f interest, and it includes the 
first stop-band, which occurs frequencies nvo/p. The analysis forfor near higher 
frequencies is discussed briefly in Section 0.4. 

0.1. General Solution for Low Frequencies 

For a piezoelectric hal f-space, the sur face potential ¢(x) and charge density O'(x) are 
related by the effective permittivity f.s(P), which gives the ratio of the Fourier 



¼ L. 

(D.3) 

(T(x) = I (Tn e-j2nnx/p e-jKX, 
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trans forms ;P(fJ)and u(P). For the analysis here it is convenient to use the parallel 
electric field E.,(x) at the sur face, rather than the potential </>(x). Taking tAP)as the 
trans form o f Ex(x), we have tx(3) = -jf3;P(f3). Thus, with E:s(f3)defined by equation 

(3.24)of Section 3.2,we have 

u(f3) = jE:s(f3)sgn (P) tAP) (0.1) 

with sgn (p) = 13 > 0and sgn (13) = 1 P < O. The solution must satis fy I for - for 
this relation and the boundary conditions that Ex(x) = 0 on the electrodes and 
(T(x) = 0in the gaps between the electrodes. 

The configuration o f the electrodes is shown in Figure 5.1. The electrodes are 
centred at x = mp, with 00 º m Ï 00, and have width a. For the electrode -

centred at x = mp,the voltage is Vm and the current entering the electrode is 1m. For 
the analysis here we consider solutions in which these take the forms 

Vo exp ( -jKmp) , 

10exp ( -jKmp), (0.2) 

Vm 

where a term exp (jwt)is implicit. The factor Khas the role o f  a propagation constant. 
These equations are unaffected i f  a multiple o f  2njp is added to K,and it is convenient 
to restrict Kto the range 

o º K º 2n/p. 

This restriction does not affect the generality o f  the solution. 
With the electrode voltages given by equation (0.2), it is reasonable to assume that 

the electric field has the property Ex(x + p) = Ex(x) exp ( -jKp), and it then follows 
function,that Ex(x) exp (jKX)must be a periodic with period p. Thus Ex(x) can be 

written in the form 
00 

e-j2nnx/p -}KXEn e (0.4) Ex( X) = 
n= -00 

and similarly the charge density (T(x) can be written 

GO 
(0.5) 

,,= -co 

where the coefficients En and (Tn are to be determined. These equations have the forms 
given by Floquet's theorem, which is readily proved the case o f  anfor a wave in 
unbounded medium with periodic properties [11 4]. However, here we are concerned 
with a bounded medium having a periodic boundary condition, and for such cases 

Floquet's theorem is not always valid [1
1 4]. Nevertheless, it will be seen that a solution 

with the form equations (D. 4) and (0.5) can be obtained foro f the present case. 
In the f3-domain, each in equations (0.5) has the form o fterm (0. 4) and a 

delta function P = (K + 2nnjp). The ratio o f  (Tnis thus given by located at En to -

equation (0.1) this value o f In view o f (D.3), we havefor p. equation 
sgn ( - K - 2nn(p) = with defined- Sn, Sn by 

Sn = 1, for Sn - I, forn ¶ 0; = n < O. (0.6) 



E'(x) = 

L L 
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Noting also that s.( - (J) = s,({J), we have 

an 
(0.= jSnS,(K + 2nn/p). 7)

En 
_ 

Now, s,({J) is taken to be given by Ingebrigtsen's approximation, equation (3.38), 
which is plotted in Figure 3.2. This function is almost constant except for (J close to 
± ko, where ko > 0 is the wavenumber for surface wave propagation on a free surface 
at frequency OJ. This condition is expressed by writing s,({J) = s,(00) for all (J except 
for values near ± ko. We also assume that the frequency is restricted such that 

(0.o ::::; ko < 2n/p, 8) 

which implies that OJ < 2nvo/p. In view of this restriction, and of equation (0.3), it 
is found that K + 2nn/p can only be close to ± ko if n = 0 or -1, and so equation 
(0.7) becomes 

- jSn S,(K + 2nn/p), for n = 0, -1, (D.9a) 

= - jSnSs( 00), for n #- 0, -1. (D.9b) 

If ko is close to 2n/p, the additional case n = 1 must be included in equation (D.9a); 
however this is excluded here by assuming that ko is at least a few percent below 2n/p. 

The solution for an and En is found using properties of Legendre functions, given 
in Appendix C. Consider the functions 

L 
00 

Sn-rPn-r(COS Ll) e-j2nnx/p e-jKx 

00 
a'(x) = -js,(oc) L Pn-r(COS Ll) e-j2.nx/p e-jKX (0.1 0) 

,n= -00 

where Ll = nalp and a and p are respectively the width and pitch of the electrodes. 

From equation (C.
15) it can be seen that E'(x) is zero at the electrode locations, 
irrespective of the value of the integer r. From equation (C.I4), a'(x) is zero in the gaps 
between the electrodes, for any r. If s,({J) were independent of (J, equations (0.9) 
would be satisfied by equations (0.1 0), with r = O. However, because s,({J) has 
different values for n = 0, -1 it is necessary to add terms with several values of r. 
It is found that terms with r = -1, 0, I are sufficient, so that the field and charge 
density are given by 

ro I 
L L arSn-rPn-r(COS Ll) e-j2.nx/p e-jKX, (0.11)

,,=-00 r=-I 

00 I 
a(x) -js,(oo) 

n=-oo r=-) 
(XrPn-r(COS Ll) e-J2.nxlpe-jKx , (0.12) 



t' lor 
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where the coeffients Ct,are to be determined_ Since these are linear com binations of 
equations (D. 1 0), the required boundary conditions are satisfied. We also have, 
writing Pn(cos 7)as Pnfor brevity, 

-jf.s(oo) [Ct-IPn+1 + CtoPn + IX,Pn-d 
(I.-ISHIPn+1 + IXOSnPn + IXISn-IPn-1 

(D.13) 

and th is is requ ired Now, from equation (D.6), it can be 
seen that Sn-I = Sn = Sn+1for n "# 0 or I ,and hence equation (D.9 b) is already -

satisfied. The ratios of the coefficients a). 
It is Aoand A _I byconvenient to define 

_ cs(K + 2nr/p) + cs(oo)A, - r = 0, 1. 4)- (D.1
f.s(K + 2nr/p) - f.s(OO) , 

Su bstitut ing (D.13) into equation (D.9a), it then found that 

to satisfy equations (D.9). 

IX,are therefore determined by equation (D.9

equat ion is 

(Xo 

CI!_I 

ttl A_I + cos 7 
AoA-1 cos2 7' -

Ao + cos 7 
(D.1 5)

IXo AoA-1 cos2 7'-

where use has been made of the relations P -I = Po = I and P-2 = PI = cos ». 
permittiv ity The effective Es(f3) is taken to be given by Inge brigtsen's 

approximation, equation (3.38), so that 

(D.16) 

where koand kmare respect ively the wavenum bers for surface waves on a free surface 
and on a metall ised surface. We thus have f.s((0) = co + c;and, using equation 
(D.14), 

Ao (D.17) 

and 
-A_I = [2(K - 2n/p)2 - k8 k�]/(k� - k�). (D.18) 

Electrode Voltages and Currents. The electrode voltages Vmare found by 
integrating the field to give the potent ial, evaluat ing this at the electrode centres 


x = mp. Using equation (D.4 field be
) for the , the electrode voltages are found to 

Vm = Voexp ( -jKmp), with Vogiven by 


(D. 19) 

where we have defined 



/p
( 

6 
L-
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S = Kp/(2n), (D.20) 

and, in view o f  equation (D.3),we have 0 :::; S :::; l .  The coefficients Enin equation 
(D.19)are identified by comparing equation (DA)with equation (D. I I), and the 

summation over n can be done by using Dougall's expansion, equation (C.12). We 
thus have 

• 1 
Vo = - ) L (-I)'iXrPr+s-I(-cos 7). (D.21)

2sm ns r/-I 

The current 1m entering the electrode centred at x = mpis found by integrating 
the charge density over the area o f  the electrode and differentiating with respect to 
time. The integral over xhas limits x = mp ± a/2, and the electrode length, in the 
y-direction, is W. Using equation (D.S) for charge density, it is foundthe that 
1m = 10 exp ( -jKmp), with 

+s[, jwWp ft. -j(no = (1ne
)8dO, (D.22)

2n -t. n=-x 

where 8 = 2n(x - mp)/p and 7 = na/p. The coefficients (1n can be evaluated by 
comparing equations (D.5)and (D.12). Equation (D.22)may then be evaluated using 
equation (C.16)o f Appendix C,giving the result 

1 
10 = wWp(eo + e;) L 1XrP,+S-I(COS »), (D.23)

r= -I  

where the relation esC(0) = (eo + e;)has been used. 
Equations (D.21)and (D.23)give the electrode voltages and currents in terms of the 

coefficients iX" which are related to the propagation constant K by equations (D.15), 
(D.17)and (D.18). I f the ratio 10/ Vois specified these equations determine the relative 

values o f  the iX,and the value o f  field and charge density, equations K,and hence the 
(D. I I )and (D.12),are determined. followingThe sections descri be some particular 

cases. 

0.2. Propagation Outside the Stop Band 

For propagation on a free ± ko. Strongsurface, the surface-wave wavenum ber is 
coupling to a sur face is there fore if one or more o fwave expected only the 
wavenum bers K + 2nn/pin the Floquet expansion is near to ± ko. Usually, at most 
one o f the wavenum bers is close to ± ko. However, in the special case ko � nip,it is 
possi ble to have K � koand K - 2n/p � -ko,so that coupling occurs for 0andn = 

for n = - In this case two sur face I. waves propagating in opposite directions are 
coupled by the structure, and this leads to the presence o f  band This occurs a stop . 
for frequencies close to nvo/p. In this section it will frequencybe assumed that the is 

not close to this value. The stop band will be considered in Section D.3. 
It can beassumed that, i f  sur face forcoupling to waves occurs, it occurs K � ko. 

The alternative case, when K - 2n/p � ko,is essentially the same solution, and can -



Ps( d) --'-::----'­

l.Jk2 2\ A )' 
Ll 

Vsc � Vo + !( Vm - vo) I + 

2 = k2. = k _ e) [
I 

_ 
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therefore beneglected. In view of this, we can take lis(K - 2n/p) = li,( (0)and thus 
from equat ion (D.14)we have A_I = 00. Equations (D.15)then give eLI = 0 and 

rxo/rxl = Ao = (2K2 - k� - k�)/(k� - k�, (D.24) 

where Aohas been obtained from equation (D.17). Thus the rx_1 term in the electric 
fieldand charge density, equations (D.II)and (D.12),is not required here. This can 
also be deduced more directly by noting that equat ion must be valid for all (D.9b) 
n -:f. 0. We now er separately three cases, in which the electrodes arecons id
short-circuited or open-circuited, or have some more general termination. 

(a) Shorted Electrodes. If the electrodes are all connected together the 
voltages V must all be zero, and hence Vo = O. Thus, noting that rx_1 = 0,equationm
(D.2l)gives 

(D.25) 

Using equation (D.24),this gives a relation determining the propagation constant K, 
which for this case is denoted ksc. Thus, 

(D.26) 

Since kmis close to koit can be concluded that kscis also close to ko. In the above 
equation s = k,cp/(2n),so that the equation is transcendental. However, since the 
Legendre functions vary slowly with s, a good approximation is obtained by using 
s = epend k,c' The surface-wave velocity kop/(2n),and the right side is then ind ent o f  

in the structure is Vsc = wlksc. Noting that km � ko, the velocity is approximately 
given by 

[ 
 -cos 

Ps-I(-COSd)

]

, 

wikm. 


(D.27) 


where Vo = wi ko and Vm = 

(b) Open-Circuit Electrodes. With the electrodes disconnected electricalIy 
the currents 1m are zero, and hence 10 = 0. From equation (D.23)we have 

(D.28 ) 

and Kmay then be obtained using equation (D.24). For this case Kis denoted by koc, 
and we thus have 

Ps(cos M ]p (s-I cos 
K 
 Oi 02 + m O (D.29) 


Here again, k,,(must be close to ko,and a good approximation is obtained by setting 
s = kop/(2n). The sur face-wave velocity is Voc = wlkocand is approximately given by 
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FIGURE D,1. Surface wave velocity in an array of open-circuited (OC) or shorted (SC) electrodes, 
Arrows indicate locations of stop bands, where the analysis is invalid. 
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[ A) ]
VOl ::::: 

Ps(cos
Vo + - Vo) 1 -	 (D.30) 

_l( A)cosPs

V,5(and VO,are shown as functions of frequency in Figure D.l,for several 
metallisation ratios. For < 2nvo/pthe velocities are given by equat ions 
The veloc ities 

w (D.27)and 
(D.30), but for h igher frequencies the analysis of Section D.4 below must be used. 
Some experimental results confirming the forms of the curves, for alp = t and 
o < w < 2nvo/p,were o btained by Williamson [134]using a Y, Zlithium nio bate 
su bstrate and an electrostatic pro be. 

With s = kop/(2n), the difference k;c - k�c can be o btained by su btracting 
equation (D.29)from equation (D.26). Using equation (C.6)of Appendix C,this gives 

_ k� - k� 2sin (ns)k2 e 	 (D.31)so 00 -
- A) P_s(cos 

_ 

kop P-s ( cos A)' 

Noting that km ::::: ko, this is in good agreement with the result from the quasi-static 
analysis, equation (5.23). 

(c) General Terminations. The a bove equations ve the propagationg i
constant" when the ratio 10/ Vo is either infinite or zero. More generally, 10/ Vo can take 
intermediate values. The electrode voltages and currents must of course have the form 
given by equations (D.2). 

The ratio lo /Vois given by equations (D.21)and (D.23),noting that (X_I = 0here. 
The ratio can be expressed as 



A ) D 
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(0.33) 
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10 

Vo 
') . T . ( ) Ps-I(COS¹)
"-JwW(liO + lip) Sin ns P ( _,-I COS 

X~ 
-

(0.32) 

where 

P,(±COS il) 
X+ = I + ¸- - (Xo Ps-I( ± cos il) 

and s = KP/(2n). The ratio (XI!(XO is related to K by equation (0.24), and hence 
equation (0.32) gives the ratio Io/Vo if K is specified. Alternatively, the equation gives 

K if 10/ Vo is specified. 


The above result may be shown to be in close agreement with the quasi-static 
analysis. From equation (0.24) it can be seen that (1.1 /(1.0 is small except when K is close 
to k o. Thus, since the Legendre functions vary slowly with s, the functions X:t in 
equation (0.33) can be evaluated approximately by setting s = kop/(2n). The ratio of 

• Legendre functions in equation (0.33) is then related to kGC or k,c by equation (0.29) 
or equation (0.26). This gives 

For X_the same result is obtained, with koc replaced by ksc. Thus Io! Vo is given by 
equation (0.32), with 

k;c - k�c 
k;c - K2 

(0.34) 

and with s Kp/(2n). Also, k;, - k�, is given by equation (0.31). This result agrees = 

well with the quasi-static analysis, equation (5.18), except that the latter has kU - K2 
in the denominator instead of k�( - K

2
. 

0.3. Stop Bands 

When ko is close to nip, it is no longer valid to ignore the (X I term in the equations 
of Section 0.1, and it is then found that the propagation constant K can be complex. 
In this section we consider the stop band for the two cases when the electrodes are 
either shorted or open-circuited. It is sufficient to assume that ko ñ n!p, because the 
solution for other ko has already been given in Section 0.2. 

(a) Shorted Electrodes. For shorted electrodes Vo, given by equation (0.21), 
is zero. The propagation constant K must be close to ko, and since ko � nip we have 
S = Kp/(2n) � t. The Legendre functions vary slowly with s, and so it is a good 
approximation to set s = t in these functions. Equation (0.21) thus gives 

(0.35) 

The left side of this equation is related to K by equations (0.15), (D.17) and (0.18). 
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To simpl ify the equat ions, approximate forms Aoand A _Iare used. of the functions 
Noting that 1(, koand kmare all close to J'C/p,equations (0.17) and (0.18) give 

Ao é (2 1(  - ko - km)/(km - ko) 
and 

(0.36) 

It is convenient to define The solution for I(is then found by using equations (0.15). 
the functions 

and the expression 

v 

(0. 3 7) 

(0. 38) 

It is then found that 

(I( - n!p)" ê (w - wr)(w - w,.)!vH, (0.39) 

where 

1Cpvo [I I i1v + - - (cos i1 - (D. 40)
2 v 

and w.'< is g i byven 

1CVO i1v
WI - w.'< = - - F_(i1). (0.41) 

p v 

The function F_(i1) is ive, > W.,<. Equation (D. 39) thus shows that Kpos it so that WI 
is complex for w.'< < W < WI,and hence the frequenc ies WIgive the two edges Wseand 
of the stop band. These frequencies are shown in Figure 0. 2, as functions of 
metall isation ratio. The w idth of the stop band , WI - WS(,is g i by equation (0.41) ven 
and is shown in F igure 0. 3. 

(b) Open-Circuited Electrodes. For the open-circuit case 10 = 0, and with 
s = i equation (D.2 3) gives 

(CXI + (LI)/CXO = -P-dcosM/PL-J..COS5). (0. 42) 

Usingequat ions (0. 36) and (0.15), the solut ion I( isfor 

(I( - n!p)" � (w - WI)(W - WO()/vH, (0. 43) 

where WI is given (0.40) and Woe is given byby equat ion 

nvo i1v 
F.,.(M (0. 44) Woe - WI = 

p V 
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with F+( ll)give byequation (0.37). Here Woc > WI,so Kis complex for frequencies 
in the range WI < W < Woc. The frequency Woeis shown in Figure 0.2,andthe width 
of the stop bandis shown in Figure 0.3. 

0.4. Solution at Higher Frequencies 

The a bove sections give the solution for frequencies W < 2nvolp, that is, for 
o º ko < 2n/p. For higher frequencies a similar approach can be used,w ith the field 

andcharge densitygiven byexpressions similar to equations (0.11)and (0.12), but 
the range of values for rmust be increased. Suppose,for example,that Eix)and O'(x) 
are given byequations (0.4)and (0.5), but the coefficients Enand (Inare now given 
by 

R 
L _r(cos /l) (0.45)(lrS_rPn n

r= -R 



On 

;n 
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and 
R 

-jEs(CfJ) L C(rPn_r(COS£1). (D.46) 
r= - R 

These equations give 

-jSnE,(CfJ), for n ¶ R, 

or for n º - R - 1. 

We also have, from equation (D.7), 

= _ jSnf.,(K + 2rrn!p), 	 (D.47) n 

where 0 º K º 2rr/p. Equations (D.45 ) and (D.46) therefore give a valid solution if 
Cs(K + 2rrn/p) = Es(CfJ)for n ¶ Rand for n º - R 1. In the cases of interest, -

c,(f3)always approaches a limit for large 13, and hence this condition can be satisfied 
by choosing a large enough value for R. The relative values of the coefficients C(rcan 

then be found by su bstituting equations (D.45 ) and (D.4 6) into equation (D.47). It 
should be noted that, for - R - I < n < R,the method places no restrictions on 
the values of Es(K + 2rrn/p), and is therefore very versatile. 

The analysis using this method is given by BI0tekjaer 5, 476]. In view of et al. [47
the complexity of the results, the discussion here is restricted to a consideration of the 
surface-wave velocities for either shorted or open-circuit electrodes, for frequencies 
outside the stop bands. For these cases, the analysis can be presented in a somewhat 
simpler form, similar to that of Datta and Hunsinger [4 79]. The effective permittivity 
Es(f3) is taken to be given by Ingebrigtsen's approximation, and it is a good 

approximation to assume that Es(K + 2rrn/p)is equal to Es(CfJ)for all except one value 
of n. This of course excludes the stop bands. It is found that negative values of rare 
not required, so the coefficients Enand (Tncan be written as 

R 
En = 	 L C(rSn Pn (cos £1),

r=O 
_ r _ r

R 
(Tn = 	 -jc,(ex;) L C(r Pn _ r(COs £1). (D.48 )

r=O 

These equations give (Tn/En = -jSnCs( ex;)for n ¶ Rand for n º -1. It is assumed 
that Es(K + 2rrn/p) = Es(CfJ)for n # R I ,which implies that -

2n(R - I)/p º ko º 2rrR/p, 	 (D.49 ) 

and that, from equation (D.47), 

n 
= _jSncs(00), for n # R - I .  	 (D.5 0) 

(D.Su bstituting equations 4 8) into equation (D.5 0), with n = R - 2, gives 
aR-1 -aRP_2(cOs £1). Using n = R - 3, R - 4 ,  .. . gives the relative values of = 

C(R-2, C(P_3, . . .  . These can beexpressed in the form 



( A ) A [Ps+J(± A) =+= (A)Ps(± A)] 
n COSn ÄÅÆ----ÇÈÉÊËÌÍ----Î----

P-s(± A) 
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m 
(J(R-m+1 = - I (J(R_m+iP_i(COS £1), for m º R.2 º (0.51) 


1=2 


This determines the relative values o f  all the (J("except (J(o. The additional relation for 
required is o btained by setting n = R (1n . This gives - 1, using equation (0.47) for l En

R-J 

I (J(jPR_i_I(COS A) = (J(RAR_1, (0.52) 
i=O 

where AR_1 is defined (0.14 ), taking r = I. Using by equation R - lnge brigtsen's 
approximation, equation (0.16 ), we have 

AR_ I = (2k2 - kY - kZ)/(k[ - k\, (0.5 3) 

where khas been defined by 

k = K + 2n(R - I)/p. (0.54 ) 

When the electrodes are either shorted or open-circuited, it will be found that kis close 
to ko,and can there fore as the sur face-wave be identified wavenum ber. 


The electrode voltages and currents are calculated as in Section 0.1, giving 


(0.55) 

and 

R 
10 = OJWp(eo + eJJ I (J(rP_r_s(COS £1), (0.56) 

r=O 

where, as be fore, s = Kp!(2n)and 0 º s º I .  For shorted electrodes Vo is set to zero, 
and with equations (0.51 )-(0.54) the wavenum ber k is then determined. This 
wavenum ber is denoted ksc• For open-circuited electrodes 10 is set to zero, and the 
solution for kis denoted koc. 

As an example, we give the solutions for 2. OefiningR = 

B _ 
cos cos cos cos A+ - +- cos 

the solution for shorted electrodes is 

k;c = kY + t(k� - k])[1 - B_ (A)], 

and for open-circuited electrodes 

k^ = k_ + t(kZ - kY)[1 - B+(A)]. 

The corresponding velocities are shown on Figure 0.1. 

http:0.51)-(0.54

