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Chapter 4 

Analysis of Interdigital Transducers 

As noted in Chapter I ,  interdigital transducers are used in all practical surface-wave 
devices, and in many devices the performance of the transducers is the main factor 
determining the device performance. A detailed understanding of the behaviour of 
transducers is therefore crucial for both analysis and design of the devices. This 
chapter describes methods for transducer analysis, and for analysis of devices 
comprising two transducers. Most of the analysis is based on the Green's function 
derived in Chapter 3, using an approximation called the "quasi-static approximation" 
for simplicity. 

Section 4. 1 describes the delta-function model, which gives a straightforward 
approximate analysis. Despite being over-simplified, this model is very convenient to 
use, and illustrates some important features directly. It is particularly useful for 
transducer design, as will be considered in later chapters. Section 4.2 discusses some 
important second-order effects that are neglected in the delta-function model, and 
also gives a comparative discussion of several other methods for transducer analysis. 

The quasi-static approximation is introduced in Section 4.3, which derives results 
applicable to both transducers and multi-strip couplers, and the main properties of 
transducers are then derived in Section 4.4. The remaining sections are concerned with 
some applications of this basic analysis. In Sections 4.5 and 4.6 some particular 
restrictions are imposed on the transducer geometry; these restrictions enable some 
useful results, applicable to most interdigital devices, to be derived. Finally, Sections 
4.7 and 4.8 are concerned with analysis of devices comprising two transducers. 

4.1. D E LTA- F U N CTIO N M O D E L  

This model was introduced by Tancrell and Holland [79, 80], and a closely related 
approach called the "impulse model" was described later by Hartmann et al. (8 1). 

(a) Launching Transducer. We first consider generation of surface waves by 
a uniform transducer, as shown in Figure 4. 1 (a). The transducer electrodes are all 
identical, and are connected alternately to the two bus-bars. When a voltage is applied 
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FIGURE 4.1. Uniform transducer: launching and reception. 

58 

an electric field is set up in each mter-electrode gap, and surface waves are generated. 
It is assumed that each gap can be regarded as an independent source, launching 
surface waves with amplitudes proportional to the voltage difference between the 
adjacent electrodes. We also assume that an adequate approximation is obtained by 
taking each source to be strongly localised, so that the sources can be represented by 
the broken lines in Figure 4. 1 (a), midway between the electrodes. We consider waves 
generated to the left, though the transducer will also generate waves to the right. 

The wave amplitude is denoted by t/ls(x}, and this will be proportional to the 
potential ¢,(x) associated with the wave. A precise physical definition for t/I,ex) is not 
needed in this model, though its relation to the surface wave power flow is given later. 
For the source located at xm, the wave generated to the left, at frequency w, is written 
as 

(4. 1 )  

where a factor exp (Jw/) i s  implicit and the real part i s  to be taken. Here the factor 
em ± I accounts for the alternating polarities of the fields in the gaps, as shown = 

in Figure 4. I (a), and E is a constant. The wavenumber ko is taken to be w/vo, where 
Vo is the free-surface velocity. Equation (4. 1 )  thus assumes that each source generates 
waves which propagate out of the transducer, unaffected by the electrodes that they 
pass under. In fact, the electrodes reflect the waves to some extent, and they also 
perturb the surface-wave velocity. It is assumed that these effects can be neglected, as 
is often found to be the case, particularly when the piezoelectric coupling of the 
material is weak. 

The material can be taken to be linear, so that the total amplitude of the wave 
generated by the transducer is the sum of the contributions due to individual sources. 
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(4.4) 
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Thus the total wave amplitude is 

t/J,{x) = V;EA(w) exp (jkox), (4.2) 

where 
M 

A(w) L Cm exp ( - jkoxm) (4.3)= 
m= 1  

and M is the number of sources. The product EA(w) is essentially the frequency 
response of the transducer, giving the surface wave amplitude as a function of 
frequency. The function A(w), determined by the relative positions and the polarities 
of the elements, is the array Jactor, and E is the element Jactor. A detailed analysis, 
given in later sections, shows that E varies a little with frequency. However, A(w) is 
found to vary much more rapidly than E and, in the delta-function model, a 
reasonable approximation is obtained by taking E to be constant. Thus the frequency 
response is essentially given by the array factor alone, and since this is readily found 
from the transducer geometry the model is convenient to use. The element factor is 
evaluated in Section 4.5.3. 

For the uniform transducer considered here, the summation in equation (4.3) can 
be written in a more convenient form. Since Cm alternates between + I and - I we 
may write Cm = - Cj exp (jmn). Also, taking the spacing of the sources to be p, their 
locations may be written Xm = mp. With these substitutions, equation (4.3) is readily 
summed as a geometric progression. Since the phase is of little interest here, we 
consider the magnitude of the array factor, which is found to be 

M() 2IA(w)1 ,= 
sm ()12 

where () = kop - n. We also define We as the frequency at which the transducer 
periodicity, 2p, equals the surface-wave wavelength, so that We nVo lp. We then have = 

(4.5) 

The magnitude of the array factor is shown, as a function of w, in Figure 4.2. The first 
main peak occurs at frequency We, and the response in this region is called the 
fundamental response. Harmonic responses of equal magnitude occur at odd 
multiples of We. 

The fundamental response is of most interest. If W is near We> () is small and the 
magnitude of the array factor is, approximately, 

1 '" '" Sin MO/2M I MO/2 ' (4.6)WIA( )

For this function, the zeros nearest to We are at W We ± 2wel M. Roughly speaking, = 

the transducer responds effectively over a band of frequencies bounded by the points 
W We ± Wei M, where the amplitude is about 4 dB below its maximum value. Thus = 

the bandwidth can be taken to be tlw 2we/M. Now, the length of the transducer = 
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FIGURE 4.2. Magnitude of array factor for a uniform transducer. 

is approximately Mp, which corresponds to a surface-wave propagation time 
T = Mp!vo . Thus the bandwidth can be written as 

.'lw = 2n/T. (4.7) 

Thus the bandwidth, in Hz, is simply the reciprocal of the transducer length, measured 
in time units. 

It was stated earlier that the element factor E in equation (4.2) can be taken to be 
independent of frequency. This is valid for the fundamental response, where w is close 
to Wi' and for a harmonic response, where w is close to an odd mUltiple of We. 
However, the element factor has a strong effect on the relative levels of the harmonics. 
In particular, it is shown in a later section that the third harmonic, centred at 
W = 3w" is absent altogether if the electrode widths are equal to pj2. 

(b) Reception. We now consider the same transducer receiving a surface-wave 
beam, as shown on Figure 4. I (b). The transducer is taken to be shorted, and generates 
a current I". The incident beam has a width, w, less than or equal to the transducer 
aperture, W. The amplitude of the incident beam is written as 

1/1,(x) = I/Im exp ( - jkox), (4.8) 

where I/I,() is a constant. As before, it is assumed that the surface wave is not perturbed 
by the presence of the electrodes, so that equation (4.8)  gives the wave amplitude at 
all x. 

For generation of surface waves, the transducer was regarded as an array of 
localised sources, shown by the broken lines in Figure 4.1 (a) . For a receiving 
transducer, each of these sources becomes a receiving element, making a contribution 
to the current I". Clearly, the element at Xm contributes a current proportional to 
C",I/I,(xm). The total current is simply the sum of these contributions, with a 
proportionality constant Ew which is justified below. Thus, 
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(4.9) 
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M 
=I,e t/liOwE L em exp ( - jkoxm), for w ; W. 

m=l 

Comparing with equation (4.3), we have I,e t/liOwEA(w). Thus the frequency = 

response, EA(w), applies to the reception process as well as to the launching process, 
as expected by reciprocity. 

In equation (4.9), I,e is taken to be proportional to w, and this is justified by the 
following argument. Physically, the current arises because the surface wave induces 
charges on the electrodes. The charge density is proportional to the wave amplitude 
t/IiO, and is uniform over the width of the beam. However, the current flowing out of 
any one electrode is given by the total charge on it, and must therefore be proportional 
to the beamwidth w. Hence the transducer current I,e is also proportional to w. 

The use of the coefficient E in equation (4.9) is justified by the observation that the 
magnitudes of the surface wave amplitudes, t/I, and t/li, have not so far been specified. 
In equation (4.9) E is proportional to I NiG' while in equation (4.2) for the launching 
process E is proportional to the magnitude of t/I,(x). Thus, if a suitable definition is 
used for t/I, and t/I" the same element factor, E, may be used in equations (4.2) and 
(4.9). This is assumed to be the case, and consequently the magnitudes of t/I, and t/li
are determined. It is found that, for the launching transducer, Figure 4. I(a), the power 
of the surface wave beam radiated to the left is given by 

=P, tWlt/li, (4.10) 

where W is the beam width. A similar relation applies for the incident beam in Figure 
4.1(b). This relation can be proved by considering the power conversion efficiency of 
the transducer, for launching and reception of surface waves, making use of equations 
(4.2) and (4.9). From the analysis in later sections of this chapter, it also follows that 
t/I,(x) is proportional to the potential <p,(x) associated with the propagating wave. 
Comparing equation (4.10) with the power flow given by equation (3.34) shows that 
the magnitude of t/I,(x) is given by 

I t/I,(x) I I <p,(x) I (ca;r,)1!2, (4.11 ) = 

where the constant r" given by equation (3.39), is a measure of the piezoelectric 
coupling of the substrate material. 

(c) Apodised Transducers. To appreciate the behaviour of an apodised 
transducer, it is necessary to consider the response of a surface-wave device having 
two transducers. Here, the device of Figure 4.3 is considered, where transducer A is 
apodised and transducer B is unapodised. To preserve the symmetry, the source 
locations in the two transducers are referred to different axes, x for transducer A and 
x' for transducer B; in each transducer, the axis is directed away from the other 
transducer. A voltage V;, with frequency ca, is applied to transducer A. Transducer B 
is shorted, and produces a current Is<. 

In transducer A, the sources are taken to exist only where electrodes of differing 
polarity overlap. The length of source m will be denoted am, and it is assumed that the 
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longest source has a length W, equal to the aperture of transducer B. Consider first 
the surface wave beam generated by source m of transducer A. Assuming diffraction 
to be negligible, this is given by equation (4. 1 ) , so that I/Is(x) = EV, Cm 
exp [jko{x - xm)]. If d is the transducer separation, the two coordinates x and x' are 
related by x = - x' - d, so for transducer B this wave becomes an incident wave 
I/I:m,(x') = I/I:r;' exp (- jkox'), with 

I/I)r;' = EV,Cm exp [- jko{xm + d)]. (4. 1 2) 

The output current due to this wave is given by equation (4.9), where the beam width 
If must be equated with the source length am in transducer A. Thus the current is 

M' 

t;;' = 1/I:r;'amE L C: exp ( - jkoxj), (4.13) 
n = \ 

where transducer B is taken to have M' receiving elements, with polarities C: and 
locations xk. Equation (4. 1 3) is the output current due to source m of transducer A. 
The tolal current Is< is obtained by summing the contributions due to the M sources 
in this transducer, giving 

Is< = Wv, exp (- jkod) [E n>1 Cl exp (- jkoXm)J Ha(w), (4. 1 4) 

where 
M 

Ha(w) = E L 8 Cm exp ( - jkoxm). ( 4.15) 
m = I 

In equation (4. 1 4), the term in square brackets is, by comparison with equation (4.2), 
the frequency response of transducer B. The term HAw) can be taken as the frequency 
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response of transducer A, which is apodised. Thus the device response is essentially 
the product of the two transducer responses. Equation (4. 1 5) is consistent with the 
frequency response defined for an unapodised transducer, as can be seen by 
setting am W. It should be noted that this formulation is valid only if transducer = 

B is unapodised. It has also been assumed that the transducers do not reflect incident 
surface waves; this is found to be a reasonable assumption for many devices, provided 
the transducers are connected to zero electrical impedances, as they are in Figure 4.3. 

The influence of the geometry of the apodised transducer is shown more clearly by 
considering its impulse response ha(t), which can be defined as the inverse Fourier 
transform of Ha(w). Noting that ko = w/vo , where Vo is the free-surface velocity, 
independent of w, equation (4. 1 5) gives 

(4. 1 6) 

assuming E to be constant. Thus the impulse response is a sequence of delta functions 
at times corresponding to the element locations, with amplitudes given by the 
electrode overlaps am, as shown in the lower part of Figure 4 .3. Physically this form 
for the impulse response is unrealistic because E is in fact a function of w; however, 
if equation (4. 1 6) is transformed to the frequency domain, taking E to be constant, 
the result is a good approximation in the region of the fundamental frequency 
response. 

In view of this, it is convenient to consider an alternative definition of the impulse 
response, denoted h,,(t), such that the harmonic responses in the frequency domain are 
eliminated. Thus the Fourier transform of ha(t) is the same as the transform of ha(t) 
for w < 2w" but is zero for w > 2w" with w, = 1tvo/p as before. The form of ha(t) 
can be obtained from the equations of sampling theory, summarised later in 
Section 8.1.2 of Chapter 8. It is assumed that the element lengths am do not change 
rapidly, so that we can define a smooth function a(x) such that am = a(xm), with the 
element locations given by Xm = mp. The smooth nature of a(x) is expressed by 
requiring its Fourier transform a(fJ) to be zero for IfJl > w,/v(). This is found to give 

(4. 1 7) 

This is an amplitude-modulated sinusoid, with peaks and troughs at the locations 
t = xm/VO of the delta functions comprising ha(t). At these locations, /i.(t) is 
proportional to the amplitudes of the delta-functions. The broken line in the lower 
part of Figure 4.3 shows the function nh.(t)/w,. It is often convenient to regard hJt) 
as the effective impulse response of the transducer [8 1 ]. because the harmonics are 
relatively insignificant. 

This formulation leads to a simple design prescription, asuming that some required 
frequency response for the transducer has been given. The frequency response is 
Fourier transformed to the time domain. Assuming that this yields an 
amplitude-modulated carrier, the transducer elements are placed at locations 
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corresponding to the peaks and troughs of this waveform, and their lengths (the 
electrode overlaps) are made proportional to the amplitude at these points. For 
example, if the frequency response is to be constant within a specified band and zero 
outside this band, the apodisation function a(x) is required to have the form 
(sin Ax)/( Ax), where A is a constant, and the geometry of the transducer is i l lustrated 
by Figure 1 .4. The design procedure is thus very versatile and, in principle, 
straightforward. Further details will be given in Chapter 8, where it will be shown that 
the impulse response may have phase modulation as well as amplitude modulation. 

4.2. 	 DISCUSSIO N OF S ECON D-OR D ER E F F ECTS AN D M ET H O DS 
O F  ANALYSIS 

Although the delta-function model described above gives a very useful first-order 
method of transducer analysis, it fails to account for a number of second-order effects 
that are often significant in practice. In addition some important transducer 
properties, notably the element factor and the transducer admittance, are not given 
by this model. A more detailed analysis will be given below, but it is convenient to 
consider first the variety of transducer types and the relevant second-order effects, in 
order to clarify the requirements for transducer analysis. We also discuss some of the 
theoretical models that are used. 

An important second-order effect is the reflection of incident surface waves by a 
transducer. In a device using two transducers, the output transducer will in general 
produce a reflected wave, which is then reflected a second time by the input 
transducer. Thus, a reflected wave reaches the output transducer after traversing the 
substrate three times, giving an unwanted output signal known as the triple-transit 
signal. There are also spurious signals due to additional reflections, but these are 
usually insignificant. For C.W. excitation of the input transducer, the triple-transit 
signal causes the device output, as a function of frequency, to exhibit a ripple. If a 
short pulse is applied to the input transducer, the triple-transit signal takes the form 
of an unwanted output pulse following the main pulse. The two pulses often overlap, 
but are resolved if the transducer separation is large enough. 

In practice there are two particular considerations that affect the reflection 
coefficient: electrode interactions, and the value of the electrical load connected to the 
transducer. Suppose initially that the transducer is shorted, or connected to a source 
with zero impedance. In this situation, the transducer can reflect surface waves 
because the electrodes cause mechanical and electrical perturbations of the surface. 
This effect is here called electrode interactions, though the term "mechanical and 
electrical loading" (MEL) is also used. Each electrode can be considered to reflect the 
surface waves. Although the perturbation is small, the reflected waves add coherently 
if the electrode spacing equals half the wavelength, and the total reflection coefficient 
can therefore be quite large. It is found that this also distorts the frequency response 
of the transducer. The transducers of Section 4 . 1  have two electrodes per period, as 
shown in Figure 4.4(a), and consequently the interactions can be strong at the 
fundamental centre frequency We. For a strongly piezoelectric substrate material, such 



65 ANALYSIS OF INTERDIGITAL TRANSDUCERS 

single-electrode double-electrode 

!ilili!MW

(a) 	 (b) (c) 

FIGURE 4.4. Types of uniform transducer. 

as lithium niobate, significant interactions occur if the number of electrodes, N, is such 
that NAv/v > I, where Aviv is the fractional velocity change due to a continuous 
metal film.  To overcome this, multi-electrode transducers, such as those in 
Figure 4.4(b) and (c), are often used [82, 83]. Here there are more than two electrodes 
per period, so that strong reflections can occur only at frequencies well removed from 
the centre frequency WC' The simpler transducer of Figure 4.4(a) is often called a 
single-electrode transducer, while the transducer of Figure 4.4(b) is a double-electrode 
transducer. 

Practical devices are usually designed such that electrode interactions are weak, 
since this enables a relatively straightforward design procedure to be used_ Thus, for 
practical purposes, an analysis that neglects electrode interactions is usually 
adequate. This is the case for all of the analysis in this chapter, including the 
delta-function analysis of Section 4. 1 .  In the sections to follow, the "quasi-static 
approximation" is used, with the consequence that the analysis neglects electrode 
interactions. However, Appendix E gives a second-order analysis which does not use 
this approximation, and describes electrode interactions in more detail. 

In the above discussion the transducer was taken to be connected to an electrical 
impedance of zero, and, assuming electrode interactions are weak, its reflection 
coefficient is small in this situation. However, significant reflectivity can still arise 
when the load impedance is finite. For example, if the transducer is electrically 
matched to a load, thus optimising its conversion efficiency, the power reflection 
coefficient is theoretically t, giving a triple-transit signal too large for most 
applications. This large reflection coefficient is a consequence of the bidirectional 
nature of the transducer. The usual remedy is to avoid a close match of the impedances, 
accepting the consequent loss of efficiency_ However, there are several special types 
of transducer that are essentially uni-directional, giving simultaneously a low 
reflection coefficient and good conversion efficiency. These will be described in 
Chapters 5 and 7. 

In addition to its influence on the reflection coefficient, the use of a finite external 
impedance also affects the frequency response of a device to some extent_ This is 
known as the "circuit effect", and is often significant for devices whose responses are 
accurately specified. 

Some further second-order effects are associated with the electrostatic charge 
density on the transducer, that is, the charge density for unit applied voltage, 
calculated with the piezoelectric effect ignored. This function can be regarded, to a 
good approximation, as a distributed source of surface waves, thus giving the 
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surface-wave amplitude generated by the transducer. With some restrictIOns, this 
approach enables the transducer response to be expressed in terms of an array factor 
and an element factor, as in Section 4. 1 ,  and yields an expression for the element 
factor, E. This procedure is necessary in order to evaluate the levels of the harmonic 
responses. The charge density on any one electrode can be regarded as a surface wave 
source associated with that electrode; however the charge density is affected by the 
configuration of several neighbouring electrodes on either side, which thus affect the 
associated surface wave amplitude. This is known as the neighbour effect. Fortunately, 
the neighbour effect can be allowed for implicitly by re-defining the surface wave 
component associated with each electrode, and so need not be considered explicitly. 
The transducers in Figure 4.4 are also affected by "end effects", that is, the electrodes 
near the ends have charge densities somewhat different to those in the centre. 
However, it is shown in Section 4.5 .  1 that end effects can be virtually eliminated by 
adding "guard" electrodes at each end of the transducer. Finally, it is noted that some 
"withdrawal-weighted" transducers have structures too irregular to allow the use of 
an array factor and element factor, but the response may nevertheless be deduced 
from the electrostatic solution. 

Another complication is the excitation of bulk waves in addition to the intended 
surface waves. The bulk waves usually propagate away from the surface and therefore 
do not excite a receiving transducer very strongly, though it is often necessary to 
ensure this by roughening the rear surface of the substrate, suppressing specular 
reflections. Bulk waves travelling almost parallel to the surface reach the output 
transducer directly, and can be of some practical concern. In many devices, a 
multi-strip coupler is used to discriminate against them. 

It will be seen that there is a considerable variety of transducer types and the 
behaviour is affected by a variety of second-order effects. In consequence, a variety 
of methods have been used for transducer analysis. The delta-function model 
described above is widely used because of its simplicity, despite its limitations 
- notably, the inability to calculate the transducer admittance and reflection 
coefficient, and, for a two-transducer device. the insertion loss. These limitations were 
largely overcome by the "crossed-field" network model introduced by 
Smith et al. [84-87]. drawing an analogy between the surface-wave transducer and an 
array of bulk wave transducers. Each electrode (or, sometimes, pair of electrodes) in 
the surface wave transducer was replaced by an equivalent network. so that the 
response of a complex transducer could be found by analysing an array of networks, 
using conventional network analysis [79, 84]. The original model excluded electrode 
interactions and bulk wave excitation, and did not correctly allow for electrostatic 
effects. However, it was shown later that interactions could be modelled by including 
a repetitive impedance mis-match [85, 88, 89]. Also, electrostatic effects could be 
included by finding the electrostatic solution first and then incorporating it into the 
network model [90]. 

More rigorously, a number of theoretical approaches have been explored, 
including perturbation theory which has been applied to the analysis of both 
transducers [9 1 ]  and multi-strip couplers. Another approach, more closely related to 
the analysis in this chapter, is based on the effective permittivity described in 
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Chapter 3. For transducer analysis, this concept was used in the Green's function 
method of Milsom el al. [92-94], where the Green's function was derived from the 
effective permittivity, as described in Section 3 .4. The definition of the effective 
permittivity is such that, if applied rigorously, it implicitly allows for electrode 
interactions, bulk waves and electrostatic effects, though mechanical loading due to 
the electrodes is excluded. This method is therefore very versatile, though its 
complexity makes it somewhat inconvenient. The effective permittivity has also been 
applied to the analysis of multi-strip couplers, making use of Ingebrigtsen's 
approximation. 

The analysis given below in this chapter is an approximate form of the Green's 
function method [95] . An approximate Green's function described in Section 3.4 is 
used, assuming bulk wave excitation to be negligible. The analysis also uses the 
quasi-static approximation, and thus neglects electrode interactions. The resulting 
method is relatively straightforward, giving simple results valid for a wide range of 
transducer types, and correctly allows for electrostatic effects. In most practical 
devices, electrode interactions and bulk wave excitation are relatively insignificant, 
and these topics are described in Appendices E and F, respectively. Diffraction of the 
surface waves is ignored in this chapter, but will be described in Chapter 6. Some 
fundamental relationships, derived from Auld's reciprocity relation, are given in 
Appendix B. 

4.3 .  ANALYSIS FOR A G E N ERAL ARRAY OF ELECTRO DES 

In this section we consider an array of electrodes on the surface of a piezoelectric 
half-space, as illustrated in Figure 4.5(a). The analysis is based on the Green's 
function described in Section 3 .4, and therefore excludes mechanical loading due to 
the electrodes. Section 3.4 also assumes the potential and charge density to be 
invariant in one direction in the surface, and to comply with this the aperture Win 
Figure 4.5(a) is assumed to be large, so that distortions near the ends of the electrodes 
can be neglected. Surface-wave diffraction is also neglected. It is assumed that the only 
acoustic wave present is a non-leaky piezoelectric Rayleigh wave, thus excluding bulk 
wave excitation. The electrodes are taken to have negligible resistivity. 

The electrode voltages are all taken to have the same frequency co, but are 
otherwise arbitrary. This enables the results to be used for analysis of multi-strip 
couplers, as well as transducers. The transducer analysis is given in the following 
sections of this chapter, while the multi-strip coupler analysis is given in Chapter 5 .  

4.3.1. The Quasi-Static Approximation 
In Section 3 .4 it was shown that the potential cp(x, co) and charge density a(x, co) at 
the surface of a piezoelectric half-space are related by a Green's function G(x, co). 
Here cp(x, co) and a(x, co) are both proportional to exp (jcot), with this factor implicit. 
Since the only acoustic wave present is assumed to be a Rayleigh wave, G(x, co) can 
be approximated as the sum of an electrostatic term Ge(x) and a surface wave term 
Gs(x, co), as in equation (3.48), so that 
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¢(X, w) = [G.(x) + G,(X, w)] * a(x, w), (4. 1 8) 

·where the asterisk indicates convolution with respect to x. For convenience, the axis 
notation has been changed here, so that new coordinates x, y, z replace the earlier 
coordinates Xl ' X ' X3. 2 Thus the piezoelectric now occupies the region z < 0, and the 
surface waves propagate in the ± x directions. The two components of the Green's 
function are 

_ 

e 

In 

+ 
Ix(X - _ i G ) T ( 4. 1 9) 

n(eo ep) ' 

and 

G,(X, w) = jr, exp ( -
> 

jkolxl), (4.20) 

where ko 0 is the wavenumber for surface wave propagation on a free surface at 
frequency w. The constant E; is given by equation (3.37) with the elements eij defined 
at constant stress, and the constant r, is, from equation (3.39), 

I Vo - Vmr, l r ---eo + 
(4. 2 1 )

ep Vo 

where Vo and Vm are respectively the surface wave velocities for a free surface and for 
a metallised surface. 

Since the electrode resistivity is assumed to be negligible, each electrode will be an 
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equipotential, and ¢(x, OJ) must be equal to the electrode voltage at all points on the 
electrode. The charge density (T(x, OJ) must be zero on all unmetallised regions. Using 
these boundary conditions and the equations given above, the surface potential and 
charge density are determined everywhere if the electrode voltages are specified. 

At points remote from the electrodes, the surface potential is primarily the 
potential ¢s(x, OJ) associated with the surface waves generated by the structure. For 
example, consider the unmetallised region x < a, assuming that the electrodes are 
present only for x ɽ a. Since (T(x, w) is zero for x < a, the electrostatic term Ge(x) 
in equation (4. 1 8) gives a potential decaying with distance in this region. The 
surface-wave potential ¢,(x, OJ) can therefore be identified with Gs(x, OJ) * (T(x, OJ), 
with Gs(x, OJ) given by equation (4.20). Defining a(p, OJ) as the Fourier transform of 
(T(x, OJ), with w held constant in the Fourier integral, the surface-wave potential is 
found to be 

¢s(x, OJ) = jrsa(ko, OJ) exp (jkox), for x < a (4.22) 

where the modulus sign in equation (4.20) has disappeared because a(x, w) is zero for 
x < o. Thus the surface-wave potential is given by the Fourier transform of the 
charge density. Although bulk wave excitation has been neglected here, equation 
(4.22) is still valid when bulk waves are excited, as shown in Appendix B, equation 
(B.30). In fact, equation (4.22) is derived indirectly from equation (B.30), since the 
latter was used in Section 3.4 to derive the surface wave Green's function Gs(x, OJ). 

It should be noted that a(ko, OJ) is not the Fourier transform of (T(x, OJ) in the usual 
sense, because ko is not an independent parameter. If OJ is changed, (T(x, OJ) will in  
general change, so the Fourier integral must be calculated separately for each OJ.  For 
clarity, P is used here as the independent variable in the transform, while k, with 
various subscripts, refers to wavenumbers of propagating waves. 

Although the above equations can be solved to obtain the surface potential and 
charge density, the calculation is generally very complex. Here the quasi-static 
approximation [95] is introduced in order to simplify the solution. The charge density 
(T(x, OJ) is assumed to be dominated by an electrostatic term (Te(x, OJ), defined as the 
charge density obtained when acoustic wave excitation is ignored. Thus, from 
equation (4.18), (Te(X, OJ) is the solution of 

¢e(X, OJ) Ge(x) * (Te(x, w). (4.23) = 

Here ¢.(x, OJ) is a new surface potential, equal to the specified electrode voltage 
whenever x is on an electrode, and (TAx, OJ) 0 on all un met alii sed regions. Note = 

that (TAx, OJ) is independent of OJ if the electrode voltages are independent of OJ, and 
(Te(x, OJ) is zero if the electrode voltages are all the same. The total charge density is 
now taken to be 

(4.24) 

where aa(x, OJ) is a relatively small contribution due to the piezoelectric effect; it can 
be regarded as a regenerated term due to the acoustic waves present. The surface 
potential ¢(x, OJ) is given by equation (4. 1 8), using equation (4. 24) for (T(x, OJ). On 
the right there are now four terms, but a term Gs(x, w) ... (Ta(x, w) is small, and can 
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be omitted; both G,(x, w) and CTa(X, w) become zero if there is no piezoelectric 
coupling. We thus have, in the quasi-static approximation, 

cp(X, w) = [Ge(x) + Gs(x, w)] * CTe(X, w) + GAx) * CTa(X, w). (4.25) 

Given the function CT.(X, w), this equation, together with the boundary conditions, 
determines the acoustic charge density CTAx, w), as discussed further in Section 4 .3 .3  
below. Also, CTAx, w) i s  determined by equation (4.23). Hence the total charge density, 
equation (4.24), and the surface potential, equation (4.25), are determined. The 
solution is approximate because one term was omitted in deriving equation (4.25). 
However, we define CTa(X, w) such that equation (4.25) is exactly true; it then follows 
that the charge density is not exactly the sum of CTe(X, w) and CTa(X, w), so that 
equation (4.24) is approximate. 

As explained earlier, the potential cps(x, w) of a surface wave generated by the 
electrodes can be obtained by omitting terms arising from the electrostatic Green's 
function G.(x). Using equation (4.25) the surface-wave potential for x < a, to the left 
of the structure, is found to be 

(4.26) 

where we define (je(P, w) as the Fourier transform of CTe(X, w). This is the same as the 
more accurate result of equation (4.22), except that (j(ko, w) is replaced by CJe(ko, w). 
This change simplifies the analysis considerably, as can be seen for example by 
considering excitation by a two-terminal transducer. For this case it is sufficient to 
take the electrode voltages to be ± I, and thus to be independent of the frequency w 
(a term exp (jwt) is implicit). This implies that the electrostatic charge density 
CTe(X, w) is independent of w, and hence the surface wave amplitude for all w can be 
deduced by evaluating CTe(X, w) at w O. For this reason, the approximation is = 

described as "quasi-static". 

4.3 .2 .  Electrostatic Equations and Charge Superposition 
The electrostatic charge density CTe(X, w) is determined by equation (4.23), with the 
boundary conditions that the potential CPe(x, w) is equal to the electrode voltage 
whenever x is on an electrode, and CTe(X, w) is zero on all unmetallised regions. An 
elegant technique for finding CT,(X, w) has been given by Milsom et al. [93], who in fact 
used it for the piezoelectric case. The application to the electrostatic problem is 
discussed here. We define a set of M points Xl' as shown in Figure 4. 5(b). The points 
exist only on the electrodes, where they have a small spacing ax. The electrostatic 
equation (4.23) is written as 

M 

L AilCTe(Xj, w), (4 .27) 
l`1 

which will be identical to equation (4.23) in the limit when ax vanishes and M 
becomes infinite. The obvious choice for the coefficients Aij is aXG,(Xi - x), but for 
finite ax this is infinite when i = j, as can be seen from equation (4. 1 9) .  A suitable 
choice for Au is therefore 
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(4.28) 

This matrix takes account of the electrode geometry, since the points Xj exist only on 
the electrodes. Owing to the symmetry of G.(x), Aij is symmetrical, so that Aji Ai).= 

We may now invert equation (4.27) to express a,(x, w) in terms of ¢e(x, w): 

M 
ae(xi, w) L Bij¢e(xj, w), (4.29)= 

j=1 

where Bij is the reciprocal of the matrix Aij. Since Aij is symmetrical, it follows that Bij 
is also symmetrical: 

(4.30) 

In equation (4.29) all the ¢.(Xj' w) are equal to known electrode voltages, since the 
points Xj exist only on the electrodes. Thus the potential in the inter-electrode gaps, 
which is not known a priori, is not required. The condition that ae(x, w) should be 
zero in the gaps is implied by equation (4.27), because the summation excludes points 
not on the electrodes. 

Charge Superposition. A useful principle for simplifying the determination of 
ae(x, w) can be found by considering the arrangement shown in Figure 4.5(c). Here 
the electrodes are as in Figure 4.5{a), but now electrode n has unit voltage while all 
the other electrodes are grounded. The electrostatic charge density for this case is 
denoted Qe.{x), and is real and independent of frequency. In general there will be 
charges present on all the electrodes, not just on electrode n. To find Qe.(X), we define 
an electrode polarity function Pn(x) by 

o 

if x is on electrode n,Pn(x) 

for other x. (4.3 1  ) 

For a point Xj on any electrode, the potential in Figure 4.5(c) is P.(x), and hence from 
equation (4.29) the electrostatic charge density is 

M 
=(len(X;) L BijPnCx) (4.32)

j=1 

with (len(X) 0 on the unmetallised regions. = 

The charge superposition principle states that, when some arbitrary set of voltages 
is applied to the electrodes, the charge density is given by a linear combination of the 
functions Qen(X) due to individual electrodes. Thus, for Figure 4.5(a), where the 
electrode voltages are v", the electrostatic charge density is 

N 
ae(x, w) L v"(len(X).= 

n=l 
This equation follows directly from equation (4.29) . It is of considerable practical 
value, since ae(x, w) can be evaluated for any set of electrode voltages v", once the 
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functions (len(X) are known. The superposition principle is well known in 
electrostatics, and is discussed in more detail by, for example, Ramo et al. [96]. It 
should be noted that the charge density must be zero if the surface potential is 
independent of x, since for this case there is no electric field. It follows that oAx, w) 

is unaffected if a constant is added to all the v,; in equation (4.33). 

Evaluation of the Electrostatic Charge Density. The electrostatic charge 
density ae(x, w) can be expressed analytically if the electrodes are regular, that 
is, if they have the same width and have uniform spacing. This solution is described 
in Section 4.5 below, where it is used to deduce transducer behaviour. Analytic 
solutions are also known for some simple cases, where the structure has either 2 or 
3 electrodes [97] . In general, however, numerical techniques must be used. For several 
reasons, notably analysis of withdrawal-weighted transducers, these techniques have 
been investigated quite extensively. The literature refers to two-terminal transducers, 
where each electrode voltage takes one of two values; however, the methods can be 
applied directly when the voltages are all different. 

Numerical techniques were first used by Hartmann and Secrest [98] to investigate, 
end effects. The method made use of the relation between charge density and potential 
in the ,B-domain, given by equation (3 . 1 2) of Chapter 3 .  The boundary conditions 
(specified voltages on the electrodes and zero charge density in the gaps) are given in 
the x-domain, so an iterative technique involving Fourier transformation was used. 
Another method is based on the relationship shown in equation (4.29), which 
expresses the charge density in terms of the known electrode voltages; the matrix Aij 
is obtained directly from the electrostatic Green's function [equation (4. 28)], and is 
inverted to give the coefficients Bij required in equation (4.29).  A particular feature 
that can cause difficulty is that the charge density is infinite at the electrode edges, In  
view of  this Milsom et al. [93] refined the method by  using unequal spacing for the 
points Xj' 

Several authors have used a method in which the charge density on each electrode 
is written as a polynomial with unknown coefficients. Substituting into equation 
(4.27) gives a set of simultaneous equations for the electrode potentials, and these can 
be solved for the polynomial coefficients. Quite good accuracy can be obtained with 
only three coefficients per electrode [99], and excellent results can be obtained using 
Chebychev polynomials [90, \00]. Tabulated results [90 , \00] can be used to analyse 
a variety of cases, making use of the superposition principle mentioned above. 

Another method replaces the actual electrodes by a fine grid of regular electrodes, 
for which the charge density is known analytically, applying boundary conditions of 
zero charge or specified potential as appropriate [\01]. 

4.3.3. Current Entering One Electrode 
The current entering one electrode can be found from the charge density on it, and 
we first consider the charge density in more detail, showing that au(x, w) can be 
expressed in terms of ae(x, w). The electrostatic term ae(x, w) is defined as the 
solution of equation (4.23), which involves a potential ¢e (x, w). The actual potential 
¢(x, w) is given by equation (4.25), which can be seen to include a term equal to 



73 ANAL YSIS OF INTERDIGIT AL TRANSDUCERS 

<Pe(X, w). Since <p(x, w) and <Pe(x, w) must be equal when x is on an electrode, the 
remaining terms in equation (4.25) must be zero at such points, so that 

[Gs(X, w) * ae(x, w) + Ge(x) * aaCx, w)]x} = o. (4.34) 

This equation relates aa(x, w) to ae(x, w). It is convenient to define an acoustic 
potential <Pa(x, w) by the expression 

(4 .35) 

This potential is associated with acoustic wave excitation, and is zero if the material 
is not piezoelectric. Equation (4.34) can thus be written 

(4.36) 

This has the same form as equation (4.23), and may therefore be expressed in a form 
similar to equation (4.27). The charge density aa(x, w) is therefore, by analogy with 
equation (4.29), 

M 
aa(xj, w) - I Bij<PaCxj, w), (4.37) = 

lÔ1 
where Bij is the inverse of the matrix Aij defined in equation (4.28). For values of x on 
the electrodes, equation (4.37) gives aa(x, w) exactly, in the limit Ax --> O. For other 
x, aa(X, w) is of course zero. Thus, using equation (4.35) for <Pa(x, w), (}a(x, w) can 
be deduced from ae(x, w). 

The current In flowing into electrode n is found by integrating the total charge 
density over the surface of the electrode, and then differentiating with respect to time. 
Thus 

In = jwW t [ae(x, w) + aa(x, w)]dx, (4.38) 

where the integral is taken over electrode n .  The current is taken as the sum of two 
terms, 

(4.39) 

where len and Ian are respectively the contributions due to ae(x, w) and aa(x, w). Thus 

len = jwW L aAx, w)dx. (4.40) 

It is assumed that (}e(x, w) can be evaluated, so this contribution will not be 
considered further here. The acoustic contribution can be written 

(4.4 1  ) 

where Pn(x), defined by equation (4.3 1 ), is unity on electrode n and zero elsewhere. 
Since the integrand here is zero in the unmetallised regions, the integral can be 
expressed as discrete sum using the points Xl' so that 

M 
Ian = jwW I Pn(Xj) aaCxj, w) Ax 

j � 1 

M M 

-jwWAx I <Pa(X" w) I P.(x) Bjj, (4.42) 
j Ô I jƢ 1 
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where equation (4. 37) has been used for Ga( xj, co) and the summations have been 
re-ordered. Now, since Bij is symmetrical, comparison with equation (4.32) shows that 
the sum over j in equation (4.42) can be identified as een( x;). Hence 

M 
o W  L lPAxi , co) een( xIan -j c= ;).1x 

i = I 

or, taking the limit as .1x -> 0, 

Ian = -j een( x x, co) xco )lPa(  dW r Cf. 

since Q('n(X) is zero in the unmetallised regions. 

4.3 .4. Evaluation of the Acoustic Potential 
The acoustic potentiallPa(x, co) x, byin equation (4.43) is  defined in terms of Ge( co) 
equation (4.35). For the analysis later we will need an expression involving oAP, co), 
the Fourier transform of Ge( x, , and this is derived here. From equation (4.35), co)

lPa( x, co) = Gs( x, * Ge ( x,co) co), 
where Gs( x, is given by equation (4.20). Thus, co) 

' fX (' -jko(x-x'J d ' X, co =( ) } rs (Je X , co) e x
-"" 

+ ' f"" (Je X , )ejko(x-x'Jd . ' } rs ( '  co x ( 4.44) 
x 

If the electrodes are present only for x ? a, as in Figure 4. 5(a), this equation gives 
lPa( x, j rs(je(ko, co) ) for the region x a to the left of the structure. co) = exp (jko x < 
Comparison with equation (4.26) shows that lPAx is equal to the surface wave 
potential lPs( x, for x 

, co) 
co) < a, and this is also found to be true for the unmetallised 

region to the right of the structure. 
Equation (4.44) may be re-arranged using the step function Vex), which is equal 

to 1 for x 0 and to zero for x> < O. Thus, 


jkoX f OC) jkoX'
lPa(X, co) j rs e- Ge( x', - x')e d x= -00 V( x 'co) 

(4.45) 

where the limits are now ± 00. These integrals may be evaluated by Fourier methods, 
taking x as a constant. The first integral is the transform of [(Je( x', co) V( x x')], from -
the x'-domain to the p-domain, with the result evaluated at P - ko. A similar = 

method is  used for the second integral. The relationships required are given in 

Appendix A. The transform of Vex')
 is, from equation (A.38), 

p. (4.46)Vex') +-+ nb(p) - j / 
The shifting and scaling theorems, equations (A. 1 0) and (A.9), are used to obtain the 
transforms of V( - x') - x), and the products in equation (4.45) are and Vex' 
transformed using the convolution theorem, equation (A.20). With (jeCP, co) defined 
as the Fourier transform of Ge ( x, the result obtained is 

x 

co), 
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¢a(X, W) = !

+ 

j rs e-Jk¾[Ue( - ko , W) + jF( - ko) n] 
tj r, eJk¾[ue(ko , w) - jF(ko)/n), (4 .47) 

where the function F(P) is defined by 

* 
exp jp F(P) = ue (P, w) (p 

. (4.48)

Here the terms u. ( ± ko , w) arise because of the delta-function in equation (4.46). It 
will be found later that these give the parallel conductance, G (w), a of a transducer. 
The terms F( ± ko), involving a convolution, are due to thej/p term in equation (4.46) 
and will be found to give the acoustic susceptance Ba(w). 

4.4. QUASI-STATIC ANALYSIS O F  TRA N S D U CERS 
We now apply the results ofSection 4 .3  to a two-terminal unapodised transducer such 
as that shown in Figure 4 .6, where each of the electrodes is connected to one of the 
two bus-bars. The assumptions mentioned at the beginning of Section 4.3 apply here 
also, and in addition we assume that the bus bars have no effect other than providing 
electrical connections to the electrodes, with no resistance. The analysis here uses the 
quasi-static approximation, since this was used for the derivations in Section 4 .3 .  
Consequently, electrode interactions are neglected, as discussed in Section 4.2; for 
example, the analysis predicts that a shorted transducer will not reflect incident 
surface waves. Another consequence of the approximation is that surface waves are 
predicted to travel through a shorted transducer with a velocity equal to the 
free-surface velocity, Vo. In practice, the electrodes cause a small reduction of the 

PORT 1 PORT 2 

/

x) 
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velocity, even when electrode interactions are weak. For regular electrodes, with 
uniform width and spacing, the velocity change is derived in Section D.2. To allow 
for this, the results of this section may be modified by replacing the free-surface 
wavenumber ko by k,c , given by equation (0.26). 

4.4.1. Launching Transducer 
We first consider the transducer of Figure 4.6(a), which is taken to be isolated, that 
is, there are no incident acoustic waves and the charge density is not affected by the 
presence of any other electrodes on the surface. A voltage VI is applied, and the 
electrostatic part of the charge density is a,(x, w), with Fourier transform a/fl, w) . 
In the quasi-static approximation, the potential <p,(x, w) of the surface-wave radiated 
in the - x direction is, from equation (4.26), 

<Ps (x, w) = J f,ae(ko , w) exp (jkox). 
We define Qe (x) = ae(x, w)/ v, as the electrostatic charge density for unit applied 
voltage. This function is real and independent of frequency. If Qe (P) is the Fourier 
transform of Qe (x), we then have 

(4.49) 

The transducer has two acoustic ports, and these are taken to be at x = ± Lj2. These 
points are taken to be close to the ends of the transducer, though their precise 
locations are immaterial. Defining <P,I(W) as the potential of the wave launched at 
port I, that is, at x = - L/2, we have 

<P,I(W) = <Ps ( - t L, w) = J f, V,Qe(ko) exp ( - tJko L). (4. 50) 

The power p, carried by this wave is, from equation (3 .34), 

P, = tw WI <P,I (w) 12/f, .  (4.5 1  ) 

Similarly, the potential <P.,2 (W) of the wave launched in the + x direction, measured 
at port 2 (x = L/2), is found to be 

(4. 52) 

Since Qe(x) is real, Qe( - ko) = Q:(ko),  so that <P,2 (W) is essentially the conjugate of 
<P,I (W). Clearly, the two waves have the same power. 

The electrostatic charge density Qlx) can be evaluated by methods discussed in 
Section 4.3 .2. For a two-terminal transducer, we define an electrode polarity vector 
Pn by 

Pn if electrode n is connected to the upper bus 

o if electrode n is connected to the lower bus. 

as shown in Figure 4.6(a) . For unit voltage across the transducer, the charge density 
may be found by taking the voltage of electrode n to be Pn, and hence, usmg 
equation (4.33) ,  N 

n I 
I 

Pn (!en (x), (4. 54) 
= 
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where N is the number of electrodes and (I,'n(X) is the electrostatic charge density 
associated with unit voltage on electf"ode n, defined in Section 4.3 .2. 

4.4.2.  Transducer Admittance 
When a voltage V, is applied to an isolated transducer, as in Figure 4.6, the transducer 
draws a current I, and the ratio II V, is the transducer admittance, Y, . A major part 
of the current is due to the electrostatic charge density ae(x, w), which is in phase with 
V, and gives a capacitive contribution to Y, . This contribution is usually written 
explicitly, denoting the capacitance by C" so that 

(4.55) 

Here Ga(w) and Ba(w) are the real and imaginary contributions due to aa(x, w), the 
acoustic charge density. Ga(w) is the conductance, and Ba(w) is the acoustic 
susceptance. The admittance may be represented as an electrical equivalent circuit 
with these three contributions in parallel, as in Figure 4.6(b). 

If In is the current entering electrode n from the bus-bar, the transducer current I 
is given by 

=I I Fn ln = jwW I Fn L [ae(x, w) + aa(X, w)]dx, (4.56)
n n 

where equation (4.38) has been used for In, and the integral is over electrode n. The 
electrostatic contribution to l is due to the term ae(x, w) and is equal tojwC, v,. Since 
ae(x, w) v,(le(x), we have = 

C, W I Fn L (le{x)dx. (4.57)= 
n 

which is simply the sum of the electrostatic charges on the electrodes connected to one 
bus, for unit applied voltage. 

The acoustic part of the current, due to the aa(x, w) term in equation (4.56), is 
denoted 10, The contribution due to electrode n is denoted Ian, and is given by 
equation (4.43). We thus have 

Ia = I FJan 
n 

= - jwW roo I Fn(len(x) ¢a{ X, w) dx. 
n (4.58) 

Using equation (4.54) this can be expressed as 

Ia = - jwW roc (lAx) ¢a(x, w)dx. (4.59) 

This expression is, by definition, equal to V, [GaCw) + jBa {w)]. The acoustic potential 

rPa(x, w) is given by equation (4.47). The two terms in equation (4.47) involving 
ae(± ko , w) are found to give the real part of la ' equal to V, Ga(w). The terms involving 
F{ ± ko) give the imaginary part, j v,  Ba(w). Noting that ae {ko, w) V, Qe (ko) and 
Qe( - ko) Q:(ko), the conductance is found to be = 

(4.60) 

More directly, the conductance can be found by evaluating the surface-wave power 
generated, using equations (4.50}-{4.52). Since the electrodes are taken to have zero 

http:4.50}-{4.52
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resistivity, this power is equal to the power extracted from the voltage source, which 
is V/G,, (w)/2, and this gives equation (4_60)_ 

The susceptance BAw) is found by substituting the F( ± ko) terms of 
equation (4.47) into equation (4.59). After some manipulation, the result obtained is 

" wB {  ) = _ w w rS - {k ) 12 * �  (4.6 \  ) I f2e 07r k0 ' 

This is clearly related to G.(w), equation (4.60). Using the fact that ko = w/vo ,  where 
the free-surface velocity Vo is independent of w, B,,{w) can be related to Ga{w) without 
using the function Qe{ko) . The result is [95] 

(4.62) 

This relation is the Hilbert transform of Ga{w). Although it has been derived here 
using the quasi-static approximation, it is in fact much more general than this. The 
general proof uses the fact that the relation between I and J!; must be causal, that is, 
if the voltage is zero for t < 0, say, then the current must also be zero for t < O. It 
follows from this that the real and imaginary parts of the admittance are related by 
the Hilbert transform [ 1 02, p. \ 98]. The proof assumes the admittance to be zero at 
infinite frequencies, so the capacitive term must be excluded. Thus the acoustic 
susceptance B,,(w) can be obtained from the conductance without further analysis of 
the transducer itself [ 1  03]. 

4.4.3_ Receiving Tra nsducer 
We now consider a ttansducer with a surface wave incident on it. As shown in 
Figure 4. 7{a), the transducer geometry is the same as before, but now the two bus-bars 
are shorted, and a current I" flows between them. The incident surface wave has a 
potential <Pi(X, w), which is taken to be equal to <Pi! (w) at port I of the transducer, 
where x = - !L. Thus, in the absence of the transducer, the potential of the wave 
would be 

<p,(X, w) = <Pi! (w) exp ( - jkox) exp ( - !Jko L). 
The transducer electrodes can be taken to be at zero potential, so there must be a 
distributIon of charges present, such that the potential <p,(x, w) is cancelled at the 
electrode locations. 

To find this charge distribution, we return to equation (4.25), which is the 
quasi-static relation between potential and charge density. The charge density is 
oAx, w) + aa (x, w), but here the electrostatic term ae (x, w) is zero because the 
electrode voltages are zero. Thus the charge density is a,,(x, w), and is related to the 
surface potential <p(x, w) by 

(4.64) 

The potential of the incident wave, <Pi(X, w), is an additional term which can be 
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considered to be due to some remote source whose charge density is not included in 
equation (4.64). To obtain zero potential on the electrodes we therefore have 

(4.65) 

where the points Xj exist only on the electrodes, as before. 
A similar equation was found in Section 4.3 above when evaluating the current 

taken by individual electrodes. Equation (4.65) is the same as equation (4.36), except 
that <Pi(X, w) has replaced <Pa(x, w). It follows that the current Ian entering electrode 
n is given by equation (4.43), as before, but with <pa(x, w) replaced by (Mx, w), so that 

=ItJII -jwW roo e.-(x) <Pi(X, w) d x. (4.66) 

The transducer short-circuit current, Ise, is therefore 

Ise I PnItJII - jw W roo ee(x) <Pi(X, w) d x  (4.67)= = 

n 

where ee(x) has been introduced by using equation (4.54). Finally, substituting 
equation (4.63) for <Pi(X, w), we have 

=Ise -jw W<piI(w)ee(ko) exp ( - tjkoL). (4.68) 

Comparing this with equation (4.50) gives a reciprocity relation for the processes of 
launching and receiving waves at port I .  We have[ Ise ] [ ]W W  <PSI (W)

(4.69)<Pi I(W) receive 
= 

- --r:- � launch' 
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A more general derivation of this equation is given in Appendix B, Section B.5, 
showing that i t  is valid when electrode interactions are present, and even when the 
transducer couples to bulk waves. 

4.4.4. Scattering Coefficients 
When a surface wave is incident on a transducer there will in general be a reflected 
wave, and the wave emerging on the other side of the transducer will have an 
amplitude different from the incident wave. Here we consider the reflection and 
transmission coefficients, and the conversion of incident power into the power 
dissipated in an electrical load 

For a shorted receiving transducer, the potential associated with the charge density 
on the electrodes is, in the quasi-static approximation, given by equation (4.64) 
above. This involves the electrostatic Green's function, and therefore gives a potential 
localised on and near the transducer. The incident surface wave is therefore not 
affected by the transducer; there is no reflected wave, and the incident wave passes 
through the transducer with a velocity Vo, the free-surface velocity, and with no 
attenuation. Reflections therefore arise only if the transducer is not shorted . In 
practice, a shorted transducer can in some circumstances give significant reflections 
owing to electrode interactions as discussed in Section 4.2, but these are neglected 
here. 

We consider a receiving transducer connected to an arbitrary electrical load with 
admittance YL, as in Figure 4.7(b). Since the transducer admittance is Y, the voltage 
between the bus-bars, denoted VR , is found to be 

VR = - I,c/( Y, + YL) 
jw w<Pil (W)Q.(ko) exp ( - iikoL)/( y, + Yd, (4.70)= 

where equation (4.68) has been used for the short-circuit current Isc . Generally, YL 
and y, are both complex functions of frequency. The charge density on the electrodes 
now has two contributions - firstly, the charge density obtained for a shorted 
transducer and, secondly, a charge density arising from the voltage VR • As discussed 
above, the first of these does not cause any surface wave excitation. The waves 
associated with VR can be calculated as if a voltage VR were applied to the transducer, 
with no surface wave incident. The wave radiated to the left, with potential denoted 
by ¢rl (W) at port 1 ,  is therefore given by equation (4. 50), with Y, replaced by VR • Thus 

(4. 7 1 ) 

Using equation (4.70) for VR , the reflection coefficient at port I is 

(4.72) 

The voltage VR also causes generation of a wave to the right, with potential ¢,2(W), say, 
at port 2. This is given by equation (4.52), with VR replacing Y, . Using equation (4.70) 
for VR , we have 
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(4. 73) 

where we have used the relation ee ( - ko) = ij:(ko), since Qe(x) is real. The total 
potential of the wave to the right, denoted by rPdw) at port 2, also includes a 
contribution due to the incident wave, given by rPiI(W) exp ( -jkoL). The total is 
divided by the incident wave potential rPil(W) to give the transmission coefficient t llw). 
It is convenient to introduce Ga(w) by using equation (4.60), giving 

rP 2(W) 
=' [1

. 
Ga (w) ]

( ) Y YW , +  L 

The power ratios for reflection and transmission of waves incident on port I are, 

G; 
= 

/ Y, + yd 

1 -
G; + 2GaGL 

= ' 

t (w) 
 '}k0 L) •==1
 (4.74)(- -exp2 


from equations (4.72) and (4.74), 

/rl(w)/2 (4.75) 
and 

/ t I 2(W)/2 2 	 (4.76)
/ Y, + yL/

where GL is the real part of the load admittance YL• There is also some power delivered 
to the load, given by PL = t /  VR / 2 GL • The power o f  the incident surface wave is, from 
equation (4.51), P, = tWW/ rPiI / 2/r,. The ratio of these powers is the power conversion 
coefficient, CI(W). Using equation (4.70), we have 

(4.77) 

The sum of the three power coefficients, equations (4.75), (4.76) and (4.77), is unity, 
so that all the power incident on the transducer is accounted for. The power 
conversion coefficient, equation (4.77), also applies for a launching transducer driven 
by a source with internal admittance YL, giving the ratio of surface wave power 
generated (in one direction) divided by the available electric power. This can be shown 
by simple network analysis, and is of course expected by reciprocity. Some useful 
deductions from the above equations are: 

(a) 	 If the transducer is shorted, so that YL = 00,  the reflection and conversion 
coefficients are both zero, and the transmission coefficient is unity. 

(b) 	 If a loss-less reactance is connected across the terminals, cancelling the 
transducer susceptance, then y, + YL Ga- The reflection coefficient is then = 

unity, and no power is converted or transmitted. This applies for any 
frequency The reactance required will normally be inductive._ 

= 	 =(c) 	 If the transducer is electrically matched, YL Y,'" so that Y, + YL 2GQ • In 
this case the power reflection and transmission coefficients are both t, and the 
conversion coefficient is t. 

Equations (4.75) and (4.77) also show that there is a simple relationship between 
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the power reflection and conversion coefficients: 

1
2 

G
I r l (w) = 

o 
2GL CI (W) . (4.78) 

The scattering coefficients derived above are consistent with experimental results, 
and with theoretical results obtained from the crossed-field network model, for 
uniform · transducers operated at the fundamental centre frequency [84, 85]. In 
particular, the prediction of a zero reflection coefficient for a shorted transducer 
agrees well with experiment, though not for a single-electrode transducer on a 
strongly piezoelectric substrate (such as lithium niobate) - in this case electrode 
interactions are strong, and the quasi-static approximation is not valid. 

Scattering matrix. The above equations may be combined to give a more 
general relationship between the potentials of incident and transmitted surface waves 
at the two ports and the transducer voltage and current. This situation is shown in 
Figure 4.8 .  The potentials of incident waves 

2

are denoted by 
subscripts I or 2 

<Pi, and those of waves 
leaving the transducer by <pt, with additional to indicate that these 
potentials are evaluated at port I or port , respectively. The four surface waves are 
all taken to be beams of width W, align on of the transducer. 
The voltage across the bus-bars is V, 

ed with the active regi
and the transducer draws a current I. 

The scattering matrix Sij is defined by the equation 

(4.79) 

where the coefficients are found to be 

SJ2 S2J = exp ( -)koL), 

SD S31 = )(Je(ko)  exp ( - tJko L), 

SD SJ2 = )(J:(ko) exp ( - tJkoL), 

S)) Yt(w)![w W r,], 

where Yt (w) is the transducer admittance, given by equation (4.55).  

PORT 2 
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4.5. TRA N S D U C E R S  WITH R E G U LA R  E LECTR O D ES 

In Section 4.4 the various properties of an unapodised transducer were derived. using 
the quasi-static approximation, and the results were expressed in terms of the 
electrostatic charge density Q,,(x) and its Fourier transform (l,,( f3). In general, these 
functions can only be evaluated numerically, and some methods were discussed in 
Section 4.3 .2 above. However, for an important class of transducer structures the 
electrostatic charge density can be obtained analytically, and hence analytic results 
can be obtained for the transducer properties. This approach yields an element factor 
for transducer analysis, so that the analysis becomes very similar to the delta-function 
model of Section 4. 1 above. 

4.5.1  . Electrostatic Charge Density and Element Factor 
We consider the transducer shown in Figure 4.9(a). The electrodes here are assumed 
to be regular, that is, they all have the same width, a, and the centre-to-centre spacing, 
p, is constant throughout the array. Within the transducer, the fraction of the area 
covered by the electrodes is alp , and this is called the metallisafion ratio. 

For unit voltage applied across the bus-bars, the electrostatic charge density O,,(x) 
is obtained by charge superposition. As in Section 4.4, equation (4. 54), we have 

s 
Q,,(x) = I Pn Q"" (x), ( 4.80) 

n = l  
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where ft. = 1 or 0 is the polarity of electrode n, as shown in Figure 4.9(a). The 
function Qen(X) is defined as the electrostatic charge density produced on the electrodes 
when unit voltage is applied to electrode n, with all the other electrodes grounded. 
This situation is il lustrated in Figure 4.9(b). Now, the charge density produced here 
is largely determined by the geometry of electrode n and of a few neighbouring 
electrodes on either side. Here the electrodes all have the same geometry. It follows 
that, provided electrode n i s  not near either end of the array, the function Qen(X) is 
much the same for all electrodes, though it will of course have a lateral displacement 
corresponding to the electrode position [ 1 04, 1 05]. 

To exploit this feature, we define a more basic function Q/(x). We consider an 
infinite array of regular electrodes, as shown in Figure 4. 1 0 . One electode is centred 
at the origin x = 0 and has unit voltage applied, while all the other electrodes are 
grounded. The electrostatic charge density for this case is defined to be Q/(x), and will 
be called the elemental charge density. 

For the finite array of Figure 4.9, electrode n is taken to be centred at x Xn, and 
it follows that 

(4.8 1 )  

provided electrode n i s  not near either end o f  the array. For the electrodes near the 
ends this relation is not valid. However, the contributions that the electrodes make to 
the total charge density Qe(x) depend also on the polarities ftn ' as shown by equation 
(4.80). It is assumed here that ftn = 0 for the electrodes near the ends, as in Figure 
4.9, so that the functions Qen(X) for these electrodes will not contribute to Qe(X). We 
thus have 
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,\ 

Qe(X) ::::; I fin Q f (X  - Xn) ·  (4.82)
n = ]  

The electrodes at the two ends, with fin = 0, are described as guard electrodes, and 
are introduced in order to minimise end effects [ 1 04, 1 05] .  Equation (4.82)  becomes 
exact if an infinite number of guard electrodes is used at each end . However, the 
equation is found to be a good approximation if only a few are used. and for most 
practical purposes six guard electrodes at each end are sufficient. In the following 
analysis it is assumed that the number of guard electrodes is sufficient to make 
equation (4.82) valid to the required degree of accuracy. The electrodes in between the 
two groups of guard electrodes are called "active electrodes". 

Equation (4.82) may be used to express the transducer response in terms of an 
element factor and an array factor. We first define an array factor In the x-domain by 
the relation 

!v 
Aix) = I fin b(x - Xn ) (4.83)  

n= 1  

so that equation (4.82) can be written 

Qe(X) = fer." A f  (X ' )  Q f ( X  - x ' ) d x ' = A f ( x) *Q I (X)' (4. 84) 

where the asterisk indicates convolution. I n  the p-domain, the Fourier transform QJm 
ofQe(X) is obtained by using the convolution theorem; Ar(x) and Q/(x) are transformed 
to give A/(m and Q/m respectively, and Qe(P) is then given by the product 

QeW) = A/W)Qr(tJ), (4.85) 

where, from equation (4.83) the array factor A/(m is give by 
.\' 

AiP) = I fin exp ( - JPx,, ) . (4.86 ) 
n =  1 

As shown in Section 4 .4, nearly all the transducer properties are directly related to 
QeW). the exception being the capacitance C, which is considered below. For example, 
when a voltage Д is applied, the potential ¢d(W) of the surface wave emerging at port 
I is given by equation (4. 50), and with the aid of equation (4 .85) this becomes 

( 4 .87) 

Here the function A/(ko) is an array factor, while the elemental charge density Qr(ko) 
has the role of an element factor. Thus the response is expressed in a simple form, 
similar to the delta-function model of Section 4. 1 .  For most transducers it is found 
that the array factor varies with frequency much more rapidly than the elemental 
charge density Qiko) ,  so that the array factor alone gives a good approximation to the 
shape of the frequency response. 

An analytic solution for the elemental charge density has been given by Peach [97] 
and by Datta and Hunsinger [ 1 06] . A derivation is given in Appendix C, making use 
of the electrostatic analysis in Section 3. 1 .  The function (y(x), giving the charge 
density in the x-domain, is given by equation (C.20), and is shown in Figure 4. 10  for 
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a metallisation ratio alp = t. It should be noted that the charge density is 
quantitatively significant only for the electrode centred at x = 0 and for a few 
electrodes on either side, though it is infinite at the edges of each electrode. 

For most calculations the transformed function flAf3) is required, and Appendix C 
shows that this is given by 

T 2 sin ns f3p
( - (13) = ( + ) m cos m ,;:. - ,;:. m + I , (4 88) (}f Eo C:p L1) " " .P-s( _ cos 2n 

where 
L1 na/p 

s f3p/(2n) - m 

P- s( - cos L1) is a Legendre function 

Pm(cos 11) is a Legendre polynomial. 

This equation gives Qf(f3) for all 13; the integer m must be chosen according to the value 
of 13, and the parameter s is always in the range 0 ; s ; I .  Appendix C gives some 
properties of Legendre functions. Since (}J(x) is clearly real and even, it follows from 
Fourier analysis that Q/fJ) is also real and even, so that Qf( - fJ) = Qf(fJ). The variable 
{3 occurs only in the normalised form of the product {3p. The function is shown in 
Figure 4. 1 1 , for several values of the metallisation ratio alp. I t  consists of a sequence 
of lobes, all with the same shape, with relative amplitudes determined by the 
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polynomials P m(cos .1) in equation (4.88). The relative amplitudes of the lobes are 
strongly influenced by the ratio alp. This is clarified by Figure 4. 1 2, where the values 
of fliP) at the peaks of the lobes are plotted against a/po The peaks of the lobes occur 
at P = n/p and odd multiples of this value. 

For a uniform single-electrode transducer, the peaks of the lobes occur at the 
fundamental centre frequency w, and at the odd harmonics, and the curves shown in 
Figure 4. 1 2  give directly the relative harmonic strengths, as first pointed out by Engan 
[ 1 07] . 

The transducer capacitance Cr may be found by summing the electrostatic charges 
on all the electrodes connected to one bus-bar, as shown by equation (4.57). For 
transducers with regular electrodes, it is convenient to evaluate the net electrostatic 
charges on the electrodes when the charge density is (l/(X). These are denoted by Qm' 
where m = 0 for the electrode at x = 0, m = ± 1 for the electrodes on either side, 
and so on. Thus imp+a/2 

Qm = (ll(x) d x, (4.89)mp -a/2 
which gives the charge per unit width in the y-direction. When unit voltage is applied 
across a transducer, the charge on electrode n due to the voltage on electrode m is 

WPmQm-n '  The total charge o n  electrode n i s  denoted q. , and i s  thus given by 

N 

qn W I PmQm-n '  (4.90)= m = 1  
The total electrostatic charge on all the electrodes connected to the upper bus i s  equal 
to the capacitance Cr, and is given by 

N 
Cr = I p.q • .  (4.9 1 )  

. P  1 

The capacitance is therefore readily found from the net charges Qm, defined by
' 

equation (4.89). The charge s are functions of the metallisation ratio alp, and are 
given by equation ec.27) of Appendix C. In  the particular case of alp = t, the charges 
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are given by the simple formula 

_ 4(£0 + £;) 1Q - a,lp 2' (4.92)1IJ _ '1[( 1 4m2) 

4.5 .2 .  End Effects 
In practice, interdigital transducers often do not have the guard electrodes shown in 
Figure 4.9, and consequently the charge densities on the electrodes at and near the 
ends are distorted . These distortions are known as end effects. They affect the 
frequency response of the transducer, though the perturbation is small if the 
transducer has many electrodes. For example, in a transducer with more than, say, 
twenty electrodes, end effects general ly have little effect on the frequency response, 
and are significant only if a very accurate response is required. 

To analyse end effects, it is necessary to solve for the electrostatic charge 
distribution numerically, using methods discussed in Section 4 .3 .2  above [98, 1 08]. In 
addition, some of the tabulated results for withdrawal-weighted transducers [90, 1 00] 
give information on end effects. The effects cannot be characterised straightforwardly; 
they depend on the frequency and on the electrode structure. To give a quantitative 
example, in a uniform single-electrode transducer operated at the centre frequency We 
of the fundamental pass-band, the coupling due to the electrode at the end is reduced 
by 29%, while that due to the adjacent electrode is increased by 5% [98]. 

The charge superposition principle can be used to simplify the analysis a little if  the 
functions Q,n(X) are first calculated numerically [ 1 04] . As mentioned in Section 4 .5 . 1 ,  
most of the Qcn(X) can be approximated by displaced versions o f  QAx); n umerical 
calculations are needed only for the electrodes near the ends. The total electrostatic 
charge density on the transducer can then be obtained by using equation (4.80), and 
this is valid for any sequence of electrode polarities. Some examples showing net 
electrode charges corresponding to the functions Q"n(X) are given in Ref. [ 1 04] . 

4.5 .3 .  Transducer Response in Terms of Gap Elements 
The above analysis gives the transducer response in terms of an array of elements, 
each associated with one electrode. An alternative formulation gives the response in 
terms of elements associated with the inter-electrode gaps [ 1 04, 1 09]. From 
equation (4.85), the electrostatic charge density, in the p-domain, IS 
Q,, ( P)  = AreP) Q rCP)' with the array factor given by 

N N - I  
2: p. exp ( -Jpx.) 2: Pn+ I exp [ -JP(xn + p)].

n = 1  n = 1  

Here the second form follows because Xn + I = Xn + p and P I  = O .  If the second 
form is multiplied by exp ( jPp) and then subtracted from the first form, it is found 
that A I (P) can be written as a sum of terms involving (Pn+ I Pn) .  This enables the 
charge density Q,.(P) to be written as 

(4.94) 
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where the new array factor is 

N - I 
Aim = I (Pn+ I Pn ) exp [ -j{J(XIl + p/2)], (4.95) 

n = 1 

and the new elemental charge density is 

eÌ({J) = ve,({J)!sin ({Jp/2) .  (4.96) -

Here e , ({J)  is given by equation (4.88), and the term sin (ns) is cancelled by the term 
sin ( f3p/2) above. In consequence, eg (f3) varies less rapidly with f3 than Qf( f3). In the 
x-domain, the inverse transform ,,Ì(x) can be shown to be the charge density on an 
infinite array of regular electrodes, when those to the right of the origin have unit 
voltage and those to the left are grounded [ 1 09]. The new array factor, 
equation (4.95), corresponds to an array of elements located at x = Xn + p/2, the 
centres of the inter-electrode gaps, the strength of each element being zero if the 
adjacent electrodes have the same polarity; if  the polarities are different, the strength 
is ± I .  

This formulation is often convenient for transducer analysis. It also corresponds 
to the delta-function analysis of Section 4. 1 ,  giving a formal justification for the 
delta-function approach. The element factor E in Section 4 .  1 can now be identified as 

(4.97) 

4.6.  A D M ITTA N C E  O F  U N I FO R M  TRA N S D U C E R S  

A uniform transducer i s  defined here a s  a n  unapodised transducer with regular 
electrodes. in which the electrode polarities PII have a repetitive pattern instead of the 
arbitrary choice assumed in Section 4.5 .  Nearly all surface-wave devices have at least 
one uniform transducer, and the repetitive nature enables some simple and useful 
expressions for the main properties to be obtained. In this section the capacitance and 
the acoustic conductance and susceptance are considered. though other properties. 
such as the conversion coefficient, are readily obtained from the analysis given here. 

The commonest types of uniform transducer are shown in Figure 4. 1 3 .  Defining S" 
as the number of electrodes per period, the types with S" 2 or 4 are the= 

conventional "single-electrode" or "double-electrode" transducers. respectively. and 
a type with S. = 3 is also shown. Engan [83] has derived the transducer properties 
from equations describing multi-strip couplers. The method used here is applicable for 
any repetitive polarity sequence, with any value of S". The presence of guard 
electrodes is assumed. so that end effects can be ignored. However, as discussed in 
Section 4 .5 .  the analysis gives a good approximation if there are no guards (as in 
Figure 4.4. for example), provided the number of periods is not too small . 

4.6.1  . Acoustic Conductance and Susceptance 
From Section 4 .5 ,  equation (4.83),  the array factor can be written 
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N 
A/(x) = 	 L J3nb(x - xn) · 

n+ 1  

For uniform transducers, this can be expressed as the convolution 

A/(x) = 	 AN(x) * A I (x), 

where A I (x) is an array factor for one period of the transducer, and AN(x) is a 
sequence of delta functions with spacing equal to the transducer period, pS, . For 
convenience these are defined such that A/x) is symmetrical, so that e,(ko) will be 
real. From Figure 4. 1 3, A I (x) is given by 

A I (x) = b(x) 	 for Se = 2 or 3 

= 8(x + p/2) + b(x pj2), for Se = 4. (4. 1 00) -

Defining Np as the number of periods in the transducer, the factor AN(x) is 

Np 
-AN(x) = L 8[x (2n - Np - l ) pSe/2] . (4. 1 0 1 )  

n = 1  

This factor has the same form for all uniform transducers. Its Fourier transform 
ANUJ) is a geometric progression which is readily summed to give 

(4. 1  02) 
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From equation (4. 1 00), the transform of A I (x) gives 

I ,  for Se = 2 or 3 

2 cos (kop/2), for Se = 4 (4. 1 03) 

The transform of A f(x) is, from equation (4.99), 

Af(ko)  AN(ko) AI (ko) · (4. 1 04) = 

This enables the parallel conductance to be calculated, since from equations (4.60) 
and (4.85), 

(4. 1 05) 

where Qf(fJ) is the elemental charge density [equation (4.88)], W is the transducer 
aperture, and ko = w/vo is the free-surface wavenumber at frequency w. 

For a single-electrode transducer (S, = 2) we have AtCko) = AN(ko), given by 
equation (4. 1 02). This function has maxima with magnitude Ď at ko = 2nM/(pS,) ,  
where M 0, 1 ,  i, . . . . The frequencies of the maxima are w = Mwe, where= 

We = rrvoJp is the centre frequency of the fundamental response. The function is 
similar to Figure 4.2, but here the even harmonics are present as well as the odd ones. 
The harmonic strengths are strongly affected by the e/ko) term in equation (4. 1 05). 
The even-numbered harmonics are eliminated because Qf(ko )  is zero at these points, 
and in addition the e Ako) term suppresses the 3rd, 7th, 1 1  th, . . .  harmonics when 
alp = t, as can be seen from Figure 4. 1 l . 

Similar remarks apply for the transducers with S, = 3 and 4. In each case the 
fundamental response is centred at We = 2nvo/(PS,) .  Harmonic responses are centred 
at frequencies Mw,., but are absent when M is a multiple of S, because ef(ko) is zero 
at these points. Thus for S, = 3 the responses occur for M = 1 ,  2, 4, 5, 7, . . . . For 
S, = 4, the harmonics with M = 2, 6, 1 0, . . .  are eliminated by the array factor for 
one period, equation (4. 1 03), so for this case the responses occur only for odd values 
of M. In addition, harmonics in the region 2n < kop < 4rr disappear when alp = t. 
For S, = 3, this applies to the 4th and 5th harmonics, and for S, 4 it applies to = 

the 5th and 7th harmonics. 
If the number of periods, Np, is not too small, a useful approximation can be 

obtained for the conductance in the region near the fundamental frequency We ' We 
define 

which is proportional to the fractional deviation of w from We. When W is close to We, 

the array factor of equation (4. 1 02) is approximately 

sin X N
A-N (k0) l - Np -X ( - 1 )  p .  (4 . 1 07) 

If Np is large, this function varies rapidly with w. The conductance, equation (4. 105), 
includes other frequency-dependent terms - the w and etCko) terms and, for S, = 4, the 
array factor of equation (4. 1 03) - but these vary slowly with w. Thus, for frequencies 

(4. 1 06) 
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near w, the conductance may be approximated by 

(4. 1 08) 

The constant Ga(w.) depends on the value of Se, and is given below. 
An approximate form for the acoustic susceptance Ba(w) may be obtained from 

equation (4. 1 08) .  As shown in Section 4.4.2, the susceptance is the Hilbert transform 
of the conductance. With X given by equations (4. 1 06), the required Hilbert 
transform is 

sin (2X) - 2 X  
(4. 1 09) 

2 X' 

This may be demonstrated by transforming to the time domain, multiplying by the 
transform of ( - I !nw), and then transforming back to the frequency domain . The 
relationships needed are given in Appendix A.  Thus, for frequencies near We the 
susceptance is given by 

G ( sin (2 X )  - 2 XB (a W) -- a We) 
2 X' . (4. 1 1 0) 

The approximate expressions for Ga(w) and BaCw), equations (4. 1 08) and (4. 1 1 0), are 
plotted in Figure 4. 1 4. The total susceptance of the transducer is we + Ba(w), and 
the capacitive term we, is often much larger than Ga (w, ); in addition Ba(w) is zero at 
the centre frequency We. Thus, in many cases the acoustic susceptance Ba(w) is of little 
practical consequence. 

Experimental measurements of Ga(w) and Ba{w) generally agree well with 
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equations (4. 1 08) and (4. 1 1 0) ,  as shown for example by Smith et al. [84] and Engan 
[83]. Usually there are also contributions due to bulk wave excitation, excluded in the 
above analysis, but provided Np is not too small these are mostly confined to 
frequencies where the surface-wave terms are small. However, considerable distortion 
occurs if electrode interactions are strong. 

For M ɾ Se ' the conductance at the fundamental centre frequency Wc and at the 
harmonics Mwc can be written as 

a (Mw ( .) 
2(BO G = a Mw N2 [ + B

c p  
Jwr ) sin (ns)]2 

s , (4. 1 1 1  ) 
P_s ( - cos A) 

where a = I for Se = 2 or 3 .  For Se = 4, a = 2 if M = I or 3 and 'Y. = 0 if M = 2 .
Also, s = MISe and A = na!p. Equation (4. 1 1 1 ) follows from equation (4. 1 05), with 
the array factor given by equations (4. 1 02H4. 1 04) and the elemental charge density 
Qf(ko) given by equation (4.88). 

4.6.2.  Capacita nce 
As shown by equation (4.9 1 ), the static capacitance of the transducer is 

N 

CI = L 
= 

Pnqn , (4. 1 1 2) n I

where N is the number of electrodes Ƣnd qn is the net electrostatic charge on electrode 
n when unit voltage is applied across the transducer. For a uniform transducer the 
electrode charges q. in each period of the transducer are similar to those in other 
periods, and so the capacitance C is approximately proportional to the number of 
periods, Np• This is not exactly true because the electrode charges are somewhat 
different near the ends of the transducer. For convenience an approximate formula 
is given here, assuming Np to be large; the charges qn are evaluated for each period 
assuming the transducer to be infinitely long, and C, is then found by summing over 
Np periods. Thus 

S, 

CI ::::: Np L Pnqn , n (4. 1 1 3) = !  
where p. 

qn 
and qn are evaluated for one period of a transducer of infinite length. The 

charges are given by 

<YO S, 

q. = w L L PiQ
r= - x:;  

'+rs,-. , (4. 1 1 4) 
; =  1 

where Qm 
-

is the charge on electrode n associated with the voltage on electrode 
(n m), as defined in equation (4. 89). The summation over r in equation (4. 1 1 4) 
may be done with the aid of equation (C.30) of Appendix C, and the remaining 
summations required are straightforward. For the transducers under consideration 
here, the result is 
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4.6 .3 .  Comparative Performa nce 
I n  comparing the behaviour of the transducers, an important quantity is the electrical 
Q-factor, here denoted by QI. At frequency w, and at the multiples of this frequency. 
the acoustic susceptance B,,(w) is zero. We define QI as the ratio of the susceptance to 
the conductance at these frequencies, so that 

QI = Mw,C/Ga(Mw,). (4. 1 1 6) 

The value of QI will in general depend on the harmonic number, M. The reciprocal 
of QI is a measure of the surface-wave coupling strength, taking account of the 
transducer geometry and the parameters of the substrate material . It will be shown 
in Chapter 7 that this parameter has a strong influence on the bandwidth obtainable 
when the transducer is tuned in order to minimise its conversion loss. 

The basic properties of the three types of transducer are summarised in Figure 4. 1 5  
and Table 4. I .  For convenience, a normalised capacitance CI , conductance GaM and 
Q-factor Q, are introduced, defined such that 

T -C WNp(£o + £p ) C

C ( 
T) sin (n/S,, ) p 

r £[) + £p v (cos , 

where ɳ. = I ,  4;3 or 2 for 5, = 2, 3 or 4, respectively, and v 

(4. 1  1 5 ) 

- 1 /5, . .  

I, (4. 1 1 7) 

G,,(Mw,) T 2 2 -
Np Wr, GaM (4. 1 1 8) 

QI QcI[Np(£1J + e;) rs], (4. 1 19) 

where C. GaC Mw,) and Q, are given by equations (4. 1 1 5), (4. 1 1 1 ) and (4. 1 1 6) above. 
The normalised parameters are independent of the substrate properties f.;and r" and 
of the number of periods Np and the aperture W. The capacitance and Q-factor are 
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TABLE 4. 1 
Data for uniform transducers, a!p != 

Normalised Harmonic Normalised Normalised 

capacitance number conductance mverse 

C/ M GaM Q-factor 

5,. 

1 (<2/ 
2 2 . 8 7 1  2.8 7 1  
3 1 . 1 55 	 1 2 .23 1 1 .932 

2 2 . 2 3 1  1 . 932 
4 	 1 .4 1 4  1 3 . 1 1 1  2 .200 

2 0 0 
3 3 . 1 1 1  2 .200 

shown in Figure 4. 1 5, plotted as functions of the metallisation ratio a/po I t can be seen 
that the metallisation ratio is not a critical parameter, and that for all three 
transducers the coupling strength is maximised for a!p t. Numerical data are given = 

in Table 4. 1 ,  for a!p t. The coupling strength is strongest for the single-electrode = 

transducer (Sc = 2). For Se 3 or 4, there is a harmonic with coupling strength = 

equal to that of the fundamental. The capacitance is smallest for Se 2. Engan [83] = 

has confirmed experimentally the values of C, and GaM in this table. 

4.7.  TWO-TRAN S D U C E R  D EVICES 

This section considers the analysis of a device comprising two interdigital transducers, 
each transducer having two terminals. One transducer is taken to be energised by a 
source with zero impedance, while the other is shorted. It is assumed that the 
transducers do not reflect incident surface waves in this situation, so that the 
quasi-static results of Section 4.4 can be used. It is also assumed that waves due to 
reflections from the edges of the substrate can be ignored, as is usually ensured by the 
use of acoustic absorbers. Reflections do however arise when the transducers are 
connected to finite electrical impedances, and this will be considered in Section 4.8 .  
The analysis here is not valid i f  the transducers are of the unidirectional type using 
multi-strip couplers, described in Section 5 .4, since these give appreciable reflections 
when they are shorted. Apodised transducers are introduced in this section, because 
the results of interest are meaningful only when a combination of transducers is 
considered. 

Initially, a generalised transducer geometry is considered. For apodised 
transducers the more specialised case of regular electrodes is also considered, using the 
results of Section 4.5. This enables the response to be expressed in terms of an array 
factor and an element factor, as in the delta-funct.ion analysis of Section 4. 1 .  

I t  is assumed that the transducer separation is sufficient to make electrostatic 
coupling between the transducers negligible, so that the current produced by the 
output transducer is entirely due to the surface waves incident on it .  
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4.7.1 . Devices Using U napodised Transducers 
To analyse devices, it is convenient to define the frequency response, H, (w), of an 
unapodised transducer by the expression 

(4. 1 20) 

The processes of launching and reception of surface waves can be written in terms of 
this function. For a launching transducer, with a voltage V, applied, the surface wave 
potential at port 1 is, from equation (4.50), 

Jw 

r I/2
<PsI (w) jV, H,(w) 

[
= (4 . 1 2 1 )  . 

For a receiving transducer, if the incident surface wave has a potential <Ps I (w) at port 
1 ,  the output current produced when the transducer is shorted is given by 

(4. 1 22)  

from equation (4.68). 
These equations can be applied to the two-transducer device shown in Figure 4. 1 6. 

For transducers A and B, the electrostatic charge density, for unit voltage applied 
across the bus-bars, is denoted by Qe(x) and Qf(x), respectively. Each of these functions 
is to be determined assuming the other transducer to be absent. To preserve the 
symmetry, different x-axes must be used for the two transducers; in each case the 
x-axis is directed away from the other transducer, and its origin is midway between 
the two acoustic ports. For each transducer, port 1 is defined as the port closest to the 
other transducer. The lengths of transducers A and B are respectively La and Lb. The 
frequency responses are H:(w) and Ht(w), given by equation (4. 1 20) with fle(ko) given 
the superscript a or b and L given the corresponding subscript. 

As shown in Figure 4. 1 6, transducer A is connected to a source with zero 
impedance and voltage V" while transducer B is shorted. It is assumed that neither 
transducer reflects incident waves under these conditions, and that diffraction and 
attenuation are negligible. The wave incident on transducer B is therefore <Pi l (W) = 

<PsI (w) exp ( jkod), where d is the transducer separation. The ratio I.e! V, can then be -

found from equations (4. 1 2 1 )  and (4. 1 22). This ratio is denoted by Hsc(w), and is given 

A B 
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by 

Hta(w)H½(w) exp ( -jkod). (4. 1 23) 

This is called the short-circuit response of the device, since hoth transducers are 
connected to zero impedances. 

Comparing equations (4. 1 20) and (4.60) shows that the parallel conductance of an 
unapodised transducer is directly related to its frequency response: 

(4. 1 24) 

Thus, if the conductances of the two transducers are known, the magnitude of the 
device short-circuit response can be obtained directly .  

4.7.2.  Device Using One Apodised Transducer 
We now consider the short-circuit response of the device in the upper part of 
Figure 4. 1 7, where one transducer is apodised. The apodised transducer is assumed 
to have "dummy" electrodes in the acoustically inactive regions, so that the electrodes 
extend from both bus-bars and the breaks between them are small. This feature is 
commonly used in practice because the electrodes perturb the surface wave velocity; 
the addition of dummy electrodes gives a more uniform perturbation, and 
substantially reduces the consequent phase distortion of the surface wave [ 1  1 0] .  

Following Tancrell and HolIand [79], the device is analysed by imagining it  to be 
divided into a number of paralIel "channels", whose edges correspond to the locations 
of the electrode breaks in the apodised transducer. Since diffraction is neglected, the 
launching and reception of surface waves in individual channels can be analysed 
independently. Thus, in each channel the electrodes of the apodised transducer 
constitute an imaginary unapodised transducer, and the apodised transducer may be 
replaced by an array of unapodised transducers, as in the lower part of Figure 4. 1 7 . 
The imaginary unapodised transducers, which can be analysed by methods given 
above, are electrically connected in parallel. Since the electrode resistivity is assumed 
to be negligible, the admittance of the apodised transducer is simply the sum of the 
admittances of the imaginary unapodised transducers. This approach is valid even if 
electrode interactions or bulk wave excitation are present,  though the analysis here 
excludes these effects. 

Consider first the response of transducer B, which is taken to be an unapodised 
transducer receiving surface waves and is assumed to be shorted. In channel j, the 
wave incident on port 1 is denoted l/J;I (w), and the width of channel } is denoted Uj.
Considering the electrodes in this channel as  a separate transducer, the output current 
produced when the transducer is shorted is lie > say, given by 

(4. 1 25) 

from equation (4.68). The function i!$(ko) is the same in all channels because the 
transducer is unapodised. The total current lse is simply the sum of the lie . Using the 
frequency response defined in equation (4. 1 20), this is 
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FIGURE 4, 17 .  Upper: Two-transducer device with one transducer apodised. Lower: Equivalent 
representation as a network of unapodised transducers. 

(4. 1 26) 

Here the term in square brackets is the average surface wave potential at the 
transducer input; the current is therefore the same as for a uniform input beam 
(equation 4 . 1 22), except that the average surface-wave potential is used. 

For the apodised transducer, transducer A, we define Q:ix) as the electrostatic 
charge density on the electrodes in channel j, when unit voltage is applied across the 
transducer, with Fourier transform Q:iP). Using this function, the potential of the 
wave generated in channel j, denoted by cfIs, (w), is given by equation (4.50). In 
addition, since there are no reflected waves, and diffraction and attenuation are 
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ignored, we have 4>11 (w) = 4>T1 (w) exp ( - jkod). The output current is then given by 
equation (4. 1 26), and is thus related to the input voltage V; .  We define the response 
Hr" (w) of transducer A such that the device short-circuit response is essentially the 
product of the transducer responses: 

H" (w) == I,) V; = Hƣ(w) H;(w) exp ( - jkod) (4. 1 27) 

as in the unapodised case. To satisfy this, the required definition for HƤ(w) is 

(4. 1 28)  

For an unapodised transducer, this reduces to the form already given in 
equation (4. 1 20).  The definition can also be expressed in terms of the surface wave 
potentials at port I when a voltage V, is applied across the transducer; equation (4. 1 2 1 )  
is thus valid for an apodised transducer i f  4>,1 (w) is replaced by the average of the 
4><1 (w) . For an apodised transducer receiving a uniform surface-wave beam, the 
short-circuit current is found to be given by equation (4. 1 22) .  

The response defined in equation (4. 1 28)  is valid only if at least one of the two 
transducers is unapodised, with its active region intercepting all of the surface waves 
generated (in one direction) by the other transudcer. It should also be noted that the 
simple relationship between Ga(w) and H,(w) for an unapodised transducer, 
equation (4. 1 24), is not valid for an apodised transducer. 

4.7.3. Apodised Transducer with Regular Electrodes 
If the electrodes are regular, so that they have the same width a and constant pitch 
p, the frequency response of an apodised transducer can be expressed in a convenient 
form, using the elemental charge distribution described in Section 4.5 .  As shown in 
Figure 4. 1 7, it is assumed here that guard electrodes are included at both ends, thus 
minimising end effects. 

The response is readily obtained from the definition of equation (4. 1 28)  and the 
analysis of Section 4.5 .  1 ,  so the results are quoted here without the derivation. We 
define a parameter Un as the location of the break between the electrodes centred at 
x Xn, relative to the upper boundary of the active region, as in Figure 4. 1 7 .  The= 

transducer response is then given by 
(4. 1 29) 

where Qf(ko ) is the elemental charge density defined in equation (4.88) and Af{ko) is 
an array factor defined by 

N 

L (un ! W) exp ( - jkoxn)· (4. 1 30) 
n= 1 

Thus the array factor is directly related to the transducer geometry. The formula can 
be applied to an unapodised transducer, in which case Af(ko) becomes the same as the 
definition given previously, equation (4.86).  

An alternative formula can be given in terms of gap elements, using the equations 
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of Section 4.5 .3 .  The result is 

Hr {w) = (wWrs)li2Ag{ko) (ig(ko) exp (- !jkoL), (4. 1 3 1 )  

where the elemental charge density Qg{ko) is given by equation (4.96) and the array 
factor Aiko) is defined by 

N - I 
I Un + - UnI 

exp [-jkrJ..Xn + p/2)]. (4. 1 32) 
Wn P I 

This shows that, in x-domain, the array factor can be taken as a set of delta 
functions located at the centres of the inter-electrode gaps, with the strength of each 
delta function proportional to the distance over which the adjacent electrodes with 
different polarities overlap. The transducer can therefore be regarded as an array of 
elements associated with the gaps, as in the delta-function analysis of Section 4. 1 .  The 
elements can be taken to be located in the regions where the polarities of adjacent 
electrodes are different, as in Figure 4.3 .  The analysis of Section 4. 1 is thus justified, 
with the element factor E given by equation (4.97) . 

Transverse End Effect. In the above analysis it has been assumed that the 
charge density on each electrode is uniform across the width of each channel. There 
is however some distortion of the charge density in the region near the break, where 
the electrodes connected to the two bus-bars almost meet. To find the charge density 
in this region, a two-dimensional analysis is needed. Some results obtained by Wagers 
[ I  I I ] show that the distortion extends a distance approximately equal to the width of 
the break. 

For practical purposes, this "transverse end effect" can be allowed for by adjusting 
the source strengths. Thus, if the response is expressed in terms of gap elements, a 
small constant is added to the terms (un+ I - un ) in equation (4. 1 32). The value of the 
constant depends on the width of the break. 

4.8.  D EVICE R ESPONSE ALLOWI N G  FO R TER M I NATI N G  C I R C U ITS 

Up to this point, we have only considered the response of a two-transducer device for 
the case where the transducers are connected to zero electrical impedances. In  this 
section the electrical impedances are allowed to be finite, as they must be in any 
practical situation. This analysis is needed to evaluate the insertion loss bf a device 
and to assess the circuit effect, that is, the distortion of the device frequency response 
due to the use of finite impedances. In addition the analysis gives the triple-transit 
spurious signal, discussed in Section 4.2 above. 

It is quite common to connect each transducer to the electrical source or load via 
a simple lumped-element circuit, in order to improve the electrical matching. The 
analysis here therefore allows for unspecified circuits. The circuits in the analysis may 
include stray components, such as the capacitance between the "live" bus and the 
package and the inductance of the transducer bond wires. They may also include some 
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FIGURE 4. 1 8 . (a)  Device analysis allowing for terminating circuits. (b) Equivalent circuit for analysis 
of multiple-transit terms. 

resistance in order to model the resistivity of the transducer electrodes. Chapter 7 
considers some specific circuits, and their effects on device performance. 

It is assumed that the transducers do not reflect surface waves when they are 
shorted, as in previous sections. For finite terminating impedances the transducers 
reflect, and a triple-transit output signal is produced. The relative level of this signal 
is easily deduced if the transducers are unapodised. Consider the device shown in 
Figure 4 . 1 8(a), where the voltage on the output transducer, transducer B, is r-{, . The 
main component of this voltage, denoted r-{,I , is due to the wave generated by 
transducer A reaching transducer B directly. In addition there is a triple-transit 
component V/.,l ' due to reflection at transducer B and then again at transducer A, so 
that a second wave arrives at transducer B. The ratio of these components is therefore, 
for unapodised transducers, 

(4. 1 33) 

where d is the distance between the adjacent transducer ports, and rf(w) and r7(w) are 
the reflection coefficients referred to these ports. The reflection coefficients are given 
by equation (4.72). The total voltage across transducer B is  the sum of Jib I and r-{,J , 
plus contributions due to additional transits; thus Jib = 1/;,1 + VbJ + 1/;,5 + . . . .  

In Figure 4 . 1  8(a), the load RL develops a voltage VL proportional to 1/;, . Thus VL 
includes components proportional to 1/;,1 and 1/;,3 ' with the ratio given by equation 
(4. 1 33) .  If VG is the open circuit of the generator, we define the ratio VL/ VG to be the 
device frequency response H(w). It follows that the response can be written as 

(4. 1 34) 

where HI(w) gives the main signal, due to the wave reaching transducer B directly, and 
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H)(w) gives the triple-transit signal. The ratio H3(w)/ HI (w) is equal to Vd Vbl ,  
equation (4. 1 33). 

Equation (4. 1 33)  was derived assuming both transducers to be unapodised, and 
neglecting diffraction and attenuation. It will however be shown below that the 
response can be expressed as in equation (4. 1  34), even when these assumptions are not 
valid. The results below involve the short-circuit response H".(w). If the transducers 
are apodised, and diffraction and attenuation are significant, the analysis is still valid 
provided these factors are allowed for in the evaluation of H.".(w) . However, the 
derivation of H" in Section 4.7 above assumes that diffraction and attenuation are 
negligible, and that at least one of the two transducers is unapodised. 

Usually, the main response HI(w) in equation (4. 1 34) is of most interest, the other 
terms being small unwanted components. It is therefore convenient to consider HI(w) 

first .  

4.8.1  . Main Response 
The main response HI(w) is defined as the response obtained if reflections from the 
transducers are ignored. This is conveniently expressed by defining circuit factors 
E;" (w) and E;b (w). Considering circuit A and transducer A, at the input of the device 
in Figure 4. 1 8(a), the circuit factor is defined as 

(4. 1 35) 

where V. and Jib are respectively the voltages across transducers A and B. The 
definition assumes that no acoustic waves are incident on the transducer, and it is 
therefore necessary to set Jib 0 so that transducer B does not reflect. The circuit = 

factor depends on the transducer admittance Y,"(w) and the generator impedance RG , 
as well as on the details of the circuit. For transducer B and circuit B, at the output, 
an imaginary current generator Is< is connected between the terminals of the 
transducer and, with transducer A shorted so that i t  does not reflect, we define 

(4. 1 36) 

where h is the current in the load. The two definitions given by equations (4. 1 35) and 
(4. 1 36) are in fact equivalent, as can be shown using the reciprocity theorem of 
network analysis .  

To find HI (w), the reflected surface waves are ignored. Thus V. is given by equation 
(4. 1 35) and IL by equation (4. 1 36), and we also have ISf = HsJw) v." where Hsc(w) is 
the short-circuit response. Thus 

(4. 1 37)  

which is essentially the product of the short-circuit response and the two circuit 
factors. 

Since the multiple-transit terms H3(W), Hs(w), . .  . are usually small in comparison, 
the insertion loss of the device may be obtained approximately from HI(w). If Pc; is 
the power available from the generator, and PL the power delivered to the load, these 
are in the ratio 

(4. 1 38) 
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and the insertion loss, in decibels, is  

IL = Ɲ 10 log (PdPG) (dB). (4. 1 39 )  

I t  is instructive to  consider the theoretical minimum insertion loss predicted by 
these equations. Minimum loss is obtained if the circuits dissipate no power and the 
transducers are matched, so that all the power available from the generator is 
dissipated in transducer A, and all  the power available from transducer B is dissipated 
in the load. These considerations determine the magnitudes of F:(w) and F:(w). For 
this calculation, diffraction and attenuation are assumed negligible and the 
short -circuit response Hsc{ w) of Section 4.7.2, equation (4. 1 27), is used. Using 
standard network analysis, it is  found that for this case the power ratio PL/ PG is 

(4. 1 40) 

where H,(w) and Ht{w) are the transducer responses and G: and G: are their parallel 
conductances. Now, for an unapodised transducer we have, from equation (4. 1 24), 
Ba(w) 1 H,(w) 12. Thus, if both transducers are unapodised the maximum value of = 

'fLIPG is t. and hence the minimum insertion loss is 6 dB, as expected from the 
bidirectional nature of the transducers. If one of the transducers, say transducer B, 
is apodised, there is an additional contribution to the loss associated with the factor 
I H-(w) 12/G:, which will be less than unity. This factor is sometimes known as the 
"apodisation loss". 

In the above equations the multiple-transit terms have been excluded. The insertion 
loss including these terms is given by equation (4. 1 38), with H\ (w) replaced by the 
complete response H(w), which is calculated below. 

4.8.2.  Multiple-transit Responses 
To find the complete device response including the multiple-transit terms, it is 
convenient to consider the simpler circuit of Figure 4. 1 8(b), which is equivalent to 
Figure 4. 1 8(a). Here the generator and input circuit are replaced by a Thevenin 
equivalent, having a voltage generator Vo in series with an admittance Y:, where Y: 
is the admittance "seen" by transducer A looking into the circuit in  Figure 4. 1 8(a). 
Using conventional network analysis, the equivalent generator voltage Vo can be 
related to VG using the circuit factor, giving 

(4. 1 4 1 )  

A t  the output, transducer B i s  connected to a n  admittance Y:, the admittance "seen" 
by transducer B looking into the circuit in Figure 4. 1 8(a). The voltage on transducer 
B is denoted v", and this can be related to the load voltage VL by means of the circuit 
factor: 

(4. 1 42) 

The device response H(w) is defined as the ratio VL/VG ,  and in view of the above 
equations this can be obtained from the ratio v,,/ Vo .  For the main response, ignoring 
multiple transits, the ratio VL/ VG is given by equation (4. 1 37). The ratio of -v,,/ Yo for 
the main response is denoted by R\ (w), and can be obtained from equations (4. 1 37), 
(4. 1 4 1 )  and (4. 1 42), giving 
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(4. 1 43) 

To find the complete response, the behaviour of the surface wave device itself is 
expressed in terms of an admittance matrix [ 1 1 2] .  We define v;, and J!;, as the 
transducer voltages, and fa and h as the transducer currents, as in Figure 4 . 1 8(b). For 
J!;, 0 is assumed that transducer B does not reflect surface waves, so that= 

= = = =Ial v;,  y,a and fb l v;,  Hsc(w). Similarly, for V. 0 we have Ib/ Vb Y/ and, by 
reciprocity, Ial J!;, Hsc(w). The device therefore has an admittance matrix given by = 

(4. 1 44) 

This enables the ratio J!;,I Va to be evaluated. From Figure 4. 1 8(b) we have 
Ia { Va  V.) Y,ƥ and fb y,b J!;,. Using equation (4. 1 44), and eliminating v;" Ia= - = -

and Ib, gives 
(4. 1 45) 

where RI is the function defined in equation (4. 1 43) .  Using the binomial theorem, this 
is written as the series 

In this equation,  the short-circuit response Hsc includes a factor giving the phase 
change due to the transducer separation. This can be seen, for example, in 
equation (4. 1 27), where a term exp ( -jkod) is present. The function RI ,  equation
(4. 1 43), is proportional to Hsc{w), and therefore includes the same factor. Hence the 
first term of equation (4. 1 46), which includes this factor, is the main response; the 
second term includes a factor with a phase change three times as large and is therefore 
the triple-transit term, and so on. The overall response of the device, H(w), is defined 
as the ratio VL / VG,  and can be obtained from equations (4. 1 46), (4. 1 4 1 )  and (4. 1 42). 
However, since the contribution due to the main response, HI(w), has already been 
given in equation (4. 1 37), it is sufficient to consider the ratios of the terms here. From 
equation (4. 1 46), the ratio of the triple-transit response to the main response is 

RI H"j Y,
aH3(w)/H I(w) = -

(4. 1 47) 

(4. 1 46) 

where equation (4. 1 43)  has been used for RI •  The corresponding ratios for additional 
transits of the device are readily obtained from equation (4. 1 46) and the overall 
response H(w) can be obtained by summing these terms, as in equation (4. 1 34).

I t  is emphasised here that the result of equation (4. 1 47) is valid if both transducers 
are apodised, and if diffraction and attenuation are significant, provided these factors 
are allowed for in evaluating Hsc(w). The main assumption is that reflections are 
absent when the transducers are connected to zero impedances; this is required in 
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order to establish the admittance matrix of equation (4. 1 44). In the particular case of 
unapodised transducers, with negligible diffraction and propagation loss, the 
triple-transit term can be expressed in terms of the transducer reflection coefficients, 
as shown by equation (4. 1 33).  This can be shown to be consistent with 
equation (4. 1 47) by using the transducer reflection coefficient given in equation (4.72), 
together with the short-circuit response given by equations (4. 1 23) and (4. 1 20). 
However, for an apodised transducer a reflection coefficient cannot be defined 
straightforwardly because the amplitude of the reflected wave will vary across the 
aperture. Thus a more general approach, as given above, is called for. 


