Appendix 5

Coordinate
transformations and
crystal symmetries

A5.1 ROTATIONE OF THE COORDINATE SYSTEM

In Appendix 2 it was shown that the general form of the transformation
relating the coordinates x;, x; of a point P in two rectangular cartesian
coordinate systems Ox; and Ox,, with a common origin O is

Xk = ynXom (A5.1)
where
Cm@kn = an (A52)

and the inverse of Eqn (A5.1) is
Xp = QX (A5.3)

It was also stated in Appendix 2 that these equations describe either a rota-
tion of the coordinate system, or a rotation accompanied by an inversion. In
the first case, the determinant det [@,,,] = +1, in the second det[q,,,] = —1.
In the rest of this Appendix, only rotations are considered, so always det (a,,,)
= +1.

An alternative description of a rotation of the coordinate system can be
given by specifying the axis about which the rotation is to take place along
with the magnitude of the rotation. Clearly, for any point on the axis of the
rotation, the coordinates x, and x; will be identical, so that from Eqns (A5.1)
and (A5.4)

Xk = QenXms X = AppXm (AS5.4)

In particular, for a rotation about the original coordinate axis Ox,, the unit
vector with components (1,0,0) is invariant, leading to the special form for
the matrix A with elements a,,,
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Us ations Eqn (AS.2) and the condition on the deter-
mi rrther reduces to

1 0

0 =S (AS.5)

0 c

Wheiv © — coow) waw » = sin(f) for an angle 8 which corresponds to the
amount by which the original Ox, axis is rotated towards Ox;, as illustrated in

Fig. AS.1.

X3 X3

Fig. A5.1 Rotation about Ox;.

X3

X2

The corresponding matrices for rotations about the other two axes are

c 0 -5
0 | 0
0 c
for rotation about Ox, and
c -S 0 }
s c 0
0 o 1)

for rotation about Ox;.

(A5.6)

(AS.7)

Rotations about some axis other than one of the coordinate axes are
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Fig. A5.2 Coordinate system for a doubly rotated plate.

usually regarded as composite transformations, built up of a succession of
simple rotations. In the present context it is sufficient to consider two
successive rotations, as used to describe the double rorated crystal plates. As
shown in Fig. AS.2, the coordinate system Ox; associated with a double
rotated plate can be thought of as being obtained from the crystallographic
system by a composition of, first, a rotation ¢ about the Z or Ox; axis to form
an intermediate system Ox;, followed by a second rotation 6 about the Ox;
axis. If x,, x; and x; are the coordinates of a point in the three systems, and if
a;, and a” ,,, are the first and second transformations, then

X = alltmx:n
X = QupXy
so that combining the two

Xg = QpyQpn Xy = AfnXy
(AS.8)

Thus the matrix of the composite rotation, say A*, is just the matrix
product of the matrices A’ and A” of the component transformations

Sy ¢, O 0 Co )
0 0 1 0 A Cs

with the obvious notation ¢, = cos(¢) etc. Multiplying out the matrices gives
A* as

cos(¢) —sin(¢)cos(0) sin(¢)sin(6)

sin(¢) cos(¢)cos(0) —cos(¢)sin(0)

0 sin(f) cos(6)
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In the plate coordinate system the plate normal has components §,, and
therefore the components of the plate normal in the original system of the
crystal axes are n, =ag,0,, = a%. Thus

n, = —sin(¢)cos(6)
n, = cos(¢)cos(6)
n, = sin(f) (A5.9)

For the rotated Y-cuts, the angle ¢ = 0 and then », reduces to
n =0

n, = cos(f)
= sin(6) (A5.10)

1
Py
|

A5.2 CRYSTAL SYMMETRIES

The optic or Z axis of quartz is a trigonal or threefold axis. The electric or X
axis is a digonal or twofold axis. Because of the presence of the trigonal axis
perpendicular to the X axis, the latter is repeated in the plane normal to Z at
intervals of 120°, so consequently there are three electric axes, all equivalent.
The trigonal axis is not repeated by the twofold axis, since a 180° rotation
about any of the X axes transforms the trigonal axis into itself. The twofold
symmetry does however ensure that the trigonal axis is not polar. The single
trigonal and three digonal axes completely describe the symmetry of
quartz.

The presence of these symmetry elements means that the material
properties of quartz, as described by the arrays of dielectric, piezoelectric and
elastic constants introduced in Appendix 4, must satisfy certain conditions.
Consider, for example a rotation of the crystal through 120° about the optic
axis. This is a symmetry operation and hence the material constants for the
rotated material should be identical to those of the unrotated material. But a
rotation of the material relative to a fixed coordinate system is exactly equiva-
lent to an opposite rotation of the coordinate system keeping the crystal
fixed, and then the consequence of symmetry is that the material constants in
the rotated coordinate system should be identical to those in the original
system. If the rotation of the coordinate system is represented by Eqn (A5.1),
and if a particular material property is represented by a tensor with compo-
nents #,,,, , then using the tensor transformation law given in Section A2.2,
symmetry requires

tkmp. .= aklamnapq' 'tlnq. . (AS 1 1)
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A5.3 SECOND-RANK TENSOR PROPERTIES

The dielectric constants and the thermal expansion coefficients are examples
of material properties represented by second-rank tensors. The symmetry
conditions for these quantities take the form

lim = QQmnlin (AS5.12)

Suppose first that the a,,, correspond to a 180° rotation about the X or Ox,
axis. From Eqn (5.5) the corresponding matrix A  is

1 0 0
0 1 0
0 0 -1 (AS.13)

Writing Eqn (A5.12) in matrix form, with 7 the matrix with elements ¢,,,
and A denoting the transpose of A, gives

T=ATA (AS5.14)

Carrying out the multiplications leads to the matrix identity

Ly L hs ) M —hy I
o In Iy | =t 193 b
L [#73 Ly ) —1 L£73 b3

and thus T reduces to

0 2% 1y
0 t b (A5.15)

/

If now the symmetry operation of a 120° rotation about Z or Ox,, with
matrix A given by Eqn (A5.7), is considered, Eqn (AS5.14) leads to

T = 1 C? + 1y8? (t,;, — tp)cs -~ Sty
(ty — tp)cs Lys? + pe? Chy
—Sl3; Ct;; I3

Since ¢ = cos(120) and s = sin(120) are both non-zero it follows that finally T
has the form

th 0 0
0 ty 0
0 0 t (AS.16)

Hence any second-rank tensor property in a material of symmetry type 32
is, when referred to the crystallographic axes, represented by a diagonal
matrix with just two independent components.
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A5.4 THIRD- AND FOURTH-RANK TENSOR PROPERTIES: MATRIX
NOTATION

The application of the symmetry conditions to second-rank tensors is
straightforward, but the situation is complicated with higher-rank tensors
because of the large number of components and the fact that matrix methods
cannot be applied directly. Both difficulties can be removed by making use of
the symmetries of the higher-rank tensors representing the piezoelectric and
elastic properties of a material to reduce the number of indices. These
symmetries were discussed in Section A4.2. Taking the elastic constants cy,,
as an example, the symmetry of the stress and strain tensors results in
symmetry in the pairs of indices k/ and mn, while the definition of the cs as
second derivatives of a function of state results in symmetry between the
pairs. Thus Cymy = Cimn = Cmni- These symmetries reduce the number of inde-
pendent c¢s from 34 = 81 to 21.

The reduced notation consists in replacing pairs of indices km, with k, m
running from 1 to 3, with single indices K, M . . running from 1 to 6
according to the following rules

K: 1 2 3 4 5 6
km: 11 22 33 23 or 32 3lorl3 12 or 21

The rule is applied directly to the stress 7, the elastic constants cy,,, and the
piezoelectric constants e,,,, to give the reduced stresses ¢, elastic constants
¢y, and piezoelectric constants e;, . (Note only the second and third indices of
the e,,,, are reduced.) In their reduced form, the stresses can be represented by
a6 x 1column matrix 7T, the elastic constants bya 6 x 6 square matrix ¢ and
the piezoelectric constants by a 3 x 6 rectangular matrix e.

For the strains S,,, the elastic compliances s,,,, and the piezoelectric
constants d,, the rule is modified by introducing factors of 2 when the index
pair to be replaced has unequal elements. Thus for the strains, Sy = S, when
k = Ibut otherwise Sy = 2S,,. For the compliances, Sx,, = Sm, When both k
= land m = n;if only one of these conditions hold, then s,,, = 2s4,,., While if
neither holds s,,, = 4s,..- Finally, for the piezoelectric constants, d,;, = dy,,
if/ = m,andif/ < > mthend,, = 2dy,,. The matrices corresponding to the
strain, compliances, and piezoelectric constants can then be denoted S, s and
d, respectively. The factors of 2 in the above definitions are introduced in
order that the matrix forms of the linear constitutive relations should be free
from such factors. The tensor forms of the constitutive equations are

ly = cklmnSmn - ejklE‘j

D, = emSim + €uE,
or alternatively

Skl = Sklmnlmn + djklE:j

D, = dyytim + €k,
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and in matrix form with the above definitions the corresponding equations
are

T=cS - eE (AS.17)
D = eS + ¢E

and
S =sT + dE (AS.18)
D = dT + ¢E

where it should be noted that e has been used to denote the matrix of dielectric
constants in both ‘clamped’ and ‘free’ cases. The numerical values of the
matrix elements are of course different in the two cases.

Having established the reduced notation, it remains to determine how the
matrix representations of the third- and fourth-order tensor properties trans-
form under changes of the coordinate system. Under the coordinate trans-
formation Eqn (AS5.1), the tensor stresses transform according to

bim = ity (AS5.19)

By writing this and the corresponding expression for the transformation of
the tensor strains out in full, and replacing the tensor components by matrix
components throughout, the transformations for the matrix stresses and
strains can be obtained by inspection in the form

T =MT S =NS (AS5.20)

where M and N are 6 x 6 matrices whose elements are formed from the
elements of the transformation matrix A. Their explicit representations are
given in Figs. 5.3 and 5.4. The inverse transformations are obtained in the
same way from the inverse of A, but since A-!is just the transpose of A, the
inverses of M and N can be obtained by simply reversing all pairs of indices
for the elements of A in Figs. AS5.3 and AS.4. It then follows by inspection
that

N'=M (AS5.21)
so that Eqns (A5.20) can be replaced by
T =MT S=MS (AS.22)

With the transformation laws for the electric field and displacement E and D
in the matrix form

E=AE D' = AD

the constitutive relations Eqn (AS.17) can then be manipulated into the form
T' = (McM)S’ — (MéA)E’
D’ = (AeM)S’ + (Ae A)E’



204 COORDINATE TRANSFORMATIONS AND CRYSTAL SYMMETRIES

I I ! ‘
2 2 i 2 ! ;
ag ajy; i a3 i 8,28y, i 384, ; 8,48y,
| i
| |
J |
2 2 2 |
a2 a2 a2 82282 | 82382 © 8nd2
|
+
!
| .
2 2 2 :
an a3 a3 83283, : 83383, ) 83,8y,
|
|
2ayay 228y, 28,383 182833+ 83823| 83383 + 8383y 821832+ 831859
2a,,a,, 2a3,8,, 28338,3  @32813+ 812833183381y + 813831851813+ 31,85,
.
1
23,8, 2ay,4; 23,383 (8,383 85281381385 + 82381181182, + 82181,
i
! !
Fig. A5.3 Matrix M.
T T T
| ‘[ !
2 2
ay, ay; : a3 28,8, 2a,38,, 2a,,8,,;
i i
2 2 2 N
an a2 ; 823 i 28285 28,3, 28582
I
I
:
2 2 | 2
az as; 1 83 283,85, 285,33, 28335,
! 4
! :
\ i
7183 83283, ‘I 82383, 1822833+ 832873187387, + 833811871852 T 83185
L i
I T
! |
8318y, 83,8y, | 83383  '83813+% 883383381, 18,383,838, + 8,13y
!
!
; |
+ t
! |
| ! |
81182 I 1282, I 8,382 1812823+ 8228131 81387 + 82381181187, + 87,81
| ; i
i ;

Fig. A5.4 Matrix V.

It then follows that the desired transformation laws are
¢ =MM €& = AeM (AS.23)

Similar expressions can be derived for the compliances s and the d piezo-
electric constants if desired.
When the transformation matrix A corresponds to a symmetry operation
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of the material, then the Eqns (AS5.23) become identities that have to be
satisfied by the material constants

c=McM e=AeM (AS.24)

These are exactly analogous to the identities (Eqn (AS.14)) already discussed
in detail for the second-rank tensor case, differing only in being more tedious
to apply. Consequently, only the results of applying the symmetry operations
of quartz to the arrays of elastic and piezoelectric constants are given here. It
is found that the number of independent constants reduces to two piezo-
electric and six elastic constants, with the matrices having the following
forms.

Piezoelectric constants

ey —éy €14 0
0 — € —é
0 4]
Ele
f )
\ )
where

Ces = (C1y — €12)/2

A5.5 TRANSFORMATION EQUATIONS FOR ROTATED Y-CUTS

The plate coordinate system for a rotated Y-cut (Chapter 2) is obtained from
the crystallographic axes by rotation about Ox, through an angle 4. Hence the
A matrix has the form of Eqn (AS.5). The corresponding M matrix is shown
in Fig. AS.S. Using these matrices in the transformations of Eqn (AS.12) and
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Fig. A5.5 Matrix M for rotated Y-cuts.

(AS5.23), along with the matrices for the material constants obtained by
applying the symmetry identities, leads to expressions for the material
constants in the plate coordinate system. Once again, the algebra is tedious
but straightforward, so only the results are given.

Dielectric constants

[
€n = €

52,_2 CZE” + 52633
= q2 2
€33 = S%; + C;;

cs(es; — €1)

’
€23

Piezoelectric constants

e = ey
e, = —c%, + 2se,
e, = —s%, — 2csey,

el = cse, + (c2 — sHey,
e;s = —cle, + sce,
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ey = —Cse, —Cley
ey, = sce, — Sy,
e = s?e, + scey

Elastic constants

=€y
Cp = C%yy + S + 252c(2c,, + ¢13) — 4scicy,
Cy = sy + ¢ty + 253 (2cy + Cp3) + 4desiey,

Cis = Cy + S%€H(cCyy + €33 — 205 — dcy) + 2¢5(c? — sYcy,
Cis = €204y — 25CCy4 + S¥Ceg
Cis = S¥y + 25CCy4 + CCeq
Cip = €%y, + s%ci3 + 2cscy,

c13 = Sy, + c¥c;; — 2cscy,
iy = (€2 = sY)cyy — cs(c; — €)

Ciy = (C* + sY)cy3 + c3%(c; + €33 — 4cy) + 205(c? — s)cy,
Ciy = C¥ 45?2 — 1)cyy + sc(s?cy; ~ 2+ (2cy + ¢33)(c? — 52)
Ciy = —S¥4c? — 1)y, + sclc?cy; — Sy — (¢4 + €13)(€? — 5?)]

Css = (€2 — 5%)C14 ~ SC(Cos — Cas)

In all the above, ¢ = cos(f) and s = sin(f), and all constants not explicitly
listed are either determined by the symmetry of the arrays or else are zero.



