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Chapter 9 


Computer-Aided Analysis 

of Acousto-Optic Interactions 


9.1 INTRODUCTION 

The photoelastic matrix p is as fundamental to the analysis of the 
AlO interaction as the stiffness matrix is to the propagation of acoustic 
waves. Its form is identical to the piezo-optic matrix considered in Chapter 
7, and is used when strain rather than stress is the independent variable 
(i.e., in the interaction of light with acoustic waves). The components of 
pdetennine the magnitude of the diffracted light for a particular interaction 
geometry and thus detennine the figure of merit (FOM) for the interaction. 
The FOM in conjunction with the Bragg and acoustic bandwidths and the 
frequency resolution completely specify the A/O interaction. Thus, the 
photoelastic constants play a critical role in determining device perfor­
mance. A strong interaction, for example, allows the device designer the 
freedom to reduce the transducer length (for a given H), which increases 
the Bragg bandwidth. Conversely, a weak interaction may require increas­
ing LIH and decreasing either the bandwidth or the resolution. The pho­
toelastic components, like the indices of refraction, exhibit dispersion and 
must be specified at a particular optic wavelength. 

Just as the effective stiffness constant can be detennined in many 
situations by inspection of the stiffness or the Christoffel matrices, it is 
possible to find the effective photoelastic constant peff by inspection of p,
but only in the simplest interaction geometries. The reason is that the 
evaluation of Peff requires attention not only to the acoustic and optic 
propagation directions but also to the acoustic and optic polarizations. In 
many cases, changing the optic polarization transfonns a weak interaction 
into a strong interaction. In this chapter, we develop the tools to evaluate 

Peff for arbitrary directions of the (four) relevant interaction parameters: 
the directions of the optic and acoustic waves and their polarizations. We 
investigate a number of the configurations discussed in Chapter 8, including 
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(9 .3) 

the isotropic and birefringent interactions in lithium niobate (LiNb03) and 
paratellurite (Te02), and the isotropic interaction in gallium phosphide 
(GaP). In addition, we consider a two-dimensional geometry using GaP, 
which may prove useful in some newer applications. 

9.2 ACOUSTO-OPTIC INTERACTIONS IN ISOTROPIC 
AND CUBIC SYSTEMS 

The simplest case is the interaction in an isotropic body. The pho­
toelastic matrix contains two independent components and is given by 

0 
0 
0 
0 

P44 0 
P44 

0 0 
P12 Pu P12 0 0 
P12 P12 Pu 0 0 

Pu P12 P12 

(9.1)p =  0 0 0 0P44 
0 0 0 0 
0 0 0 0 0 

where 

Pu - P12 
(9.2)
P44 = 

2 

Equation (9.2) is the "isotropy" condition for the photoelastic matrix, and 
follows from the invariance of pfor a 45° rotation about any principal axis. 
The form of the photoelastic matrix for cubic classes is similar to (9.1) 
without the isotropy condition. It possesses at least three independent 
components (as does the stiffness matrix for cubic symmetry). A further 
complication is that p is not required to be symmetric. Thus, for the cubic 
classes 23 and m3, P12 =1= P21 (and p possesses four independent compo­
nents). The important classes 43m, 432, and m3m are symmetric, however. 
The stiffness matrix for cubic classes has three independent components, 
because the off-diagonal symmetry does exit. 

Given the form of the photoelastic matrix, we can write the pertur­
bation to the index ellipsoid, using (7.26). There are six components to 
� B corresponding to the six strain components: 

�B = p:S 


The full, perturbed index ellipsoid is given by (7.28): 


(9.4) 

where 
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(9.5) 

where BO is the unperturbed component no and aB is given by (9 .3) . For 
cubic symmetry, (9.4) becomes 

X2 + + z2 
+ aB1x2 + aB2Y + aB3Z2 + aB4yz 

no 

+ aBsxz + aB6xy 1== 

In (9.5), 

1
d/.=Iid==dj=­

nt 

and (from (9 . 1) and (9.3» 

aBI PllSI + P12(S2 + S3), aB4 = 2p44S4= 

f,. 
aB2 P)'1S2 + PI2(SI + S3), aBs = 2p44SS= 

aB3 = PllS3 + pdSl + S2), aB6 = 2p44S6 

Generally, there will be only one acoustic wave in any given situation, 
and thus it is more convenient to write (9.5) as six equations, one for each 
strain component. If more than one strain is present, each may be treated 
separately: 

S1: + PllSI) + + P12SI) + + P12S1) 1 

(9.6) 
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In (9.6), the variables are the principal axes of the index ellipsoid 
and thus represent optic polarization directions. (The presence of the 2 in 
the shear terms of (9.6) is due to the symmetry of the impermeability 
matrix, and occurs for all cross terms in the perturbed indicatrix . )  We 
assume that the perturbed acoustic wave corresponds to one of the six 
strains in the crystal axis system. Thus SI, S2, and S3 represent longitudinal 
waves propagating along the x, y, and z Cartesian axes, and S4, e.g. , 
corresponds either to a y-polarized, z-propagating or to a z-propagating, 
y-polarized shear wave. If the acoustic perturbation is an "off-axis" mode, 
the perturbed index ellipsoid will consist of combinations of equations in 
terms of the principal strains. We can formulate the problem by using one 
equation if we rotate the crystal axes so that they conform to the orientation 
of the acoustic strain. Generally, this procedure requires a computer so­
lution, which we consider later . 

For a longitudinal acoustic wave propagating along the x-axis, the 
strain is given by SI. From the first equation of (9.6) , if the wave interacts 
with an x-polarized optic beam (parallel to the acoustic beam) incident 
along the y- or z-axis, the relevant term from (9.6) is 

and the photoelastic constant of the interaction is simply PII. The geometry 
for this interaction is shown in Figure 9. 1(a) . The photoelastic constant 
does not change as the optic beam is rotated around the acoustic beam as 
long as the polarization remains in the x direction (this is true for all 
classes) .  Note that for all optic beam directions the optic and acoustic 
polarizations are parallel. If the optic polarization, on the other hand, is 
rotated (for the z-incident beam) to the y-axis, the relevant term is 

and the photoelastic constant is P12. 
If the laser is now rotated around the acoustic beam to the y-axis, 

the optic beam will be z-polarized, as in Figure 9. 1(b). In this case , the 
optic and acoustic polarizations are perpendicular. The effective photo­
elastic constant is still Pl2 because of the cubic symmetry in which P13 = 
Pl2 (generally this will not be true) .  Indeed, for arbitrary optic incidence 
in the yz plane, it is clear that Peff = P12. For any direction of optic incidence 
(in the yz plane) , if the polarization is rotated from parallel to normal to 
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Figure 9.1 Configurations of AlO interactions in which the optic beam is 
(a) parallel and (b) perpendicular to the acoustic propagation 
direction. 
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the acoustic beam the effective photoelastic constant will change from Pl1 
to P12. These results are summarized in Figure 9.2. For a randomly po­
larized optic beam, the effective photoelastic constant is just the average 
of Pl1 and P12. 

Now consider the shear wave interaction S4 (a y-propagating acoustic 
wave polarized in the z direction) . The relevant term in (9 .6) is 

The presence of the "cross" term in the perturbation immediately identifies 
the interaction as polarization flipped, in which the incident and diffracted 
waves are polarized orthogonally to each other. For an optic wave incident 
along the x-axis and polarized along z, the diffracted wave will be polarized 
along y. Conversely,  if the incident beam is polarized along y, the diffracted 
beam will be z-polarized. In both these cases, the effective photoelastic 
constant is 2p44. The geometry of this interaction is shown in Figure 9 .3(a). 
If, however, the optic wave is incident along the z-axis, the interaction 
requires coupling between the x- and z-polarized modes, which cannot 
occur with shear wave S4. In general, an acoustic wave cannot cause a 
"flip" between optic polarizations that are both normal to acoustic polar­
ization. Such an interaction, shown in Figure 9.3(b) , is invalid and has a 
zero photoelastic constant. Similarly, an optic beam incident along y cannot 
interact with S4 (this interaction in which the accoustic and optic beams 
are parallel is called a collinear interaction). Because all acoustic directions 
are equivalent for isotropic media, we can summarize the preceding results 
as follows: 

1. For an acoustic longitudinal mode interacting with an optic po­
larization parallel to the acoustic wave, the photoelastic constant is Pl1; 
for a normal optic polarization, it is P12; 

2. For an acoustic shear wave, the effective photoelastic constant is 
P44 = (Pl1 - pn)/2 if the optic and acoustic polarizations are parallel, 
and zero if the optic incidence is parallel to the acoustic polarization. In 
addition, there are collinear interactions with shear waves. For fused 
quartz, the photoelastic components are Pl1 = .12 and P12 = .27 .  The 
FOM for a longitudinal wave (for the stronger perpendicular interaction) 
is 

In determining the units of M2, we use the fact that both nand p are 
dimensionless. Because of the importance of fused quartz in the optic 
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Figure 9.3 	Determination of the effective photoelastic constant for shear 
interaction in cubic or isotropic systems. (a) The maximum 
interaction occurs when the optic incidence is normal to the 
acoustic polarizations. (b) No interaction occurs if the incidence 
is parallel to the acoustic polarization.  
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industry it is  used as a standard even though it  possesses relatively poor 
NO performance. 

In cubic symmetry, these results are valid for an acoustic wave pro­
pagating along the principal axes. Off-axis acoustic modes require some­
what more sophisticated analysis, which we consider later. In our discussion 
of the stiffness matrix, we mentioned that for cubic symmetry physical 
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P44 

principles require ell > Cl2. No such constraint exists for the photoelastic 
components (in the cubic classes), and thus for a longitudinal wave the 
optimal interaction for one material may require a parallel optic polari­
zation, yet for a similar crystal the interaction is stronger for normal optic 
polarization. 

9.3 TETRAGONAL INTERACTIONS 

The form of the photoelastic matrix for the symmetry classes 4lmm, 
42m , 422, and 4mm is 

PIl P12 Pl3 0 0 0 
P12 Pll P13 0 0 0 
P31 P31 P33 0 0 0 

(9.7)
p = 
0 

0 0 0 0 0 
0 0 0 0P44 

0 0 0 0 0 P66 

Compared with the stiffness matrix in these classes, which possess six 
independent constants, the photoelastic matrix possesses seven because 
P13 *- P31. In the remaining tetragonal classes, there are 10 independent 
components (compared with 7 in the stiffness matrix for the same classes). 
The unperturbed indicatrix is an ellipsoid of revolution about the z (optic) 
axis, and thus all terms with z are written with ne (extraordinary polari­
zation). Of the six equations of (9.6) , those for the SI and S2 acoustic 
modes are identical , as are those for S4 and S5 (reflecting the fact that the 
x- and y-axes are identical) . We write only four perturbed index equations: 

SI: + PUSl) + + P12St) + + P31S1) = 1 

1S3: + P13S3) + + P13S3) + + P33S3) 
2x + r ;

+ "2 + 2P�4YZ = 1S4: 2 no ne 

2
† ;. 

S6: 2 + "2 + 2p6()56XY = 1 (9.8) 
no ne 

x + r 

For the longitudinal wave SI interacting with an optic beam incident 
in the yz plane and polarized along x (the parallel case), Peff = Pu (as for 
cubic and isotropic symmetries) . In the perpendicular case, if the optic 
beam is incident along y and polarized along z, then Peff = P31; but if the 
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beam is incident along z and polarized along y ,  then Peff = P12. For the 
z-propagating longitudinal wave S3, the parallel interaction has Peff = P33, 
whereas for the perpendicular interaction Peff = P13 for arbitrary optic 
incidence in the xy plane. In this case, the polarization is also in the xy 
plane (the index is thus no). The shear mode interactions are similar to 
the isotropic and cubic symmetries. 

For S4 or S5, optic polarizations parallel to the acoustic polarization 
result in a photoelastic constant of P44, whereas for S6, Peff = P(X;. For 
optic polarizations normal to the acoustic polarization ,  there is no inter­
action. An important distinction in this symmetry is that for the S4 and S5 
shear modes, the polarization flip is between the y (or x) and the z optic 
polarizations. Because the tetragonal system is optically uniaxial, the z 
index is generally different from the x or y indices, and thus the S4 and S5 
interactions are birefringent and the S6 interaction is not (because the 
"flip" is between the x- and y-axes) . 
Notice that the birefringent nature of these interactions is not contained 
explicitly in the interaction equations. 

Examp le 9.1. Calculate the effective photoelastic constants and the opti­
mal FOM M2 for the following AlO interactions with Te02: 

1 .  x-propagating longitudinal mode, 
2. z-propagating longitudinal mode, 
3. slow shear (1 , 1 ,  0) mode. 

The photoelastic constants of Te02 at 633 nm are 

PlI = .074, P12 = . 187, P13 = .34, P31 = .09,  

.24, P44 - . 17 ,  P(X; = - .046=P33 

For the x-propagating longitudinal mode, the acoustic velocity is 

Va = = 3 X lW m1s 

For the parallel interaction,  Peff = Pll = .074 for arbitrary incidence in 
the yz plane, whereas for the normal interaction the photoelastic constant 
varies from P12 = .187 to P31 = .09,  depending on the direction of optic 
incidence. Because M2 depends onp Ȕff' it is quite important to choose the 
best interaction geometry. In this case, we choose optic incidence along 
the z-axis and polarization along the y-axis (the normal interaction in­
volving p n). Then M2 is 
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For the z-propagating longitudinal mode, the optimal configuration 
involves the perpendicular interaction and Peff = . 34 . The phase velocity 
in this case involves the stiffness component C33 and is 4.2 x 103 mls. The 
FOM for the interaction is 3 .5 x 10-14 s3/kg. In both of these interactions, 
the optic beam was polarized normal in the xy plane, which required the 
use of no for the index of refraction. Of the two cases considered here, 
the z-propagating acoustic mode is superior not only because its FOM is 
larger than that for the x-propagating mode, but also because the higher 
phase velocity results in a wider Bragg bandwidth. It is a popular inter­
action geometry at frequencies near 1 GHz. 

Finally, for the slow shear, birefringent interaction ,  the propagation 
and polarization of the acoustic mode are in the xy plane. Thus, the relevant 
strain is S6 and peff P66 = .046. As we saw in Chapter 8, the optic -= 

incidence is along the z-axis and the polarization is circular (making use 
of the optical activity of Te02) .  Even though peff is the smallest of the 
photoelastic components , the FOM for the interaction is quite large be­
cause of the anomalously small phase velocity. As we have seen, this 
geometry is quite popular at frequencies below 100 MHz. The frequency 
is limited by the large acoustic attenuation. Substituting values, we deter­
mine M2 7.9 X 10-13 s3/kg. In all cases that we have considered, the = 

FOM of the interaction is an extremely small number. Nevertheless , the 
intensity of the diffracted light may be quite significant. 

9.4 ORTHORHOMBIC INTERACTIONS 

The orthorhombic photoelastic matrix contains 12 independent com­
ponents and has the form: 

Pll P12 Pl3 0 0 0 

P21 P22 P23 0 0 0 

P31 P32 P33 0 0 0 


(9.9) p =  0 0 0 P44 0 0 

0 0 0 0 P55 0 

0 0 0 0 0 P66 


Again, the off-diagonal symmetry of the stiffness matrix reduces the num­
ber of components in c to nine. All six equations of (9 .6) contain different 
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P33 

P44 

photoelastic constants as well as indices of refraction, making the general 
interaction rather cumbersome. 

Lead molybdate is a popular orthorhombic AlO substrate because 
of its excellent optical properties, relatively low acoustic attenuation, and 
high FOM. For the (z) longitudinal wave, the perturbed index ellipsoid is 

(9.10) 

Note that in (9.10) we have written the three indices of refraction explicitly. 
The value of the interaction index depends on the propagation and po­
larization directions of the incident optic beam and is determined from 
the index ellipsoid (recall that this symmetry is biaxial and z is not an optic 
axis). Because there are no cross terms in (9.10), the optic polarization 
does not flip. A strong diffracted light intensity is achieved for the parallel 
interaction for which peff = P33 = .3 and M2 = 3.6 X 10-14 s3/ kg. 

9.S TRIGONAL SYMMETRY 

Trigonal symmetry is especially important because it includes 
LiNb03. The form of the photo elastic matrix for the classes 3m, 32 , and 
3m (which include LiNb03 and quartz) has eight independent components. 
The form of pis 

PIl 
P12 

= P31 
P41 
0 
0 0 0 0 P14 

Pll -P12 

P66 

The terms P41 and P42 = -P41 represent coupling between longitudinal x­
and y-polarized acoustic waves (51 and 52) and perturbation terms in the 
index ellipsoid, which results in polarization flipped interactions (.:l B4). 
Likewise, the P14 and P24 = -P14 terms represent shear waves (54) that 
do not cause polarization flipped interactions (because they result in per­
turbations .:lBl and .:lB2). Finally , the terms PS6 = P41 and P65 = P14 
result in additional shear polarization flipped interactions. 

One simplification of this symmetry over the orthorhombic system is 
that it is uniaxial, so there are only two indices no and ne. Because of the 

0 0 0 

P41 

P12 P13 P1 4 0 0 

PIl P1 3  -P14 0 0 

P31 


,P66
P = (9.11)20 P44 0 0
-P41 

0 0 0 
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+ + P12S1) 

+ + P11SZ) 

complex nature of the interactions, it is helpful to consider each of 
the principal acoustic waves individually. We write the six equations for 
the trigonal classes as 

SI: 
 + P11S1) 

+ 2p41S1YZ = 1 


+ P31S1
)
+ ; 


x -S2: / + P12S2)n
2C 
 + P31S2)


-2P41S2YZ 1= 

+ 


S3: X2(D/ + P!3S3) + + P!3S3) + + P33S3) 1 
n 

Z2
S4: + P14S4) + - P14S4) + 2 + 2p44S4YZ 1 

ne 

(9.12) 

We first consider Sl1 the x-propagating longitudinal wave with optic 
polarization parallel to the acoustic beam. This is the ordinary beam be­
cause it remains x-polarized as the laser is rotated around the acoustic 
beam. The photoelastic constant for this interaction geometry is simply 
Pll, and it does not depend on the direction of the optic beam. The normal 
polarization represents the extraordinary mode, because its index varies 
from ne for incidence along the y-axis to no for z- or optic-axis incidence. 
Likewise, the effective photoelastic constant varies with the direction of 
optic incidence. At y incidence, it is simply P31, and at z incidence it is 
P12. At an intermediate direction, it may be larger or smaller, depending 
on the specific photoelastic component values. 
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Example 9.2. Calculate the effective photoelastic constant for the (x) lon­
gitudinal propagating wave with the extraordinary (normal) optic beam in 
the yz plane for LiNb03. For an AlO device centered at 2 GHz with a 1 
GHz bandwidth, calculate the diffracted light efficiency. 

Consider the interaction geometry as shown in Figure 9.4. As the 
optic beam rotates around the x-axis, we rotate the coordinate system so ' that y corresponds to the incident optic beam and z' corresponds to the 
polarization direction. The required transformation is given by the or­
thogonal rotation matrix , 

' y = 0 c�ȕe = R:r (9.13) 
z' 0 - sme z[x] � 

Because R is orthogonal, we can immediately solve for y and z in terms ' of y and z': 

' y = y cos6 - z' sin6 (9.14)' z = y sin6 + z' cos6 

Substituting these values into the SI equation of (9. 12) yields an 
' equation involving the y and z' coordinates. We need only consider the 

z'-axis, which corresponds to the required polarization direction. The re­
quired effective photoelastic constant is 

(9.15) 


The angles of maximum photoelastic constants are determined by differ­
entiating (9.15) with respect to and setting the result equal to zero: 

tan(26) = (9.16)-P12 P31 

The presence of P41 causes the maximum value to lie away from the prin­
cipal axes. For LiNb03, the relevant photoelastic components are 

Pll = - .03 , P12 = .09, P31 = . 13 , P41 = - .15 

Thus the maximum interaction occurs at 6 = 36.6° with a value (from 
(9.15) of .29. There is a much smaller maximum at 6 = 127°. 
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Figure 9.4 	Interaction geometry of the (x) longitudinal acoustic mode in 
LiNb03 (example 9.2) . As the optic beam rotates about the 
acoustic beam, the coordinate system rotates with it. 

Note that there are points of zero Peff. An optic beam incident at 
these directions will not interact with the acoustic wave no matter how 
much power it possesses. One of these points is very close to - 36°. If 
careful attention is not paid to the sign of the crystal axes, a device can 
easily be fabricated at this angle. 

Figure 9 .5 shows the variation of photoelastic constant for LiNb03 
as a function of direction and polarization of the incident optic beam. The 
FOM for the interaction is 

n6p2 

M2 = = 7.86 X 10-15 ;/kg
-

p¿ 

where Va = 6.57 X 103 mls is found from the Christoffel equation .  For 
an interaction length of 5 mils at 633 nm and an RF center frequency of 
2 GHz, the Bragg bandwidth for this mode is (from (8.8» 

1.8:n 
BW = AofL = 1.1 GHz 
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Figure 9.S 	Results of the calculation of Example 9.2 showing the effective 
photoelastic constant dependance on optic incidence. e is mea· 
sured from the y·axis. Note that for the parallel interaction, 
Peff is constant as in the cubic and isotropic systems. 
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The diffraction light efficiency is given by (8.3) (let H = L): 

The diffracted light power is thus nearly 10% of the incident light power 
for 1 W of acoustic power. If the conversion of energy from RF to acoustic 
results in a 6·dB conversion loss, the diffracted light will be approximately 
2% of the incident light for 1 W af RF. At a 2·GHz center frequency with 
a 36 degree (y) longitudinal transducer, we can expect a bandwidth of about 
1 GHz, so the acoustic and Bragg bands are well matched in this region. 
The radiation impedance is (because there is a good acoustic match be­
tween transducer and substrate) Ra = 7 n. 

Finally, the beam divergence angle plane normal to the plane of 
incidence (i.e., due to H) is less than 2°. Resolutions of 1 MHz or less 
have easily been achieved (a I-MHz resolution requires a T of 1 I-LS or an 
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acoustic path length of 6.6 mm). This device design has been commercially 
available since about 1975. It has an excellent combination of character­
istics at HeNe wavelengths, but suffers from relatively poor efficiency at 
laser diode wavelengths and has since been supplanted by newer designs 
and materials. 

Returning to the x-propagating longitudinal mode (S1) in (9.10), we 
see that there is a polarization flipped interaction involving the photo elastic 
constant P41. The "flip" is between y- and z-polarizations, so the optic 
beam is required to be incident along the x-axis. This interaction is thus 
a collinear interaction. It is also birefringent because the polarization flips 
between the z (ordinary) and y (extraordinary) modes. The critical fre­
quency for the interaction is given by (7.111) with 

Va = 6.57 X 103 mls f; = 6.6 GHz at 633 nm 


fŝ = 4.7 GHz at 830 nm 


Because of the extremely high critical frequency for the interaction, it is 
not particularly useful. 

For the y-polarized longitudinal acoustic wave (S2), the equation for 
the perturbed index is quite similar to S1. The acoustic velocity for this 
mode is 5% higher than that for the x-propagating mode, and thus the 
Bragg bandwidth is somewhat larger while the diffraction efficiency is about 
15% lower. Isotropic interactions based on this wave have not been ex­
ploited. As in the previous case, the polarization flipped interaction in­
volving P41 requires an x-propagating optic beam; this interaction is not 
collinear and is thus potentially useful for wideband spectrum analysis. 
The critical frequency is 6.9 GHz at 633 nm and about 5 GHz at 830 nm. 
A device based on this interaction has been reported [8]. 

For the z-propagating longitudinal mode (S3), the perturbed index 
ellipsoid is quite similar to the cubic symmetry. There are no polarization 
flipped interactions, and the isotropic interactions are not particularly ro­
bust. This is due in part because of the very high acoustic velocity for this 
mode (7.2 x HP mls). For an optic beam incident in the xy plane polarized 
parallel to the acoustic polarization, the effective photoelastic constant is 
P33; for the perpendicular polarization, it is PI3 (independent of the optic 
beam direction). 

For the S4 acoustic wave (y-propagating, z-polarized) interacting with 
an x-incident optic beam polarized along y, an isotropic interaction exists 
with Peff = P14. This same beam also possesses a polarization flipped 
birefringent interaction between y- and z-polarizations with effective con­
stant of 2p44. Thus, for frequencies above the minimum value for the 
birefringent interaction, the diffracted light will consist of both compo­
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nents. With a polarizer, it is possible to separate these components and 
determine the fraction of diffracted light for each interaction. For an optic 
beam incident along y and polarized along x, Peff = P14, but in this case 
there is only one (nonftipped) interaction. 

The S5 shear wave has two possible polarization flipped interactions 
involving P44 and P14. For x-incident light polarized along either y or z, 
there is no interaction because the polarization that is normal to x does 
not couple with either perturbation terms. For y incidence (polarized along 
either x or z) , there is a birefringent interaction with P44, whereas for z 
incidence there is an isotropic interaction that is polarization flipped be­
tween x and y. These same results are valid for S6, in which the perturbed 
index ellipsoid has the same form as for S5. 

9.6 ARBITRARY ACOUSTIC DIRECTIONS 

We have described the possible interactions in Section 9. 5 for the 
principal longitudinal and shear modes. Although more complex, the pho­
toelastic constant can usually be found by inspection (except for the (x)
longitudinal mode in LiNb03) in much the same way that the stiffness 
constants were determined for acoustic propagation along the principal 
axes. If the acoustic propagation direction does not coincide with one of 
the principal axis, the description of the interaction requires the admixture 
of at least two of the photoelastic equations for the perturbed index el­
lipsoid. This increases the possible interaction geometries as well as the 
possibilities for improved performance. Like the calculation of acoustic 
phase velocities, however, the determination of the interaction parameters 
will probably involve computer-aided solutions. The exception to this rule 
is the isotropic case, for which all directions are equivalent. 

We consider the case of a longitudinal wave in a cubic class 43m 
propagating in the (1, 1, 0) direction. The strain is given by (1.86): 

where for a plane wave the gradient operator is the 6 x 3 matrix given 
by (1.85). Because the (1, 1, 0) longitudinal wave is pure, the polarization 
(particle) displacement) is also (1, 1, 0) directed. The strain in this case is 
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The perturbation is given by (9.3): 

Pu + PI2 
PlI + PI2 

1 2p12.:lB = p:S = 2 o 
o 

2P44 

The perturbed index ellipsoid is thus 


+ + PI2S) = 1 (9.17) 

The interaction geometry is shown in Figure 9.6. 

i = ;1, 1 ,  0'/31 

I 
 1-1,1,0) 

,0,0,1, 

I 

I 


./ 
­

./ 

Figure 9.6 Determination of Peff for "off-axis" acoustic beam. The case 
considered in this figure is relatively simple because i is a sym­
metry direction in the cubic system. 

The simplest case is that of an optic beam incident along the 
(-1, 1 , 0 ) and z-polarized. From (9.17), the effective photoelastic constant 
is just P12. If we consider only the perturbation, then the remaining part 
(excluding the z term) of (9.17) has the form: 

1 (9.18)Ax2 + Ai + 2Cxy = 
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, y  

where 

A 
Pll + P12 

2 
and C = P44 

Equation (9.18) represents an ellipse in the xy plane rotated by 45°. 
This is the form of a polarization flipped interaction only if the incident 
optic beam is polarized along the x-axis. In the present case, it is directed 
along (1, 1, 0\, which is parallel to the acoustic polarization and 45° from 
the x-axis. We can use the 45° rotation matrix about the z-axis (7.57) to 
transform the xy (crystal axis) system into a set of coordinates valid for 
the particular directions of acoustic and optic beams in the interaction.  
The approach is  identical to that of Example 9.2, even though the geometry 
is somewhat more complex. Solving for x' , y' in terms of x, y, we have 

' x 
x = -

\2 
y' 
 x' 
+ y' 


,/2 


where the x' -axis represents the (1, 1, 0) direction and the y' -axis represents 
the (1, -1, 0) = (-1, 1, 0) direction. Substituting the xy system in terms 
of x', y' into (9.18) , we immediately get 

-(A + C)X,2 + (A C)y,2 = 1 (9.19) 

Thus for an optic beam polarized along (1, 1, 0), the effective photoelastic 
constant is 

Peff = A + C = Pl1 + P12 + P44 (9 .20) 
2 

This is the case considered earlier in which the optic and acoustic polar­
izations (for a longitudinal wave) are parallel. For optic polarization along 
(-1, 1, 0), the effective photoelastic constant is 

Pl1 + P12 
Peff = A - C 

-_ - P44 (9.21)
2 

This is the case in which the optic polarization and acoustic polarizations 
are normal, and the optic beam is incident along the z-axis. These results 
are summarized in Figure 9.7. 

We are tempted to seek a polarization flipped interaction from the 
form of (9.18). Such an interaction occurs for optic polarizations along the 

' x and y directions but not along the x or y' directions. This interaction 
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Figure 9.7 Variation of Pett with optic beam incidence for the (1, 1,  0) 
acoustic beam for the (a) perpendicular and (b) parallel inter­
actions. e = 0 corresponds to the ( -1, 1,0) direction. 
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can be realized, however, by simply rotating the laser (if it is linearly 
polarized) by 45°. 

9.7 COMPUTER-AIDED ANALYSIS OF COMPLEX 
INTERACTION GEOMETRIES 

In principle, any acoustic wave can be handled by searching for axes 
in which the optic polarization is either parallel or normal to the acoustic 
polarization. For an arbitrary acoustic propagation direction, this proce­
dure can be quite cumbersome in practice. In this section, we develop a 
straightforward technique to determine the effective photoelastic constants 
for given acoustic propagation and polarization directions. As before, we 
assume that these constants are known from solving the Christoffel 
equation. 

We first transform the crystal axes system into a coordinate system 
that represents the acoustic propagation direction and an initial direction 
of optic incidence. This transformation is defined by the matrix RJ: 

(9.22) 

= 

= (Nj, N2, 

A A A 

N I x 0= 

For optically isotropic symmetries, 0 can be defined arbitrarily. For 
anisotropic crystals, it is usually convenient to define 0 with respect to the 
optic axes. The matrix RJ is a generalization of the 45° rotation considered 
in the previous section. As we have already seen, there are two operations 
of interest : 

1 .  	Rotation of the optic beam around the acoustic beam while holding 
the polarization direction fixed (with respect to the optic beam) ; 

2. Rotation of the optic polarization while holding the optic direction 
of incidence fixed. 
The first operation aids in finding the optimal crystal cut for a given 

acoustic wave. The second operation is of interest because, although the 
polarization direction can be changed (by simply rotating the laser), op­
timal device operation requires that the polarization direction be properly 

where i = (lx, Iy, Iz) represents the acoustic propagation direction, ()
(0" 02, 03) is the normalized optic beam direction, and N 
N3) is a vector perpendicular to both: 
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set. The optic incidence direction is rotated around the acoustic beam by 
using the matrix: ]0 0 

cosO sinO (9.23) 
-sinO cosO 

where 0 is the rotation angle. Equation (9.23) follows from the fact that 
the acoustic beam is represented as the "x"-axis in the transformation RI. 
Equation (9.23) represents a simple rotation around the x (acoustic) axis. 
Likewise, the optic polarizatioI1 rotation is represented by the matrix 
(which is a rotation around the 0 axis):[ ]cos<I> 0 Sin<l> 

R3 = 0 1 0 (9 .24) 
-sin<l> 0 cos<l> 

In practice, either one or the other of the matrices R2 or R3, but not 
both, can be applied for a given situation. From (9.24), it is clear that the 
first and third rows of R3 represent optic polarization directions because 
they are vectors normal to O. If the angle <I> is constant, the polarizations 
are fixed (in the Cartesian system). By varying <1>, we obtain curves that 
show the dependence of the effective photoelastic constant with optic 
polarization. For an isotropic interaction, it is convenient to define them 
as either parallel or normal to the acoustic polarization, whereas for a 
birefringent interaction they are best defined as the polarizations of the 
ordinary and extraordinary modes (and thus represent explicitly the in­
cident and diffracted optic beams). The axes of the two polarizations with 
respect to the original Cartesian coordinates are given by the matrix prod­
uct, 

(9.25) 
• 

Writing (9.25) explicitly; we have 

(9.26) 

' where the primed coordinates (x' , z') are the polarization axes, y is the 
direction of optic incidence, and the unprimed coordinates x, y, and z 
represent the (original) Cartesian system. 
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The perturbed index ellipsoid, as represented by equations of the 
form (9.6) or (9.12), is written in terms of the original Cartesian system. 
For a single acoustic wave (not necessarily along a principle axis), it there­
fore has the form (in the original crystal axis system): 

AX2 + By2 + cz2 + 2Dyz + 2Exz + 2Fxy = 1 (9.27) 

As before, the unperturbed portion is contained in the first three terms 
(if we exclude the monoclinic and triclinic symmetries), whereas the per­
turbation portion can exist in all six terms. The original axes are written 
in terms of the polarization axes by inverting R. Equation (9.26) becomes 

(9.28) 


To determine the effective photoelastic constant from (9.27), we 
recall that there are only three possible types of interactions: 

1. 	 A nonflipped interaction between an acoustic wave (which may be 
longitudinal or shear, for trigonal symmetry only) and an optic beam 
with a specified polarization; 

2. 	A nonflipped interaction between an acoustic wave (longitudinal or 
shear) and an optic beam polarized with an orthogonal polarization. 
For cubic symmetry, we generaIJy choose the optic polarizations 
(which are the first and third rows of R3) to be parallel and normal 
to the acoustic wave; 

3. A polarization flipped interaction between a longitudinal or shear 
acoustic wave in which the polarization of the optic beams flips be­
tween the first and third rows of R3. This interaction may be isotropic 
or birefringent. If it is birefringent, it is clear that the two polari­
zations correspond to the ordinary and extraordinary modes. 
For the parallel interaction, we choose the top row of R3 to be the 

desired optic polarization (the choice of top or bottom row is arbitrary). 
We seek those terms in (9.27) that contain the factors (x')2. Indeed, the 
sum of all possible such terms determines the effective photo elastic con­
stant and is independent of the optic beam direction. The perturbed index 
ellipsoid will have the form: 

+ peffS'] + (all other terms) = 1 	 (9.29)(X,)2 

where S' is the given acoustic strain. Using (9.27) and (9.28), we obtain 
the effective photoelastic constant : 



Pelf = A(RJl1)2 + B(Rill)2 + C(RjJl)2 + 2DRii1R311 

+ 2ERJ11R311 + 2FRJ11Rz11 
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Peff = A(RJ31)2 + B(Rz31)2 + C(R331)2 + 2DRz31R331 

+ D(RzIIR331 + E(RJ11R331 + R311Ri3I) 

F(RJ11Ri.31 + Ri.l1RJ31) 

(9.30) 

By varying the angle 6 in matrix R2, we obtain a curve of Pelf versus incident 
optic beam direction. Because the interaction is determined by the ori­
entation of the optic and acoustic polarizations, this curve is usually a 
constant value, as we saw in Figures 9.2(a) and 9.7(b). 

In the interaction between the longitudinal acoustic wave and the 
normally polarized optic beam, we choose the bottom row of R3 as the 
desired optic polarization and collect all terms in (9.27) containing (z ')2. 
The effective photoelastic constant for this interaction is 

(9.31) 

Because the orientation of the acoustic and optic polarizations changes as 
the optic beam direction varies, Peff will vary with 6 as shown in Figures 
9.5 and 9.7(a). 

Finally, for the polarization flipped interaction, Peff is given by all 
terms that contain the factor (x'Z') : 

Pelf 2ARJ11RJ31 + 2BRi.1IRi} + 2CR311Ryi= 

(9.32) 
Figure 9.8 shows the computer program that calculates Peff, for ar­

bitrary directions of the acoustic wave. The program uses the transfor­
mation matrices developed in this section, but each geometry must be 
considered individually. The input data consist of the polarization direction 
of the acoustic wave and the photo elastic matrix. Because in practice only 
symmetry directions are used, this vector can be determined by inspection. 
For an unusual case, it would be determined by solving the Christoffel 
equation and substituting the eigenvector explicitly. 

Example 9.3. We reconsider the (1 , 1 ,  0) longitudinal wave propagating 

in a cubic crystal. R1 is given by (9.22): 
[ ]1I�2 11.,2 0 - acoustic direction 

Rl -11,2 11,2 0 - optic beam direction (6 0)= = 

o 0 1 - cross product of first two rows 

The initial optic beam direction is arbitrary (we could have chosen any 
direction normal to (1 , 1,0). 



1000 (oPTION BASE 1 
1030 LIBRARY "GRAPHLIB" 
1060 SET MODE "HIRES" 
1090 SET COLOR 10 
1120 DIM U(3,l) !ACOUSTIC POLARIZATION 
1150 DIM ST61(6,l) ISTRAIN MATRIX 
1180 DIM P66(6,6) IPHOTOELASTIC MATRIX 
1210 DIM L13(l,3) !DIRECTION OF ACOUSTIC PROPAGATION 
1240 INPUT PROMPT "DIRECTION OF PROPAGATION:":L13(1,1),L13(l,2),L13(l,3) 
1270 LET LN=(L13(l,l)'2+L13(l,2)'2+L13(l,3)'2)'.5 
1300 LET L13(l,l)=L13(l,l)/LN 
1330 LET L13(1,2)=L13(l,2)/LN 
1360 LET L13(l,3)=L13(l,3)/LN 
1390 DIM DELB(6,1),INVR(3,3) 
1420 DIM R1(3,3) 
1450 DIM R2(3,3) 
1480 DIM R3(3,3) 
1510 DIM R4(3,3),R5(3,3) 
1540 DIM L36(3,6),L63(6,3) 
1570 MAT READ P66(6,6) !READ IN THE PHOTOELASTIC MATRIX FOR GAP 
1600 DATA -.151,-.082,-.082,0,0,0 
1630 DATA -.082,-.151,-.082,0,0,0 
1660 DATA -.082,-.082,-.151,0,0,0 
1690 DATA 0,0,0,-.074,0,0 
1720 DATA 0,0,0,0,-.074,0 
1750 DATA 0,0,0,0,0,-.074 
1780 ! THIS IS THE DIVERGENCE MATRIX OPERATOR 
1810 LET L36(1,1)=L13(1,1) 
1840 LET L36(2,2)=L13(1,2) 
1870 LET L36(3,3)=L13(l,3) 
1900 LET L36(1,5)=L13(1,3) 
1930 LET L36(1,6)=L13(l,2) 
1960 LET L36(2,4)=L13(l,3) 
1990 LET L36(2,6)=L13(l,l) 
2020 LET L36(3,4)=L13(1,2) 
2050 LET L36(3,5)=L13(1,1) 
2080 !TRANSPOSE OF L36 IS THE GRADIENT MATRIX OPERATOR 
2110 MAT L63 = TRN(L36) 
2140 INPUT PROMPT "POLARIZATION DIRECTION:": U(l,l),U(2,1),U(3,1) 
2170 LET UN=(U(l,l) "2+U(2,1) "2+U(3,1) "2)".5 
2200 LET U(I,l)=U(l,I)/UN 
2230 LET U(2,1)=U(2,1)/UN 
2260 LET U(3,1)=U(3,l)/UN 
2290 MAT PRINT L63 
2320 MAT ST61=L63*U !STRAIN IS THE GRADIENT OF DISPLACEMENT (EQ.l.86) 
2350 PRINT "ST", ST61 (1,1) ,ST61 (2 ,I) ,ST61 (3,1) ,ST61 (4,1) ,ST6l (5,1) ,ST61 (6,1) 
2380 MAT DELB=P66*ST61 !PERTURBATION TO THE INDEX ELLIPSOID 
2410 PRINT "DELB",DELB(l,l) ,DELB(2,1),DELB(3,1) ,DELB(4,1) ,DELB(5,1) ,DELB(6,1) 
2440 LET FLIP$="N" 
2470 INPUT PROMPT "DO YOU WISH A POLARIZATION FLIP?:": FLIP$ 
2500 LET Nl=(L13(1,1)"2+L13(l,2)"2)".5 
2530 LET R1(l,l)=L13(l,l) 
2560 LET R1(l,2)=L13(l,2) 
2590 LET R1(l,3)=L13(l,3) 
2620 !FIRST ROW OF R1(3,3) IS THE ACOUSTIC PROPAGATION DIRECTION 
2650 LET R1(2,l)=-L13(l,2)/N1 
2680 LET R1(2,2)=L13(l,l)/Nl 
2710 LET R1(2,3)=0 
2740 !SECOND ROW IS THE INITIAL OPTIC DIRECTION 
2770 !HERE THE INITIAL OPTIC DIRECTION IS NORMAL TO THE Z AXIS 

Figure 9.8 Computer program listing for calculation of Peff for arbitrary 
acoustic propagation direction. 
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2800 LET RI(3,I)=-LI3(I,I)*LI3(1,3)/N1 
2830 LET RI(3,2)=-LI3(1,2)*LI3(I,3)/N1 
2860 LET RI(3,3)=NI 
2890 !THIRD ROW IS THE CROSS PRODUCT OF ROWS 1 AND 2 
2920 OPEN iI:SCREEN .3,.9,.20,.9 
2950 SET WINDOW 0,PI,0,.25 
2980 SET MODE "HIRES" 
3010 CALL AXES 
3040 CALL TICKS(PI/6,.05) 
3070 CALL FRAME 
3100 FOR PHI=O TO PI STEP PI/ISO 
3130 !IN THIS CASE THE OPTIC BEAM ROTATES AROUND THE ACOUSTIC WAVE 

3160 !THE OPTIC POLARIZATION DIRECTION IS FIXED (R3(3,3)=I) 

3190 LET R2(I,I)=I 

3220 LET R2(I,2)=0 

3250 LET R2(I,3)=0 

3280 LET R2(2,I)=0 

3310 LET R2(2,2)=COS(PHI) 

3340 LET R2(2,3)=SIN(PHI) 

3370 LET R2(3,1)=0 

3400 LET R2(3,2)=-SIN(PHI) 

3430 LET R2(3,3)=COS(PHI) 

3460 LET R3(I,I)=I 

3490 LET R3(I,2)=0 

3520 LET R3(I,3)=0 

3550 LET R3(2,I)=0 

3580 LET R3(2,2)=I 

3610 LET R3(2,3)=0 

3640 LET R3(3,1)=0 

3670 LET R3(3,2)=0 

3700 LET R3(3,3)=1 

3730 MAT R4=R2*R1 

3760 MAT R5=R3*R4 

3790 MAT INVR=INV(R5) 

3820 IF FLIP$="Y" THEN GOTO 4060 

3S50 !IN THIS EXAMPLE THE ACOUSTIC AND OPTIC POLARIZATION ARE PARALLEL (9.30) 

3880 !FOR THE NORMAL CASE (9.31) CHANGE INVR(I,1) TO INVR(I,3) 

3910 LET PSUM=DELB(1,1)*INVR(I,I)·2+DELB(2,I)*INVR(2,1)·2+DELB(3,1)*INVR(3,1)·2 

3940 LET PSUM=PSUM+2*DELB(4,I)*INVR(2,1)*INVR(3,1) 

3970 LET PSUM=PSUM+2*DELB(5,1)*INVR(I,I)*INVR(3,1) 

4000 LET PSUM=PSUM+2*DELB(6,1)*INVR(1,I)*INVR(2,1) 

4030 GOTO 4240 

4060 LET PSUM=2*DELB(1,1)*INVR(I,I)*INVR(I,3) 

4090 LET PSUM=PSUM+2*DELB(2,1)*INVR(2,1)*INVR(2,3) 

4120 LET PSUM=PSUM+2*DELB(3,1)*INVR(3,1)*INVR(3,3) 

4150 LET PSUM=PSUM+DELB(4,1)*(INVR(2,1)*INVR(3,3)+INVR(3,1)*INVR(2,3» 

4180 LET PSUM=PSUM+DELB(5,1)*(INVR(1,1)*INVR(3,3)+INVR(3,1)*INVR(I,3» 

4210 LET PSUM=PSUM+DELB(6,1)*(INVR(1,1)*INVR(2,3)+INVR(2,1)*INVR(I,3» 

4240 LET PEFF=ABS(PSUM) 

4270 !PRINT PHI*180/PI,PEFF 

4300 PLOT PHI,PEFF; 

4330 NEXT PHI 

4360 OPEN #2:SCREEN 0,.28,0,1 

4390 SET WINDOW -1,1,-1,1 

4420 SET CURSOR 13,21 

4450 PRINT ".1" 

4480 OPEN ,3:SCREEN .3,1,0,.1934 

4510 SET WINDOW -1,1,-1,1 

4540 SET CURSOR 1,1 

4570 PRINT "0" 


http:TICKS(PI/6,.05
http:0,PI,0,.25
http:3,.9,.20


352 

4600 SET CURSOR 1,16 
4630 PRINT "60" 
4660 SET CURSOR 1,32 
4690 PRINT "120" 
4720 SET CURSOR 1,48 
4750 PRINT "180" 
4780 SET CURSOR 3,20 
4810 PRINT "ANGLE" 
4840 OPEN t4:SCREEN .3,1,.91,1 
4870 SET WINDOW -1,1,-1,1 
4900 SET CURSOR 1,18 
4930 PRINT "PHOTOELASTIC CONSTANT" 
4960 END 

Rotation about the Acoustic Direction 

R3 is the identity matrix , and R2 is given by (9.23). Equation (9.25) 
becomes 

11\2 
cos6/\2 
- sin6/ȑ2 

j parallel polarization 

i normal polarization 

Notice that the parallel polarization does not depend on the direction of 
optic incidence. At 6 = 0, the normal polarization is (0, 0, 1),  and at 
6 = -rr/2 it is (1, - 1 ,  0), as shown in Figure 9.7. For the polarization 
rotation, we have 

cos<\>/ \2 
11\2 

- sin<\>/ \2 

At <\> 0, the first and third rows are parallel and normal to I; but at = 

<\> = -rr/2 , the first row is (0, 0, 1) (normal) , and the third row is (-1, -1, 
0) (parallel). The polarization directions can be fixed relative to 0 by fixing 
the angle <\>. 

Because the matrix R is orthogonal (it is the product of orthogonal 
matrices) , we immediately have: 
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At e Q> = 0, 

Finally , using (9.30), we get 

PIl + P12
Peff = + P44 (for parallel polarization) 

2 

and from (9.31), 

PIl + P12 . 
Peff = - P44 (for normal polanzatlOn) 

. 

2 


in agreement with (9.20) and (9.21). Figure 9.9 shows the variation inpeff 
for the ( 1 ,  0, 0), ( 1 ,  1 ,  0), and ( 1 ,  1 ,  1) longitudinal acoustic waves for GaAs 
when acoustic and optic polarizations are parallel. By optimizing the acous­
tic mode direction, we see clearly that a dramatic performance advantage 
can be achieved. 

Figure 9.10 shows Peff for the same modes as the polarization angle 
is varied, and Figure 9 . 11  shows the variation in Peff with polarization angle 
for the polarization flipped interaction. Note that the polarization flipped 
interaction is optimized for a 45° rotation angle and is quite weak compared 
with the nonflipped. 

Example 9.4. Performance of .5-GHz GaP Bragg cell. We now consider 
the performance of a popular device in AlO spectrum analysis for electronic 
support measures (ESM) applications. The resolution requirement is about 
20 MHz (or 50 ns), so H can be made as small as possible consistent with 
fabrication constraints. The acoustic wave is longitudinal , the center fre­
quency is 1 GHz, and the optic wavelength is .83 f.Lm. The radiation 
resistance and Bragg bandwidth place constraints on the transducer length. 
The velocities of the three modes considered in this section and their 
corresponding L values (from 8.8» for a bandwidth of .5 GHz are 

\1,0, 0): Va 5.85 X 1<P mJs -+ L = 500 f.Lm (20 mils) 

(1 , 1 ,  0): Va 6.45 x 1<P mJs -+ L = 600 f.Lm (23 mils) 

( 1 ,  1 ,  11: Va 1<P = 6.65 X mJs -+ L = 630 f.Lm (25 mils) 

For H ,  we choose 75 f.Lm (3 mils). The area in each case is consistent 
with a radiation resistance of about 8 to 10 O. The photoelastic constants 
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Figure 9.9 	Variation of Peff for the parallel interaction for the longitudinal 
( 1 ,  0, 0), ( 1 ,  1 ,  0), and ( 1 ,  1 ,  1) acoustic modes of GaAs with 
optic beam incidence. Calculations were performed by using 
the listing in Figure 9.8. 
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for the parallel interaction are given by (9.30). Using GaP values, we find 
for the figures of merit, 

3.5 X 10-14 ( 1 ,  0, 0) 

M2 = 4.2 X 10-14 ( 1 ,  1, 0) 


{
4.4 X 10-14 (1, 1 ,  1) 

Substituting the relevant values into (8.3) for the (1 , 1, 1) modes, we have 
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Figure 9.10 	Variation of peff for (1 ,  0,  0) , ( 1 ,  1 ,  0) , and (1 ,  1 ,  1) acoustic 
modes of GaAs with optic polarization. 4> = 0 corresponds 
to the parallel direction, and 4> = 90° corresponds to the 
normal polarization . 
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Thus for 100 mW acoustic power the device wi]] deflect about 22% of the 
incident radiation (or about 220% per W). Including the RF to acoustic 
conversion loss, we conclude that the device as designed should have an 
efficiency of close to 50% per RF watt. At .633 f.Lm, the corresponding 
efficiency would be about l00%IW. This is consistent with devices fabri­
cated thus far. As we noted in Chapter 8, use of multiple acoustic waves 
and phase array techniques provide performance enhancements of up to 
300%. 
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Figure 9.1l 	Variation ofpeff for longitudinal modes ( 1 ,  O. 0). ( 1 ,  1 ,  0) . and 
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flipped interaction. Note that the values are much lower than 
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9.S DESIGN EXAMPLES 

Example 9.5: NO Interaction with Acoustically Anisotropic Shear 
Modes. In this example, we analyze the self-collimating Bragg cell , using 
the rotation matrices. The acoustic mode is the pure shear mode along (1 , 
- 1 .  0) and polarized along (0. 0, 1). The optic incidence is (1 ,  1 .  1) . The 
matrix Rl is given by 

- 1/i2 o ] i acoustic direction 

11J3 1/º3 initial optic direction 

1/»6 - 2/ȓ6 

Figure 9 . 12 shows the effective photoelastic constant as the optic beam is 
rotated around the acoustic beam. The optic and acoustic polarizations 
are parallel. In Figure 9. 12 , e 0 corresponds to ( 1 ,  1 ,  1). We see that = 

this direction does not result in the maximum diffracted light. If we rotate 
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Figure 9.12 	Variation of peff with optic beam incidence for the acoustically 
anisotropic (self-collimating) interaction in GaP. Note that 
the interaction is not optimized for this geometry in which the 
acoustic beam is utilized most effectively (i.e , when 0 = 
( 1 ,  1 ,  1) . 


ANGLE OF INCIDENCE 

the beam approximately 35° to the (1 , 1 ,  0) direction, Peff increases signif­
icantly . For this direction, however, the acoustic beam is not self-colli­
mating. The Bragg bandwidth is'the same for both of these optic directions 
because the acoustic direction (and therefore the acoustic phase velocity) 
has not changed. For ( 1 , 1 ,  1) ,  the resolution is higher (larger M3) , but the 
diffraction efficiency is lower (M2) , whereas for ( 1 ,  1 ,  0) the efficiency 
increases at the expense of resolution.  

The interaction geometry for the acoustically anisotropic device is 
shown in Figure 9. 13. Notice that the acoustic polarization is along (0, 0, 
1), which is an eigenmode of the crystal (the fast shear mode), but is at 
an angle (of about 35°) to the optic face of the device «(I ,  1 ,  1) . This is 
accomplished in practice by rotating the transducer to the required angle. 
The maximum interaction occurs when the optic beam is incident along 
( 1 ,  1 , 0) , which is normal to the acoustic polarization. There is no interaction 

polariza
(Peff = 0) when the optic beam is incident along (0, 0, 1) or parallel to the 

tion, which makes an angle of 125° with (1 , 1 ,  1) (see Figure 3.4). 



:> 
11 ,  1, - 2) 

Figure 9.13 	Transducer orientation relative to the substrate for the inter­
action of example 9.5 .  The angle is chosen that the ct so 
acoustic polarization lies along the (0, 0, 1) (an eigenmode of 
the substrate) . 
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These results are consistent with Figure 9 .3, which indicates that no in­
teraction occurs if the optic beam and acoustic polarization directions are 
parallel. 

Now recall the case of multiple acoustic beams propagating from a 
single transducer. The geometry of this interaction is shown in Figure 9. 14. 
As in the previous example, the acoustic propagation direction is ( 1 ,  1, 0), 
but the transducer is oriented so that the polarization is parallel to the 
optic face «(1 ,  1 ,  1)) .  Thus there are two orthogonally polarized eigenmodes 
excited in the substrate lying along ( 1 ,  1 ,  0) and (0, 0, 1). An optic beam 
incident along ( 1 ,  1 ,  1) interacts with both beams. The variation of Peff is 



' _ " " O, m "" O' " 
11 ,  1 ,  1 )  

IT] 


11, 1, 1 )  

Figure 9.14 	Transducer orientation in the configuration in which two 
acoustic beams are produced from a single transducer. In the 
example, the acoustic polarization is along ( 1 ,  1, 1 ) ,  which is 
not an eigenmode of the substrate for i along (1 , 1 ,  0) . 
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shown in Figure 9. 15.  Note that at the direction of optic incidence for 
which the interaction with the slow mode is maximum «(0, 0, 1)), there is 
no interaction with the fast mode, and vice versa. This behavior is due to 
the orthogonality of the eigenmodes. The maximum photoelastic constants 
for the two modes are equal, but the figures of merit and the bandwidths 
are not due to the differences in acoustic velocity of the two modes. Note 
that the Bragg bandwidth as given by (8.8) is valid only for isotropic 
acoustic modes. In a situation in which the slowness curve bulges out, the 
diffraction bandwidth can be significantly increased. 
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Figure 9.15 	Variation of Peff for the two eigenmodes corresponding to the 
polarization of Figure 9.14. 6 = 0 corresponds to ( - 1 , 1 ,  1). 
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Example 9.6: Design of a Two�Dimensional Beam Deflector. In Example 
9.5, we used the (1 , 1 ,  O}�directed pure shear mode. In the principal planes, 
this mode is polarized (0, 0, 1), and the velocity is independent of L The 
quasishear, on the other hand, is polarized ( - 1 , 1 ,  0). Consider the ge� 
ometry shown in Figure 9. 16. As shown in the figure, both waves in the 
substrate, which may be either cubic or tetragonal, are quasishear modes 
because the (1 , 1, O)-directed mode is polarized ( - 1 ,  1 ,  0) and the ( - 1 ,  1 ,  
O)-directed mode i s  polarized (1 , 1 ,  0). For a (0, 0, I)-directed optic beam, 

(9.33) 

A ( - 1, 1 ,  O}�polarized optic beam will be flipped into a (1, 1, O) beam, and 
a ( 1 ,  1 ,  0) beam will be flipped into a ( - 1  , 1, 0) polarization by either 
acoustic beam . A single optic z-directed beam will thus be diffracted into 

Rl has the form: 



J> 

I 

I 

0 

(9.34) 

0 0 0 [�t 0 
0 ly 0 0 

S 
0 0 It 0 
0 It Iy 0 
It 0 0 it 
Iy 0 Iy 

where ly = . 578 and It 
8.5. As usual, a B  is given by (9.3) . The matrix Rl is given by 

- .588 
o 

. 809 
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Figure 9.16 	Interaction geometry for the two-dimensional beam deflector 
utilizing the slow shear modes in a cubic system. 

two beams orthogonally directed by the two transducers. Curves of the 
effective photoelastic constant versus optic beam direction are shown in 
Figure 9. 17(a) and (b) . We see that for a z-directed beam, the two effective 
constants are maximum and equal. 

Example 9. 7: Birefringent NO Interaction in LiNb03. In Chapter 8, we 
determined the critical frequency of a birefringent interaction in LiNb03. 
The geometry of the interaction is shown in Figure 8.5. Because the acous­
tic polarization is ( 1 ,  0, 0) (the pure shear), the strain simply is: 

- .809 for the interaction, as shown in Figure 
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(b) 
Figure 9. 17 	Variation of peff with optic beam incidence for slow shear 

mode propagating along (1 ,  - 1 ,  0) and ( 1 ,  1 ,  0), which are 
equivalent directions in the cubic system. 

362 



8 

� 
 

J
..:z 

.2 

z 
8 
o 

w 
.1 

a.. 

60 80 	 100 120 140 160 

ANGLE OF INCIDENCE 

Figure 9.18 	Variation of Peff with optic beam incidence for acoustic shear 
mode with propagation direction of (0, .58, - .81) in which 
the acoustic polarization is along (x) (pure shear mode). Max­
imum Peff is close to that of the (x) longitudinal mode inter­
action (see Figure 9.5) .  
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The effective photoelastic constant is shown in Figure 9. 18 as a function 
of optic beam direction. The initial optic incidence direction is along the 
x-axis. We see that Peff is quite large for this interaction when the optic 
beam is incident at y + 36°. 

Example 9.8: Birefringent Interaction in LiNb03 for Pure Shear Mode in 
the yz Plane. We have seen in Example 9.4 that for a birefringent inter­
action there exists an acoustic direction in LiNb03 ( - 54° from the +y­
axis in the yz plane), which yields a very high photoelastic constant when 
the optic beam is incident along (y) + 36°, i.e. , normal to the acoustic 
polarization. Likewise, Peff is zero for optic incidence along x, i .e . , parallel 
to the acoustic polarization. This behavior is precisely what we would have 
expected. Historically, this mode of operation was chosen because the 
crystal faces were identical to those using the traditional (x) longitudinal 
interaction. In that device, the acoustic direction is (x), with the optic beam 
incident along (y) + 36°. The performance advantage in terms of deflection 
efficiency is 
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There is another factor between 4 and 6 (depending on AO) due to the 
birefringence (i . e . ,  the fact that 6i is stationary near the critical frequency) , 
so the total performance advantage of this mode over the (x) longitudinal 
interaction is about 20. Thus, for a 1-GHz Bragg bandwidth device , we 
expect a peak efficiency between 30 to 40%/RF W at 633 nm. By decreasing 
the interaction length, we can significantly increase the Bragg bandwidth 
while maintaining reasonable diffraction efficiency. A bandwidth of 3 GHz 
has been achieved with an efficiency of 1 %1 W at 633 nm [9] .  

It is clear that for any acoustic propagation in the yz plane that utilizes 
the pure «(X) polarized) shear mode the effective photoelastic constant will 
be a maximum at the optic incidence direction normal to the x-axis . In 
other words, the shape of the Peff""versus-6 curve will resemble that of 
Figure 9 . 18.  It is interesting to determine if a higher value of Pett exists in 
the yz plane. Our task is to form a curve of pett versus angle of acoustic 
propagation with optic incidence normal to the acoustic polarization. Be­
cause the optic beam is stationary with respect to the acoustic beam, both 
R2 and R3 are equal to the identity matrix. Because the acoustic polarization 
is in the x direction, S is given by (9.34). The matrix Rl becomes 

[� 
Iy Iz h acoustic direction 
]
-Iz Iy h optic direction 
o 0 

I9 + l �  = 1 

The curve of Peff versus acoustic propagation direction is shown in Figure 
9 .19 .  The angle of maximal interaction occurs at (y) 65° with Peff .228- = 

(compared with .22 at (y) - 54°). The phase velocity of this mode is about 
.5% below that of the (y) 54°, so the performance advantage is about -

10% . This direction requires that the optic beam be further from the optic 
axis , so the critical frequency is about 200 MHz higher, which may or may 
not be an advantage, depending on the application. Table 9 . 1  summarizes 
the performance characteristics of presently available wide-bandwidth 
devices . 
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Table 9.1 

Efficiency BW 
Substrate/ Cut Mode (% at .63 Ȓm) to (GHz) (GHz) 

LiNbOy'(x) Isotropic 2 1 .0 .5  
(long.) 

LiNbOy'(x) Isotropic 1 2.0 1 .0 
(long.) 

LiNb03 Birefringent 30 2.3 1 .0 
- 540 (y) 
GaP/(l ,  1,0) 

(shear) 
Isotropic 100 1 .0 .5  
(long.) 

GaP/(I, 1,0) Isotropic 30 2 .0 1 .0 
(long.) 

GaAs/(I, 1 ,  1) Isotropic 50 (at 1 .06 f.Lm) 1.0 .3 

Te02l'(0, 0, 1) 
(long.) 
Isotropic 
(long.) 

20 1 .0 .5  

Ã Y - 65° ,..: .2zc(I-
enZ
00
0;:::
en 
E .1 
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::t:
Q" 

y 20 40 60 80 z 100 120 140 160 

ANGLE OF ACOUSTIC PROPAGATION 

Figure 9.19 	Variation of Peff for pure shear mode in the yz plane with 
direction of acoustic wave. The "standard" ( - 54° (y)) ge­
ometry is quite close to the theoretical optimum. 
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9.9 ELECTRO-OPTIC CORRECTIONS TO THE 
PHOTOELASTIC MATRIX 

As we saw in Chapter 4, in a piezoelectric medium there is a lon­
gitudinal field associated with an acoustic wave that propagates at the 
acoustic velocity. A necessary condition for the existence of the field is 
that the direction of propagation be piezoactive. The magnitude of the 
field is 

E = - 'Vet> 

where the potential et> is given by (4.45): 

In (4.45) , recall that the denominator is a scalar, h is the acoustic propa­
gation direction, hj is the gradient operator, and Vj is the polarization. 
Using the definition of strain; we write 

We write the electric field as 

(9.35) 


The acoustically induced electric field interacts with an incident optic 
beam through the electro-optic effect: 

(9.36) 


It is important to realize that the electric field in (9.35) is internally gen­
erated and propagates at the acoustic velocity and thus behaves exactly 
like the acoustic wave; i.e. , it causes deflection and frequency shifts in the 
incident optic beam. Comparing (9.36) with (9.3) , we write the electro­
optically "stiffened" photoelastic components as 



r/·P·e·L J ]"I 
-I jEll 
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where 

II
PKL = PKL - ò/'

I 

Example 9. 9: Consider an (x)-propagating wave in LiNb03. Find the elec­
tro-optically "perturbed" photo elastic matrix. 

The unperturbed photoelastic constants are 

Pll = P22 = - .03, P12 = P21 = .09, P13 = P23 = . 13 ,  P14 = .OS-

P31 = . IS, P33 = .07, P41 = - . 15,  p44 = . 15 ,  P66 = - .06 

The piezoelectric and electro-optic matrices have the same form and are 
given by 

ejL = [��n 
e31 

0 
0 

0 0 0 
e22 0 e15 
e31 e33 0 

- r22 r13 
r22 r13 

e15 
0 
0 T] 

r/j 
0 
0 

0 
r51 

r33 
0 

x lO- 12 roN 
r51 0 0 

- r22 0 0 

where 

e15 = 3.7, e31 = .2, r\3 = S.6, r33 = 31 

ell = 2.5, e33 = 1 .3 ,  r22 = 3.1 ,  r51  = 28 

El1 = Ell = 44, E33 = 29, 

Carrying out the operations in (9.37) gives 

12X lO- , IjejL = [0 0 0 0 3.7 - 2.5] 

o 
o 
o 
o 

2.S 
- 3. 1  
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Multiplying the 6 x 1 and 1 x 6 matrices results in a 6 x 6 matrix, and 
dividing by the denominator (44e.o) results in the perturbation matrix; 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

�p 0 0 0 0 0 0 
0 0 0 0 - .27 . 18 
0 0 0 0 .03 - .02 

Note that the perturbation is not symmetric (because the photoelastic 
matrix is not symmetric) .  Note that the stiffening terms are present in the 
shear strains. This is consistent with the fact that LiNb03 is strongly pi­
ezoelectric for (x)-cut only for the shear mode. Further, the correction 
terms are as large as, if not larger than, the unperturbed constants ! The 
phenomenon of electro-optic stiffening is not a second-order effect. The 
strength of the correction terms in the photo elastic matrix and their signs 
depend on the crystal orientation, acoustic mode, the signs and magnitudes 
of the piezoelectric and electro-optic matrix components, and the direction 
and polarization of the optic beam. Because of the complexity of these 
interactions, it is quite difficult to formulate a general set of rules and a 
complete determination requires computer aided analysis. A comprehen­
sive search need only focus on crystal orientation and acoustic modes that 
exhibit strong piezoelectricity: for example, the (x) shear and 36° (y) lon­
gitudinal modes in lithium niobate, and the (z) longitudinal mode in barium 
sodium niobate. 

Comparing the forms of (4.46) and (9 .36) , it is clear that there is a 
direct analogue between the piezoelectric correction terms in the stiffness 
matrix and the piezoelectro-optic correction terms in the photo elastic ma­
trix. In both cases , the presence of piezoelectricity alters the propagation 
characteristics of an acoustic wave. In the stiffness matrix, the uncorrected 
components are measured under static conditions (cE) so that there is no 
ambiguity in the determination of the correction terms. The piezoelectro­
optic correction is complicated by the fact that the photo elastic matrix 
components can be measured under static or dynamic conditions. In the 
static case, the piezo-optic components are measured by applying a stress 
and then measuring the birefringence using purely optical techniques. In 
the dynamic case , the acousto-optic diffraction of a particular mode is 
compared to that of a standard orientation (e.g. , fused quartz) . Thus, 
depending on the measured conditions, the piezoelectro-optic corrections 
may already be "built-in" to the photoelastic matrix. 
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PROBLEMS 

9.1 	 The components of the photoelastic matrix for water are PI I P12= 

= .31 . What is the physical meaning of the equality of Pll and P12? 
9.2 	 Determine the effective photoelastic constant for the following in­

teractions: 
(a) y-propagating longitudinal acoustic wave and optic beam along 

the z-axis polarized along y in tetragonal symmetry. 
(b) x-propagating, y-polarized (shear) acoustic wave and z-incident , 

y-polarized optic beam in cubic symmetry. 
(c) z-propagating, x-polarized acoustic wave and y-incident, 	x-po­

larized optic beam in cubic symmetry. 
9.3 	 Find the FOM of the parallel interaction for the z-propagating lon­

gitudinal mode in Te02. Determine the Bragg bandwidth for a center 
frequency of 1 GHz and compare the performance of this mode with 
GaP. 

9.4 	 Write the three transformation matrices RI , R2, and R3 for the fol­
lowing interactions: 

(a) acoustic direction: (1, 1, 1)/Ŝ3 i := 

optic incidence: ( - 2, 1 ,  l)1y6 0;= 

, 	 . . 

polarization is initially parallel to I and rotates from 1 to O.  
(b) acoustic direction : (1 ,  1, 1)/J3' i ;= 

initial optic direction: ( -2,  1 ,  1)/16 0;= 

the optic direction rotates around the acoustic beam. 
9.5 	 Write a computer program that computes the electro-optic pertur­

bation to the photoelastic matrix for piezoelectric crystals . 
9.6 	 Use (9.37) to find the electro-optic perturbation for GaAs (cubic 

symmetry) for acoustic propagation along (1, 0, 0). 
9.7 	 Consider a two-dimensional beam deflector that uses longitudinal 

modes instead of the slow shear (1, 1, 0) mode in cubic symmetry. 
For acoustic propagation along the principal axes, what is the optic 
polarization required for maximum A/O interaction? 
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