Appendix 3
Continuum mechanics

A3.1 DEFORMATION AND STRAIN

Let Bbe abody that occupies a volume ¥, bounded by a surface S,at a time ¢,.
Let X be a point of B which at time 7, has coordinates X with respect to a
rectangular cartesian coordinate system Ox,. Then the X, can be regarded as
labelling the point X. A motion of the body B can be described by giving the
coordinates x, of X at time #> t, as functions f, of X and ¢

X = fi(Xk, 1) (A3.1)

It is assumed that the functions f, can be inverted to give an alternative
description of the motion in the form

Xy = Fy(x;, 1) (A3.2)

The necessary and sufficient condition for the inverse functions Fj to exist
is that the Jacobian determinant J = det{df,/d X} be non-zero in V,,.
From Eqn (A3.1) follows

dxk = (3fk/aXK) d.XK = xk_KdXK (A3.3)

where the notation x, x = 9f,/9 Xy is used. Similarly X, may be written for
dF,/dx,, and it then follows by the chain rule for differentiation that

Xk Xka = O and Xk Xe,, = OxL (A3.4)
Taking determinants in Eqn (A3.4) leads to
detfx, .} det{X} =1

so that the non-vanishing of the Jacobian J = det(x, .} implies the non-
vanishing of the Jacobian J-! = det(Xj ] of the inverse functions Fy in Eqn
(A3.2).

Equation (A3.3) shows how an elementary vector dX, joining neigh-
bouring points of B is transformed into a vector dx, by the motion. If dZ and
d/ are the magnitudes of d X and dx,, respectively, then d.? = dX,d X and
d/? = dx,dx, and by Eqn (A3.3)

di? = x, X, AXxdX, = Cp dXdX, (A3.5)
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where
Ck = X kXL (A3.6)

The Cy, form the components of a symmetric second rank tensor known as
Green’s deformation tensor. In a motion such that Cy, = 68, the distance
between pairs of neighbouring points does not change, since

d12 = CKLd-XI(d'XL = 6de.XKd.XL = sz

Hence B moves as a rigid body when C; = 6, .
Generally, the difference in the squared lengths d/? and dL?is

dlz - sz = (CKL_(SKL)dXKdXL = ZSKL dXKdXL (A3,7)
where
Sk = (Cgr—0x)/2 (A3.8)

The Sy, are the components of the symmetric Lagrangian finite strain tensor,
which vanishes in a rigid body motion.

Now let dX{” and dX? be two elementary vectors defining an element of
area dA,, in B (cf. Section A2.3). The dA, are given by

dA,, =2 dX;,‘(’ de]’

The element of area is transformed by the motion into the element da,,, where
da,, =2 dx[‘,:’ dx,‘]z’

and dx{", dx are related to dX{’, dX& by Eqn (A3.3). Therefore
day = X, xX; dAxL (A3.8)

In terms of the associated vector elements of area da, and dA, defined by da,
= 3eum da;,, and dAy = 3414, dA., (Eqn (A2.17))

d(lk - ‘]XK.deK (A3.9)

If dXQ is a third elementary vector, then dX{’, dX{? and dX{ together
define an element of volume dV in B given by (Eqn (A2.18))

dV = expp dX,‘(” d.X,‘j’ dX},”
which is transformed in the motion to a volume element dv, where
dv=JdV (A3.10)

In summary, Eqns (A3.1), (A3.3), (A3.9) and (A3.10) show how points,
line elements, area elements and volume elements are transformed by the
motion of B.
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A3.2 KINEMATICS AND CONSERVATION OF MASS

From Eqn (A3.1) and velocity v, of the particle X is just the partial derivative
of f,(Xx, t) withrespect to ¢, keeping Xy constant. As such v,is to be regarded
as a function of Xy and ¢. However, v, can equally well be regarded as a
function of x, and ¢ by substituting X (x,, ) for Xy. Thus

Ve = Vi(Xx, 1) = VXX, 1), 1) = Vi(X, 0)

Here v, is being used to denote two distinct functions along with their values.
To avoid potential confusion the following conventions are adopted:

(a) thepartial time derivative of v, whenregarded as a function of Xyand ¢ is
indicated by a superimposed dot and termed the material time derivative;

(b) the partial time derivative of v, when regarded as a function of x; and ¢ is
written dv,/d¢ in the conventional manner;

(c) thenotation v, is used to indicate the partial derivative of v, with respect
to x; with v, being regarded as a function of x, and ¢;

(d) the notation v, ¢ is used to indicate the partial derivative of v, with
respect to Xy with v, being regarded as a function of Xy and .

It follows that the material time derivative of v, is
Ve = ViV, + 0V,/8t (A3.11)

If the same conventions are applied to any other field quantity f = f(x,, ¢)
= f(x(Xk, 1), 1) = f(Xx, 1), then it also follows that

f=vf,+ af/ot (A3.12)

Taking the material time derivative of Eqn (A3.3) gives

dx, = X, xd X (A3.13)
By changing the order of differentiation, :\’; = V, x, and by the chain rule,

Vix = ViaX.x- Therefore ?fx_,: = v X, xd X and by Eqn (A3.3)

dx, = v, dx, (A3.14)
Differentiating Eqn (A3.6), the material time derivative of Cy, is

Crr = W xXiVary (= 28x) (A3.15)
Therefore from Eqn (A3.5)

ar = 2v, ,,dx,dx, (A3.16)
The Jacobian J = det{x, 4} can be written

J = (1/3D)€ump€xmp X,k Xm,mXp,p



KINEMATICS AND CONSERVATION OF MASS 176

Differentiating and using the result v, , = v, ,x, « leads directly to
I=TJve, (A3.17)

Differentiation of the identity X ,x; , = 64, leads to

Y;(: = = XxVix (A3.18)

Equations (A3.17) and (3.18) can then be used in the differentiation of (A3.9)
and (A3.10) to give

da, = v, da; - Vi« da (A3.19)
and
dv = ve,dv (A3.20)

Equations (A3.14), (A3.19) and (A3.20) give the material time derivatives
of elements of length, area and volume, and can be used to determine the
rates of change of physical quantities defined as integrals over material lines,
surfaces and volumes. In particular, if the quantity F is expressed as an
integral over V of fdv, where fis the density of F, then

dF/dt = (d/do) s fdv
v

The integral over the moving region V can be transformed into an integral
over the stationary region V, by using the rule for change of variables in a
multiple integral (Eqn (A2.25), and then the time differentiation can be taken
inside the integral sign

(d/de) ]V fdv = (d/do) L fidv = S (fI + fIHdv

Vo

Using Eqns (A3.10), (A3.17) and (A3.20) it follows that

wan | gav= | Gavesdny = | T = | Gemon

In the particular case where F= M, the total mass of B, and f=p, the mass
density, then the principle of conversation of mass can be stated as

dM/dt = ! @+pvpdv =0
| 4

Since this must hold for all parts of B, then
p+pov, =0 (A3.21)

In a similar fashion, if f, is a vector field defined over B and Fis the flux of
fi through a material surface S, so that
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F: 5 fkdak
S
then
dF/dt = (d/dt) L Sfeda, = L }kaak = L (fk+fkvl,l_ﬁvk.l)dak
Thus
dF/dt = X foda, (A3.22)
S

where the convected time derivative of f, is defined by

x
Se=Je + fivig = fiviy (A3.23)

or alternatively

Fo = 3570t + v + Wi, — (v,

A3.3 CONSERVATION OF MOMENTUM AND THE
STRESS TENSOR

The forces acting in the interior of a material are conventionally divided into
short and long range. Typical of the latter is gravitation, which acts through-
out the body of the material in such a way that the force on any given element
of the body isindependent of that on any other element. Consequently the net
force on the body due to gravity is simply the sum of all the elemental forces.
Short-range forces on the other hand are envisaged as acting at the molecular
or atomic level. In a phenomenological approach the precise details of the
atomic scale interactions are ignored, and the assumption is made that their
effects can be adequately described by the hypothesis of forces, or surface
tractions, acting across surfaces drawn in the material.

Consider the body B occupying a volume V bounded by a surface S. The
external forces acting on the body are in general a combination of long-range
or body forces acting throughout V and surface forces or tractions acting
over the surface S. (An obvious example is a piece of material at rest on a
table or bench, where the body force is that due to gravity and the surface
traction is the normal reaction of the table or bench to the weight of the
body.) In equilibrium, the sum of the external forces applied must be zero
whatever the internal forces in the material, whereas in the dynamical case the
sum of the external forces must equal the rate of change of linear momentum
of the body

(d/dt)] pvidy = ] pfidv + § t,da (A3.24)
| 4 |4 S
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where f, is the body force per unit mass, ¢, are the surface tractions and da is
the magnitude of the vector element of area da,. If n, is a unit vector normal
to da, then da, = n,da. Equation (A3.24) expresses the principle of the con-
versation of linear momentum for the body B.

Now suppose that in equilibrium a surface S, be drawn in the body so that
the volume Vis divided into two portions V¥, and V,. In general the external
forces acting on either portion of the body alone will no longer be balanced,
so that it is necessary to assume the existence of forces acting across S, to
maintain equilibrium. The material in V, is taken to exert a force through the
surface S, on the material in V¥, with an equal and opposite force exerted by
the material in ¥, on the material in V.

Let da be a small element of area in S, with unit normal n,. Suppose n, is
drawn from V, towards V,. Thenthe force exerted by the materialin V,onthe
materialin V, through the area dais assumed to be proportional to da and to
depend on the orientation n, of da. Thus the force can be written ¢,(n,)da,
where the ¢, are the components of the stress vector in the material. In
particular, when dais normal to the coordinate axis Ox; and the normal n, lies
along the positive Ox, axis, the components of the stress vector are written ¢, .

Now suppose that S, is a closed surface drawn entirely within the body and
that V, denotes the volume enclosed by S;. At each point of S, let the unit
normal be drawn pointing out of V,. The net force acting on the material in V,
now consists of the integral over V, of the body forces plus the integral over S,
of the stress vector #,. In equilibrium this force must vanish; in the dynamical
case the force must equal the rate of change of momentum of the material in
V,. In either case, if the linear dimensions of V; are imagined to decrease
without limit, so that V, shrinks to a point, it is clear that the volume integrals
of momentum and body force will decrease according to the cube of the linear
dimensions, whereas the surface integral decreases only as the square. Hence

1

Fig. A3.1 Elementary tetrahedron.
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in the limit the surface integral must vanish independently of the volume
integrals. For the special case where V, is a-tetrahedron oriented as in
Fig. A3.1, this means that the sum of the forces acting on the faces of the
tetrahedron must vanish as the length of the sides tends to zero. If the oblique
face has area da and unit normal n, the face perpendicular to the Ox; axis has
area da, = n,da. The forces acting on the tetrahedron across its faces are
t,(n,)da on the oblique face and — ¢#,,da, on the remaining faces, the negative
sign arising from the fact that the outward pointing normals on these faces
are in the negative direction of the coordinate axes. It follows therefore that

L(n) = tyn, (A3.25)

Since the product ¢,n,da = t,daq, is the force acting across da, it is a vector
quantity. From Section A2.3, da, is a relative vector of weight +1, and it
therefore follows that the ¢,, are the components of a second rank relative
tensor of weight —1, known as the stress tensor. Knowledge of the stress
tensor at all points of a material body is sufficient to allow the determination
of the internal forces acting across any arbitrarily oriented element of area
within the body.

By the same argument used to demonstrate the existence of the stress
tensor, it can easily be shown that on the surface S of B at time ¢ the external
tractions ¢, must be related to the stress tensor through ¢, = t,,n,. Then the
divergence theorem (Section A2.4) can be used to transform the surface
integral in Eqn (A3.24) to a volume integral, giving

(d/dy) L oV dv = s of+ ty,) dv (A3.26)
| 4
On carrying out the time differentiation and using the conservation of mass

as expressed in Eqn (A3.21), this becomes
I pvdy = ]V (ofic + tiy,) dv
|4

Since this must apply equally to every part of B, it follows that
PV = pfi + tuy (A3.27)

which is the differential form of the conservation of momentum Eqn
(A3.24).

A3.4 CONSERVATION OF ANGULAR MOMENTUM

In particle mechanics, the conservation of angular momentum follows from
the conservation of linear momentum. This is not the case in continuum
mechanics, where the angular momentum principle has to be adopted as an
additional law. In the notation of the previous section, it is
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@A) | mptn) 9 = | (compttaf) + L v +

§ €xmpXml, da (A3.28)
S

The left side is the rate of change of the moment of linear momentum about
the origin O. The first term in the volume integral on the right is the moment
of the body forces about O, and the surface integral represents the moment of
the surface tractions. The second term in the volume integral allows for the
possibility of body couples L,. The existence of such couples is directly
related to the symmetry of the stress tensor.

Substituting ¢, = f,,n, in the surface integral and using the divergence
theorem allows the right side of Eqn (A3.28) to be written

!V lekmpXm(PSp + Lpgq) + (Li— €gpgtyg)] dV

The left side reduces to

€xmpXm(PV,) dV
|4

Since conservation of linear momentum demands

PV, = pfp + lpgq
Equation (A3.28) reduces to

j (Lk—ekpqtpq) dV = 0
4

and since this must hold for all parts of B, finally
Lk - ekpqtpq =0 (A3.29)

This is the differential expression of the conservation of angular
momentum and implies in particular that, in the absence of body couples L,,
the stress tensor ,, is symmetric.

A3.5 ELECTRODYNAMICS

The motion of a purely elastic material is determined by the conservation
laws of mass, momentum and angular momentum and the specific
stress—strain relationships that happen to hold for the particular material in
question. In a piezoelectric material, the situationis complicated by the inter-
action of electromagnetic and mechanical phenomena, and the conservation
laws have to be complemented by the electromagnetic field equations.
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Fortunately, in most situations of practical interest it is permissible to make
the quasistatic approximation and to neglect the coupling of the electric and
magnetic fields that results from the time dependent terms in Maxwell’s
equations. The justification for this neglect essentially lies in the several
orders of magnitude difference between the velocities of elastic waves on the
one hand and electromagnetic waves on the other, and amounts to assuming
that the electric field is completely described by the static field equations.
In the quasistatic approximation the relevant equations are

§ D,da, =Q (A3.30)
s

c
Dy =¢E, + P, (A3.32)

where S is a closed surface bounding a volume V, and Cis a closed curvein V.
The quantities D,, E,, and P, are, respectively, the electric displacement, the
electric field and the polarization, and Q is the total free charge contained in
V. ¢ is the permittivity of free space. The polarization P, is introduced to
represent the electrical properties of any dielectric materials present, and is
zero in free space. If the total charge Q is taken to be a scalar quantity, then
since the element of area da, is a relative vector of weight +1, it follows from
Eqn (A3.30) that D, must be a relative vector of weight —1. From Eqn
(A3.31) and the vector nature of the line element d/, it similarly follows that
E, is an absolute vector. Additionally from Eqn (A3.32) follows that P, is a
relative vector of weight —1 and ¢, is a relative scalar of weight —1.

If the field quantities are sufficiently smooth in V, the divergence theorem
and Stokes’ theorem can be applied to Eqns (A3.30) and (A3.31), respec-
tively, to give the differential field equations

D,,=aq (A3.33)
€mpEmp =0 (A3.34)

where it has been assumed that the total charge Q is the integral over V of a
free charge density q. It follows from (A3.34) that the field E, is the gradient
of a scalar ¢ known as the electric potential

E = —o4 (A3.35)
Equation (A3.33) can be rewritten in terms of £, and P, by using Eqn (A3.32)
€0Lvx = q — Py (A3.36)

or in terms of the potential
€oPue = —q + Prx (A3.37)

If the region V contains a surface of discontinuity S, then the differential
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field equations cannot be obtained by direct application of the integral
theorems. Suppose that S, divides V into two parts V; and V,, and the unit
normal n, at each point on S, points from V, to V,. Then application of the
divergence theorem to V; and V, separately leads to the conclusion that Eqn
(A3.33) must be satisfied in each region, but that in addition the change in D,
on crossing S, must satisfy

(D +Dp)ng = w (A3.38)

where w is the surface density of free charge on S,, and D}, D; are the
limiting values of D, as S, is approached from within ¥, and within V,,
respectively. Similar arguments applied in Eqn (A3.31) lead to the conclusion
that Eqn (A3.34) must be satisfied on either side of S,, but that in crossing S,
the electric field must additionally satisfy

EH-Eym =0 (A3.39)

where m, is any unit vector tangent to S,. A sufficient condition for this is to
require that the potential ¢ be continuous across S,.
Equation (A3.38) can be rewritten in terms of E, and P,

eEf —Ep)n, =w— (Pf — Pc)n, (A3.40)

In the particular case where S, is the boundary of a dielectric body and P} is
zero, then

el EF —Eging, = w+ Pun, (A3.41)

where P, is the limiting value of the polarization on the surface S,. Equations
(A3.36) and (A3.41) show clearly the equivalence of the polarized dielectric
to a volume charge density — P, , and a surface charge density P, 7.

If the charge densities g and w, and the polarization P, are given, the
equations above are sufficient to determine the electric field and displace-
ment E, and D,. In a real case, generally the polarization is not given but is
rather a quantity to be determined as part of the solution to a given problem.
Then in order to solve the field equations it is necessary to assume some func-
tional relationship between P, and the other field variables. The precise form
of the relationship will depend upon the particular problem, specifically on
the type of material being considered. In elementarytexts, attention is usually
restricted to linear isotropic materials and the assumption is made that P, is
proportional to E,, that is P,=kE,, where k is a constant. Whatever
assumption is made, subsequent discussion is restricted in application to the
particular class of materials defined. For present purposes, it isadvantageous
to delay making any such assumptions and to regard P, as an independent
quantity, except insofar as it is constrained by the field equations themselves.

As in earlier sections of this Appendix, consider then a body B occupying a
volume V bounded by a surface S at time . As before, the points of B are
labelled by their coordinates Xy at time ¢ = £, when B occupied the volume ¥V
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bounded by the surface S,. Additionally, let P, be a polarization field defined
in V, let g be the free charge density in V, and let w be the free charge density
on S. In terms of the potential ¢ and the field E, = — ¢, the field equations
are Eqn (A3.37) in V and (A3.41) on S, with ¢ being assumed continuous
across S.

€du = —q+ Py (A3.37)
€(Eé —Ec)n, = w + Pyny (A3.41)

In terms of the total volume and surface charge densities g, and w, defined by
q,=q— Pand w, = w + P.n,these become

bk = — 4, (A3.42)
eolEY —Ex)n, = w, (A3.43)

The physical interpretation of the fields E, and ¢ is that E;(x;) represents
the force per unit charge that would be experienced by an infinitesimally
small test charge at the position x;, and that ¢(x,) represents the potential
energy per unit charge. The potential energy can be regarded as equal to the
work done per unit charge, against the electric field, in bringing up a test
charge to the point x, from infinity, or, more.precisely, from any point where
the fields are zero. According to the field-theoretic view, the mutual potential
energy of a system of charges is to be regarded as residing in the field itself.
Since the field is determined through the field equations by the current
distribution of charges, it follows that the precise details of the way in which
the charges were assembled are irrelevant to their potential energy.

Consider then a virtual process in which the body B is rigidly clamped so
that no physical displacements can occur, and in which the surface and
volume charge densities w, and g, are incremented by amounts Ag, and Aw,.
Then the work done in this process, which can be equated to the change AU,
in the potential energy of the system, is

AU =

¢Ag,dv + § ¢Aw,da
4 S
Writing AE, for the change in the field E; resulting from the virtual

process, then it follows from the field equations Eqns (A3.42) and (A3.43)
that

AUF = ] EOEk AEk dv

from which it follows straightforwardly that the total potential energy Uy of
the system of charges g, and w, is

Ur = (/2) ]Ekzdv (A3.44)

where the integral is understood to be taken over all space.
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Although derived by a consideration of a particular virtual process, the
result, Eqn (A3.44), is independent of that process. At least in the quasistatic
approximation, Urin Eqn (A3.44) can be regarded as the mutual potential
energy, or the electrostatic field energy, even in the case where the dielectric
body Bis undergoing an arbitrary motion. Then the changes in U, have to be
related to both themechanical work done by the electrical forcesactingonthe
material and to the changes in internal energy of the material resulting from
changes in its state of polarization.

The integral in Eqn (A3.44) is to be taken over all space. In calculating the
rate of change of Uit is necessary to take account of the discontinuities in £,
on crossing the surface S of B, and the space integral has to be split into an
integral over the volume V of B and an integral over the rest of space V' *.
Generally, Vand V * will be time-dependent owing to the motion of B, so it is
convenient to be able to transform the integrals to integrals over stationary
regions. In the case of V, the equations x;, = f,(Xk, #) allow this to be done,
but in the region V,* exterior to ¥V, this mappingis not defined. Nevertheless,
itis useful to extend the functions f, arbitrarily over V*, with the sole proviso
that they be continuous over the surface S,.

The rate of change of Ugcan then be written

dUg/dt = (d/d?) ! (eo/2E2dv = (e.,/z)jE,?Zﬁ
Therefore

dU./dt = ¢, ] EEdv + (¢/2) [ E2v, dv (A3.45)
Using Eqn (A3.32) the first term on the right can be written as

€ ] E.E.dv = !Ekadv - [EkPkdv (A3.46)

If it is assumed that free charge is conserved in the motion of B, then the total
free charge Q in S will be constant. Therefore by Eqn (A3.30) the surface

integral of D, over S will be constant, and by Eqn (A3.22) the convected time
derivative D, of D, will vanish

Dy =Dy + Dy, - Dy, =0
Therefore
‘E,cbkdv = - ]Ekav,,,dv + jEkD,vk v (A3.47)

The second termin Eqn (A3.46) involves Pk, the material time derivative of
the polarization. This can be rewritten in terms of the polarization per unit
mass ,, with P, = p,. This allows the separation of changes in P, which are
only due to the motion of the material from intrinsic changes in P, which can
be regarded as changes in the state of polarization of the dielectric. In terms
of 7, P, = p%, = pw, + pi,, and from Eqn (A3.21)

P.= —P.v, + piy (A3.48)
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The rate of change of the field energy Ur can now be written
dUp/dt = ] {([ExD,— (eo/2)E2% 64 Vi, — pE 7 Jdv
or
dU,/dt = [ ((M+E, Pv,, — pE,,}Jdv (A3.49)

where the Maxwell stress tensor tff = [e,E E, — (€0/2)E,,20,,] has been intro-
duced. The first two terms on the right of Eqn (A3.49) can be identified with
the rate at which mechanical work is done against the electrostatic forces, and
the negative of the third term can be identified with the rate at which work is
done in changing the polarization state of the material.

A3.6 CONSERVATION OF ENERGY

Consider again a body B in motion under the influence of external body
forces f, per unit mass and surface tractions #,. Assuming that B consists of a
polarized dielectric material carrying volume and surface free charge
densities g and w, it will be associated with an electrostatic field £, having an
energy U given by Eqn (A3.44). B will also have kinetic energy U, equal to
the integral over V of the kinetic energy density pv,?/2. In addition to the field
energy Urand the kinetic energy Ukit is assumed that B has aninternal energy
U,. The internal energy is taken to be the integral over the body of an energy
density ¥ per unit mass, and it is further assumed that the energy density is a
function of the deformation gradients x, x, the polarization per unit mass
and the entropy per unit mass o. Then the total energy U of the system con-
sisting of B and its associated electrostatic field is U = U, + Uy + U, where

Ul = ! pz(xk,l(! Tk O')dv
|4

Uy = ] (oved)/21dv
Vv

Ue = [(eoE2)/2]dV
V+ve

The principle of conservation of energy states that the rate of change of the
total system energy U must equal the rate at which external work is done on
the system plus the rate at which thermal energy is supplied to the system. The
former is just the rate of working of the external body forces and surface
tractions, and if dissipation is neglected, the latter is the rate at which heat is
transmitted through S, that is, the integral over S of the heat flux vector #,.
Therefore

du/dt = ! pfividy +§ L da + § h,da, (A3.50)
v 5 s
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Note that in Eqn (A3.50) the forces f, and surface tractions ¢, are the
external influences acting, and in particular do not include the electrostatic
forces on the material. Hence f, and ¢, do not denote the same quantities as
they do in Eqns (A3.24) and (A3.27).

The integral of A, over S in Eqn (A3.50) can be transformed into a volume
integral by using the divergence theorem. Then (4, ,dv) can be interpreted as
the rate at which heat or thermal energy is supplied to the volume element dv.
In areversible process in the thermodynamic sense, this can be equated to the
product of the absolute temperature 6 and the rate of increase of the entropy

of the volume element dv, pr}av. Since mass is conserved, it follows that
@ h,da, = ] pbadv (A3.51)
) | 4

The rate of change of the electrostatic field energy Uy is given by Eqn
(A3.49). The rate of change of the kinetic energy Uy is

dUg/dt = (d/dt)‘ (ov,2/2)dv = ! vV, dv (A3.52)
4 4
The rate of change of the internal energy U, is

dU,/dt = (d/dt)‘ pZdv = ] p% dv
4 | 4

But i} is
: 0z — T . az .
= + T +
E axk_,( Xk,x a7rk 1rk aU g
and since )7,(-,( = Vi Xik»
. T . T .
PY =V, +p —67;71'/( tpa 0
where
1))
th = pxix N (A3.53)
Therefore
dU,/dt =! [t',;,vk, + o s pé—z—d} dv (A3.54)
v ’ 37rk 30

Transforming the first term by using the divergence theorem gives

dUl/dt = ] [“ti‘['[vk + p‘ﬁ-i’k + p_‘dl dv +
Vv aﬂ’k a

* thv,nda (A3.55)
N
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The first term of Eqn (A3.49) can be similarly transformed, with the proviso
that since the integral in Eqn (A3.49) extends over all space, the resulting
surface integral involves the ‘jump’ in t4 + E, P,in crossing S

dUg/dt =l [T (¥, + (ExP) v — pEyTJdv —

V+V

§ [ + E P Qv,nda (A3.56)
s

where the notation [f] is used to indicate the ‘jump’ in a quantity f in
crossing a surface of discontinuity.

Equations (A3.51), (A3.52), (A3.55) and (A3.56) can now be substituted
into Eqn (A3.50) to give an equation involving the sum of three volume
integrals and a surface integral

, [{’J‘;k = ofc — thy — th — (ExP),lvedv +
+ .

§ (=t + thn, — [Mn, + E.Pin]l}v.da +

‘n"kdv +

S

az
! [p— - pE;
(4 a7rk

ax
= -0
L[paa P

This sum must vanish for all admissible velocity, polarization and entropy
fields and therefore the terms multiplying v,,7, and ¢ can be separately set
equal to zero, leading to the field equations

odv

oV = pfy + thy + t,+ (E.P), (A3.57)
92 _E (A3.58)
31rk
92 _, (A3.59)
do

satisfied in V,

=0 (A3.60)
satisfied in V' *, and

ty=thn, — [t + E.P1n, (A3.61)

satisfied on S.

Comparing Eqn (A3.57) to Eqn (A3.27) leads naturally to the physical
interpretation of #; as the local ‘elastic’ stress in the material, related to the
deformation by Eqn (A3.53), and to the interpretation of 4+ E, P, as the
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electrostatic stress. From the definition of the Maxwell stress tensor #}f and
the field Eqns (A3.34) and (A3.36) it follows that

M, + (E.P),=qE, + PE,,

The first term is just the force exerted by the field £, on the free charge density
g, and the second is the force on an electric dipole P, in an electric field E,.

It should be noted that for a dipole in an electric field, not only is there a
force P,E, ;acting, but there is also a couple ¢,,,, P,E,,. This couple constitutes
a body couple in the sense of Section A3.4, and its existence implies that the
local stress 7, must be asymmetric.

This can be confirmed by considering the dependence of the internal
energy density Z on its arguments x; ., 7, and o. 2 is an absolute scalar and
therefore invariant under orthogonal transformations of coordinates.
However, the deformation gradients and the polarization are vector
quantities and transform according to the appropriate law under orthogonal
transformation. It is therefore clear that £ cannot be an arbitrary function of
its arguments. It can in fact be shown (Weyl, 1939) that any scalar function of
N vectors must be expressible as a function of the scalar products of the &
vectors taken two at atime, sothatin the present case £ must be expressible as
a function of the quantities x, xx; ;, X;.x Ty, and 7, xx. The quantities x; xx; ,
are just the components of the deformation tensor Cy,, and if P, is written
for x, x#, and =2 for =, m,, then T must be expressible as a function of Cy,,
Py, and 72. The defining relation for Py can be inverted to give 7, = Px X ,,
from which it follows that

2 = Xgu Xy Py P = Cgi PxP,

where Cx} = Xi, X, is the inverse of the deformation tensor. Thus w2 is
itself a function of the C,, and the P, and so can be dropped from the
argument list of ¥, leading to the conclusion that ¥ must be expressible as a
function of the Cx, and P, (in addition to the scalar quantity ¢). The partial
derivatives of T with respect to x, x and =, can then be expressed as

9x _ 0% AC, u + T OP,
Ox, x Cp  OXpx AP, Oxyx
= _ 9T 9P,

a‘lr,, aPL a‘lrk
Then from Eqns (A3.53) and (A3.58) it follows that

[i)>
tb = p(x,_Mxk,L + xk,Mx,_,_) 'a?““ + PkEI
LM

so that the antisymmetric part thy is just
Huy = PuE)

Jjust as required by the conservation of angular momentum Eqn (A3.29).
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A3.7 SUMMARY OF EQUATIONS FOR THE ELASTIC DIELECTRIC

The results of the previous sections can be summarized as follows. For an
elastic, heat-conducting, dielectric body B, without dissipation, occupying a
volume V¥ bounded by a surface S and acted upon by external forces f, per
unit mass and surface tractions ¢, per unit area, the field equations in ¥ are

D..=q (A3.33)
PV, = ofy + th, + M+ E Py, (A3.57)

while on the boundary surface S

[D.n Q= w (A3.38)
¢l =0 (A3.39)
t, = thn — [t +E P]n, (A3.61)

where [ f]] denotes the ‘jump’ in a quantity fin crossing S. In the region V *
exterior to V,

Dy, =0 (A3.62)

In the above g and w are volume and surface free charge densities in " and
on S. E,, D, and P, are respectively the electric field, displacement and
polarization, with

Dk - GUEK + Pk (A3.32)

where ¢, is the permittivity of free space. P, is identically zero in V' *. The
electric field E, is obtained from the potential ¢ via

E =-¢, (A3.35)
The Maxwell stress tensor is defined in terms of the electric field by
M = e E.E) — (e/2)E,*0y (A3.63)

The mass density of Bis p, and v, is the velocity of a point of B. The body B
is assumed to have an internal energy density ¥ per unit mass, given as a
function of the deformation gradients x, ., the polarization per unit mass =«
= P,/p, and the entropy per unit mass o. Then the constitutive relations for
the local elastic stress #,, the electric field E, and the absolute temperature
which follow from the conservation of energy are

(i)

= pxix Axex (A3.53)
E = —‘E— (A3.58)

a1l'k
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>

.5
3% (A3.59)

Given the form of the internal energy function Z, these equations are
sufficient to determine the motion of B subject to the external influences f;
and 7, and the surface and volume charge densities g, w, which are assumed to
be conserved in the motion.



