
Chapter 7 


Interaction of Acoustic and 


Electromagnetic Waves 


7.1 INTRODUCTION 

As we have seen, acoustic waves propagate in an anisotropic medium 
as three distinct modes that are generally neither parallel nor perpendicular 
to the propagation direction. The symmetry properties of the crystal de­
termine the propagation characteristics, including the phase velocity, po­
larization, and power flow angle. Similarly, understanding the propagation 
of electromagnetic waves in anisotropic crystals requires a knowledge of 
the symmetry properties of the medium and is generally more involved 
than propagation in an isotropic body. An added complication in the 
discussion of optic wave propagation is that many crystals absorb strongly 
in the visible band (wavelengths of 4000 to 7000 A). For example, ger­
manium, gallium arsenide, and other potentially useful crystals are opaque 
in the visible band. Furthermore, most materials exhibit dispersion, so a 
complete description requires that the permittivity matrix possess com­
ponents that are complex and frequency dependent. In our discussion, we 
will assume that all permittivity components are real and nondispersive. 
Dispersion is included by specifying the permittivity components at a given 
optic wavelength. 

In this chapter, we investigate the propagation of optic modes in 
anisotropic crystals, using the formalism developed in Chapter 2 for acous­
tic modes. The acoustic propagation properties are determined by the 
6 x 6 symmetric stiffness matrix, but the electromagnetic propagation 
characteristics are determined by the 3 x 3 symmetric permittivity matrix. 
This fact and the form of the Maxwell equations lead to a somewhat simpler 
form for the electromagnetic modes. Instead of three modes, there are 
only two; both modes are shear, and one is always pure. Even in the 
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a . 

(7 .3) 

orthorhombic system, the phase velocity of the quasishear mode has an 
elliptic shape similar to the shape of the pure shear mode in the principal 
planes. 

Electric and mechanical fields cause perturbations in the acoustic 
propagation in much the same way piezoelectricity perturbs acoustic prop­
agation. Unlike piezoelectricity, which changes only the stiffness compo­
nents (not the form of the stiffness matrix), external fields change the 
symmetry properties of the medium causing, e .g . ,  an isotropic medium to 
become uniaxial or even biaxial . Finally, we discuss the interaction of an 
optic mode with a high frequency acoustic wave. In this case, the direction 
and frequency of the optic beam are changed by the acoustic perturbation. 

7.2 ELECTROMAGNETIC WAVES IN AN ANISOTROPIC MEDIUM 

Our first goal is to write the Maxwell equation in a form similar to 
(2.40) and (2.41) and to develop an "optical" Christoffel equation. We 
write Faraday's law in its differential form: 

aB
V' x E =  -­ (7 . 1) 

at 

In Cartesian coordinates, the curl is 

(aEz aEy): (aEx OEz) : (OEy aEx) " 
V' x  E =  - --1+ -- - J+ - - - k (7.2) 

oy az az ax ax ay 

Equation (7.2) can be written in matrix format as 

i 
a 

j
a 

k 
a 

V' x  E =  ax ay az 
Ex Ey Ez 

We assume that the electric field varies sinusoidally with position: 


The derivatives take the form of operators: 


a - -- - -- -,'klza - -- -,'klx
= -,kly
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(7.4) 

Equation (7.3) becomes 


Ix Iy Iz 
Ex Ey Ez 

Finally, we can write (7.4) as a matrix I operating on the vector E (compare 
this formulation with the gradient operator of (1 .85) : 

jk[ 	 
-Iy 

\l x E = -jk 

E = I:E\7 
 (7.5) 
=x 

Notice that 1 is a 3 x 3 antisymmetric matrix operator. For example, the 
x component of (7 .5) is 

(aEz aEy(\7 x E)x = -J'k( -IE + IE) = - - -z y y Z ay az 
) 


Now, recall the wave equation for electromagnetic waves (4.35): 


where we have allowed the permittivity E to be a (3 x 3) matrix, and we 
assume a nonmagnetic material so that the permeability is 

f..L = f..LO = 41T X 10-7 HIm 

and, us usual; 

B = J.I1)II 

Using the 1 operator matrices, we obtain from (7 .5): 

-Iz I -Iz Iy,\7 x \7 x (1)2 = -k'[ � 0 -Ix 0 -Ix 
-Iy Ix 0 -Iy Ix 0[-11 - IJ lxl
]
y 
P 

1,1, ] ]
-k2 Ixly -/7 - l¡ lylz (7.6) 

lxlz lylz -I; - I; 
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The wave equation for the electric field in an anisotropic crystal takes the 
form: 

(7.7) 

where now E is a 3 x 3 symmetric matrix (the symmetry of E like that of 
c follows from energy considerations) : 

(7.8) 

Substituting (7.6) and (7 .8) into (7.7), we have 

Ixly 
-(I; + ID 

Iylz 

= 0 (7.9) 

Equation (7.9) can also be written in the form: 

22 2 w 
- (Ix + Iy) + k21lEll 


w2 

Ixly + k21lE12 


w2 

Ixlz + k21lE13 


(7 . 10) 

Equation (7.9) is the ovbc analogue of the Christoffel ɳquation (2.48) 
and consists of the propagation matrix , which depends on 1, a matrix that 
defines the symmetrical properties of the material, E, and a field vector E. 

Like the Christoffel matrix , the propagation matrix for electromagnetic 
waves is symmetric. In the form of (7 . 10) , it contains the frequency and 
propagation constant terms explicitly, because in the acoustic wave equa­
tion the stiffness matrix is included in the gradient and divergence operator 
matrices (the spatial derivatives), whereas in the electromagnetic case the 
permittivity matrix is included in the time derivatives. 
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The components of the permittivity matrix define the propagation 
characteristics of the electromagnetic wave, as compared with the com­
ponents of the stiffness matrix, which determined the propagation of acous­
tic waves. Because the permittivity is a symmetric 3 x 3 matrix, the 
maximum number of independent components is six. The number of in­
dependent components depends on the symmetry class. Equation (7. 10) 
defines the propagation characteristics for the most general symmetry (tri­
clinic) , which contains all six independent permittivity components . Al­
though it is, in principle, possible to write the (acoustic) Christoffel matrix 
for the triclinic symmetry, its form would be quite complex. For symmetry 
classes containing fewer independent components, the form of (7. 10) re­
mains the same but some of the permittivity terms vanish . A comparison 
of the stiffness and permittivity matrices is given in Table 7 . 1 .  

Table 7.1 Number of Independent Components 

Symmetry Class Permittivity Matrix E Stiffness Matrix c 
Isotropic 1 2 

Ell = E22 = E33 
eij = 0, i 4= j 

Cubic 1 3 
(same as isotropic) 

Hexagonal 2 5 
Ell = E22 

Eij = 0, i i=j 
Tetragonal 2 6 or 7 

(same as hexagonal) (dependent on class) 
Trigonal 2 6 or 7 

(same as hexagonal) (dependent on class) 
Orthorhombic 3 9 

Eij = 0, i4=j 
Monoclinic 4 13 

El2 = 0 
Triclinic 6 21 

Because we consider only symmetry classes up to the orthorhombic 
class , we require that E be diagonal . In the monoclinic and triclinic sym­
metries, E can be put into diagonal form by a symmetry transformation (a 
rotation of coordinates). An important simplification in E over c is that 
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the cubic symmetry is optically isotropic. The reason is that the "rank" of 
E (3 x 3) is lower than the rank of c (6 x 6) . Thus, if the three principal 
axes have the same value of permittivity (e.g. ,  Ell)' then the projection of 
this value onto any other direction is also Ell and the matrix collapses to 
a scalar. 

We now consider propagation in the xy plane. If we assume that the 
permittivity is diagonal,  (7.10) reduces to 

-/2
--

y 
+E22E33 

lxly 
EllE22E33 

o o 

o Ey == 

(EllE22E33) 

0 (7.11) 

The upper-left position of the Christoffel matrix (corresponding to an x­
polarized acoustic wave) always contains a component of the propagation 
direction Ix multiplied by ell, which corresponds to the longitudinal mode. 
As a consequence of the curl relations in (7.6), the upper-left position of 
(7. 1 1) does not contain an Ix propagation component, and thus longitudinal 
modes are not present in electromagnetic waves. For an x-propagating 
wave, (7. 11) reduces to 

w2 
0k2� 

0 
- 1  w2 - +En 

0 0 

0 

0 
- 1  w2 
-+�-E33 k2 

Ex 

Ey == 0 (7 . 12) 

Ez 

There are two propagating waves, one polarized in the y direction 
and one in the z direction, with velocities, 

1 
v -­

p 
- (Ey-polarized wave) 



�1LE.1l 

¢fLE.22 
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(Ez-polarized wave) 


Both waves are (in acoustic terminology) pure shear waves because they 
are polarized normal to the direction of propagation.  

Similarly, for y- and z-propagating waves, we can easily find the two 
orthogonally polarized waves: 
y-propagating: 

(Ex-polarized) 


(Ez-polarized) 


z-propagating: 

v 
1- -­- (Ex-polarized) 

p 

v 
1­-- (Ey-polarized) 

p 

For cubic and isotropic symmetries: 

All velocities are equal, and there is a "shear degeneracy" for all propa­
gation directions (the slowness and velocity curves reduce to a single 
circle) .  In the tetragonal, hexagonal, and trigonal symmetries: 

Finally , in the orthorhombic sysem: 

Comparing the x- and waves, we note that the z-polarized 
modes have the same velocity (1/ fLE.33), but for the orthorhombic classes 
the velocity of the second mode depends on the propagation direction. 
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Recall that, in the acoustic case, for cubic symmetry in the principal 
planes there was a velocity-independent mode (the pure shear mode) and 
a second mode (the quasishear mode) in which the functional relationship 
between velocity and propagation direction was quite difficult to express 
in closed form. In the electromagnetic case, the form of the propagation­
direction-dependent mode is simply an ellipse in all principal planes. We 
can derive expressions for the velocity in closed form by returning to (7. 1 1) .  
We require that the determinant of the coefficient matrix vanish. Thus, 

(7 . 13) 

(7.13) is the product of two terms that must be zero independently . 
The first term is the equation of a circle: 

Ii ILE33 -

= 

1 
=-=--P 

+ I; = 
2 

a circle of radius � � 

because Ii + I; 1 .  The phase velocity is simply, 

v 
w 

(7. 14) k VlLE33 

and is independent of direction. This mode is called the ordinary mode . 
It is polarized in the z direction (and thus depends on E33) for all Ix and
Iy, and thus (in acoustics terminology) a pure shear mode. In the xz plane, 
the formulation is identical except that E33 - E22 and the polarization of 
the ordinary mode is in the y direction. Similarly , in the yz plane the 
ordinary mode is x-polarized (see Figure 7 . 1) .  For the second term in 
(7 . 13), we write 

1;/� - [(�:ILEI1)(;:ILE22) + I;l" - l" ;�ILE22 - Ii ;�ILEl1] 

1";�ILE22 + li;�ILEll (;�ILEl1)(;�ILE22) = (7 .  15)0 
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Figure 7.1 	 Optic velocity curves for uniaxial crystal: (a) xy plane, Rl is 
proportional to E.lill2 and R2 is proportional to E.j3112 , (b) yz 
plane, the z-axis is the optic axis. 
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Equation (7.15) has the form: 

(7 . 16) 
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where 


This mode, in which the velocity depends on the propagation direction, is 
called the extraordinary mode. Like the slow shear mode for cubic sym­
metry in the principal planes, this mode is a quasishear mode and thus 
has a velocity component in the direction of propagation. It is a pure shear 
mode only for propagation along the principal axes (unlike the acoustic 
quasishear mode in cubic symmetry, which is also a pure mode at 45° to 
the principal axes). The form of (7. 16) is elliptic, which is similar to that 
of the phase velocity of the pure shear mode in the orthorhombic symmetry 
in the principal planes (or the tetragonal symmetry in the yz or xz planes) . 
If the permittivity contains off-diagonal terms (monoclinic and triclinic), 
then (7. 16) is modified to a rotated ellipse similar to the case of the pure 
shear mode in the yz plane for trigonal symmetry . 

Note that if Ell = E22, then the ellipse degenerates into a circle of 
radius (k/Ul)(lI'v�) in the x-y plane. The slowness curves in this case 
consist of two concentric circles. When the three permittivity components 
are equal (isotropic and cubic symmetries), the two circles have identical 
radii and there is only one slowness curve, analogous to a shear degeneracy 
for all propagation directions (which occurs in the acoustic case only for 
isotropic symmetry) . 

In the xz plane, the phase velocity dependence for the extraordinary 
mode has the form: 

where 

(7 . 17) 


Again, in the cubic and isotropic symmetries, the velocities are equal for 
all propagation directions. For the hexagonal, trigonal, and tetragonal 
symmetries, however, the slowness curves consist of a circle and an ellipse. 
For a z-propagating wave in these symmetries, the velocity of the extra­
ordinary mode is 
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which is identical to the ordinary mode velocity (because Ell = E22) . This 
direction, in which the velocities of the two modes are equal (a shear 
degeneracy), is called the optic axis. Symmetries with one optic axis (hex­
agonal, trigonal, and tetragonal) are called uniaxial. If all permittivity 
components are different (orthorhombic, monoclinic, and triclinic sym­
metries), the extraordinary mode is an ellipse in all planes. It can intersect 
the ordinary mode in two axes (or not at all). If the velocities of the two 
modes do cross, the axes of intersection (the propagation directions i) are 
the optic axes. Because there can be either two or no intersections, these 
crystals are called biaxial. These results are summarized in Table 7.2. 

Table 7.2 

Symmetry xy Plane xz Plane yz Plane 


Isotropic 
Cubic 
Hexagonal 
Trigonal 
Tetragonal 

Orthorhombic 

One circle in all planes 

Two concentric One circle, One circle, 
circles one ellipse, one ellipse, 

intersect at intersect at 
z-axis z-axis 

One ellipse and one circle in all planes two 
intersections, neither of which is the z-axis 

Recall that for acoustic modes, the particle velocity and displacement 
vectors are parallel because v = Ii. For optic modes, the polarization is 
defined as the direction of the electric field, because D and E are not 
para!lel. To determine the relationships between the electrical variable 
and I, we write Ampere's law in differential form: 

aD . aD 
v x H = -- or 1 x H = -- (7. 18) 

at at 

Equation (7. 18) states that the propagation vector (in the direction of 
energy propagation) i is normal to the displacement D. 

Now consider the Poynting vector: 
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P =  ExH 	 (7 . 19) 

Equation (7. 19) implies that the ray vector is normal to both E and H. 
That i is normal to B can be seen from (7. 1) .  Because B is parallel to H 
(f.L is a scalar), i is normal to H. Thus E, D, P ,  and i are normal to H (and
B) and are thus coplanar. We have already shown that E is not necessarily 
normal to i (for the quasimode). Because P is always normal to E (from 
(7. 19», it is not generally normal to D (because D is not parallel to E) . 
These facts are summarized in Figure 7.2.  Note that the angle a depends 
on the propagation direction and is always zero for the ordinary mode. In 
acoustics terminology, we say that the power flow angle for the extraor­
dinary mode depends on i, but for the ordinary mode the power flow angle 
is identically zero. Table 7.3 summarizes the properties of optic and acous­
tic modes . 

Figure 7.2 	Relation of the electromagnetic fields in an anisotropic crystal. 
The angle depends on the degree of birefringence (aniso­a 

tropy), but is usually only a few degrees. 

Table 7.3 Comparison of Optic and Acoustic Modes 

Acoustic Modes 	 Optic Modes 


Polarization is defined as Polarization is defined as direction 
direction of particle displacement of electric field 
Three orthogonal polarizations Two orthogonal polarizations 
Generally difficult to express Closed-form expressions 
velocities in closed form (circles and ellipses) 
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Modes are generally neither Both modes are shear; one is 
parallel nor normal to i pure, the other quasi 
(all modes quasi) 
Directions exist for which beam is No self-collimating directions exist 
self-collimating 

7.3 COMPUTER-AIDED SOLUTION OF OPI'ICAL MODES 

The optical propagation matrix (7. 10) is easily adaptable to computer 
solution for the velocities, inverse velocities (slowness) , and polarizations 
of the permitted modes. For each propagation direction, there are two 
modes: one a pure shear, the other a quasishear. The form of the program 
is identical to the acoustic case. For a nonmagnetic crystal of symmetry 
up to and including the orthorhombic classes, the data consist of three 
numbers (the three permittivities along the principal axes) . We write the 
3 x 3 "Christoffel" matrix directly following the form of (7. 10) without 
the more sophisticated analysis required in the acoustic case. The remain­
ing part of the program is identical to the acoustic case; the roots of the 
characteristic equation are the velocities of the eigenmodes. A

For a given I, there is always one pure mode (called the ordinary 
mode) . The deviation angle of the quasi (extraordinary) mode is deter­
mined exactly as in the acoustic case . Like acoustic propagation ,  the po­
larization of the extraordinary mode is in a plane with normal parallel to 
the ordinary polarization .  At 45° from a principal axis, the deviation is 
maximum. This behavior is similar to the deviation of the acoustic pure 
mode in tetragonal symmetry in the yz plane (for which the slowness also 
has an elliptic shape) and unlike the deviation of the quasishear mode in 
cubic symmetry, which is zero at 45°. The deviation angle for the extra­
ordinary mode is, however, quite small compared with acoustic angles, 
being rarely greater than 3° except for extremely anisotropic crystals. For 
example, in the yz plane the maximum deviation of the extraordinary mode 
for LiNb03 (which is relatively anisotropic) is about IS at .633 IJ-m. 
Because the permittivity components vary with wavelength, the deviation 
angle also depends on wavelength. 

Power flow angle and ray surface curves are determined in precisely 
the same manner as in the acoustic case. Again, because of the small optic 
anisotropies, power flow angles are generally quite small compared with 
the quasishear acoustic mode. Similarly, to a resonable approximation the 
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ray surface curves resemble circles. Because the shape of the extraordinary 
mode slowness curve is only slightly elliptic, the value of b (from (3. 16» 
is generally very close to zero; hence, there are no collimating directions, 
and focusing relies entirely on the presence of controlled inhomogeneities 
(Le.,  variations of the permittivity with position). 

7.4 THE INDEX ELLIPSOID 

For propagation in isotropic or cubic crystals, there is only one (pure) 
shear mode; in all other classes, there are two propagating shear modes: 
one pure (called the ordinary mode), and one quasi (called the extraor­
dinary mode) .  Thus, although the crystal properties require a maximum 
of six numbers (the components of the permittivity matrix), the propa­
gation is described by two numbers (the roots of the characteristic equa­
tion). This behavior is qualitatively similar to the acoustic case in which 
the crystal is described by a maximum of 21 numbers, but the propagation 
characteristics are described by 3. Because of the relatively simple form 
of (7.10) (compared with the acoustic propagation) ,  it is possible to derive 
an alternative formulation of the propagation of electromagnetic waves in 
anisotropic media. The formulation involves only one surface, called the 
index ellipsoid, which encompasses all the necessary information of the 
two optical modes. It involves the orthogonal triad 01, 02, and i (7. 18) , 
where 01 and Û are displacement vectors of the propagating modes. The 
index ellipsoid has no analogue for bulk acoustic modes. 

To form the index ellipsoid, consider the electric energy density in 
an electromagnetic wave with symmetry up to orthorhombic (only three 
independent components of U): 

1
UE = -E·O

81T 

(7 .20) 

where the values of n are the indices of refraction along the principal axes, 
(7.20) becomes 

If we let 

= (EllEi + E22E; + E33E=)
1 (Di D; D?)= 

81T Ell + E22 + E33 
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nQ 

1 ( D; )Di D7
UE= - - + - +- (7.21)87l' nI nM nN 

We now make the substitutions: 

Dx Dy 
x= -UE Y 87l" - - UE 

and (7.21) becomes 

2x / ;-
1=-+-+- (7.22)

ni nO nN 

Equation (7.22) is the equation of an ellipsoid (in three-dimensional 
space) and is called the index ellipsoid or, simply, indicatrix. In the present 
case (diagonal permittivity) , the axes of the indicatrix are located along 
the principal coordinate axes; if the permittivity possesses off-diagonal 
terms, the indicatrix would be rotated in the Cartesian system. Note that 
the n values are scalars, and the E values are components of the permittivity 
matrix. If the crystal is uniaxial, Ell= E22 for hexagonal , trigonal, and 
tetragonal symmetries and the indicatrix becomes an elIipsoid of revolution 
(about the optic or z-axis) for these classes. Formally, we write 

(7.23) 

no is called the ordinary index of refraction, and ne is the extraordinary 
index. The ordinary and extraordinary polarizations can also be con­
structed from the index ellipsoid [1]. 

To understand (7.23), let the propagation vector i lie in the yz 
plane. There are two modes and thus two D vectors that are normal to i. 
The two roots are simply the intersections of these vectors with the indi­
catrix . One of the intersections is along the x-axis and has the phase velocity 
c!no, where c is the velocity in vacuup. This is the ordinary mode. The 
other intersection (which depends on 1) is shown in Figure 7.3 and is 

cos2(e) sin2(e) 1--- + --=-- (7.24) 

where r-no= ɲEll= ','E22 and ne= '1 E33 

nP 
 nQ(6) 


http:1=-+-+-(7.22


n. 

--------4---------Ę--------ė------Ė y  n" 

z 

D, 

Figure 7.3 The index ellipsoid in th yz plane for a uniaxial crystal. For 
a propagation direction 1 along the z (optic) axis ne(e) = no 
and Ih is oriented along y. 
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where e is measured from the optic axis. At e = 0, ne(e) = no as expected. 
We should be careful not to confuse ne(e) (which is a root of the charac­
teristic equation) with ne, just as we should not confuse the roots of the 
Christoffel equation with the individual stiffness components. The phase 
velocity of the extraordinary mode is clne(a). 

.e 

An alternative form of (7.22) is 

where Bu, B22, and B33 are components of the impermeability matrix and 

(7.25) 
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Written in form of (7 . 25), the impermeability matrix B can possess off­
diagonal terms. The off-diagonal terms have so far not been required in 
the description of the propagation characteristics (because we deal with 
systems up to orthorhombic) , but such terms can appear even in the iso­
tropic system if the index ellipsoid is perturbed by the presence of electrical 
or mechanical fields. The only requirement here is that B be symmetric 
(i.e . ,  possess six independent terms) . Equation (7 . 25) is modified to ac­
count for these terms; we write 

or, in summation notation, 

i = 1 to 3, j = 1 to 3 (7.26) 

where Xi = X, X2 = y, and X3 = z. 
In (7.26), the components of B are written in the single subscript 

notation as 

Formally, (7.26) can be written as 

f:B:r = 1 

7.5 PERTURB A TIONS TO THE INDEX ELLIPSOID 

An electric field or a mechanical stress causes the indices of refraction 
to change. We describe the perturbed index ellipsoid by breaking the 
impermeability matrix into two components; for the unperturbed index, 
we write 

!ltXiXj = 1 (unperturbed state) (7. 27) 

where � are the unperturbed impermeability components. Usually BO will 
not have off-diagonal terms if we consider symmetry classes up to or­
thorhombic. 
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If an electrical or mechanical field is applied, there is a perturbation 
term that generally will involve all six impermeability components: 

where 

(7 .28) 

(7 .29) 

The rijk are called the electro-optic coefficients , and the 'ITijkl are the piezo­
optic coefficients. The perturbation also changes the optic slowness curves 
in much the same way that piezoelectricity changed the acoustic slowness 
curves. Indeed, we can think of the optic slowness curves as being "electro­
optically" or "piezo-optically" stiffened (the stiffening can be positive or 
negative) .  It is more convenient, however, to use the index ellipsoid for­
malism than the two optic slowness curves.  

We now examine each of the terms in (7.29) separately. The electro­
optic coefficients couple a 3 x 1 vector (E) to a 3 x 3 matrix B; this 
coupling requires 33 components. This situation is identical to the one we 
encountered in our discussion of piezoelectricity, in which an electric field 
(3 x 1 vector) couples to a stress or strain matrix. Because the perturbed 
impermeability matrix , like the stress or strain matrices , is symmetric, 
there must be interchange symmetry between i and j: 

I = 1 to 6 

We can therefore write the electro-optic coefficients in the form of a 
6 x 3 matrix with, in general, 18 independent components; the precise 
number of independent components is determined by the symmetry class . 
As in piezoelectricity the electro-optic matrix vanishes for those symmetry 
classes that possess inversion symmetry. Indeed, for all classes the form 
of the electro-optic and piezoelectric matrices are identical because both 
are derived from the fundamental symmetry operations of each symmetry 
class (Neumann's principle) .  
Example 7.1. Electro-Optic Effect in GaAs. The form of the electro-optic 
matrix is (compare this form with the piezoelectric matrix for GaAs) 

0 0 0 
0 0 0 
0 0 0 

rlk 
r41 0 0 
0 r41 0 
0 0 r41 

(7 .30) 
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(7 .35) 

The unperturbed indicatrix for GaAs is simply a sphere (cubic symmetry) : 


(7.31) 


The perturbation due to an electric field is 


(7 .32) 


The impermeability components (such as permittivity) are dimensionless , 
so the units of electro-optic components are the inverse of the electric field 
units, or mN. If we assume that the electric field is z-directed, we have 
(from (7.23) and (7.30» 

ABJ = rlkEk 

0 0 0 0 0 
0 0 0 [1] 0 0 

ABJ = 
0 0 0 0 0 (7.33)r41 0 0 0 0 
0 r41 0 0 0 
0 0 r41 r41Ez AB6 

The form of (7.33) would be similar had we applied an x- or y-directed 
field (for Ex we would have AB4 and for Ey, ABs). Alternatively, we write 
AB as 

0 
r41Ez 

0 
2 

ABij = 
r41Ez 

0 0 (7 .34) 
2 

0 0 0 

Because the perturbation involves B6 = B12, the perturbed indicatrix is 
written as 

1-(x2 + i + z2) + r41Ez xy = 1 
n< 

t

unperturbed component perturbation 


The form of (7.35) is no longer a sphere. By introducing a cross term in 

the index ellipsoid, the electric field has created a birefringence (anisotropy) 
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1 (7.40) 

in an optically isotropic crystal; the magnitude of the anisotropy depends 
on the matrix component '41 and the strength of the electric field. We will 
return to this example later. 
Example 7.2: Electro-Optic Effect in LiNb03. The form of the electro­
optic matrix is (compare this form with the piezoelectric matrix for 
LiNb03) 

0 -'22 '13 

0 '22 '13 

0 0 '33
= (7 .36) 'lj 0 '51 0 

'51 0 0 

-'22 0 0 


Because LiNb03 is trigonal , the unperturbed indicatrix is an ellipsoid of 
revolution about the z- (optic) axis: 

(7.37) 

From (7.29), the presence of an electric field causes a perturbation in the 
impermeability matrix: 

l = l t0 6 (7.38) 

As in Example 7 . 1 ,  we apply the electric field in the z direction. 

E = Ezi 

Then, from (7.36) the perturbation becomes 

'13Ez 
'13Ez 
'33Ez (7.39) o 


o 

o 


The perturbed index ellipsoid is 
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(7.43) 

In this case, the form of the birefringence has not changed (the crystal 
remains uniaxial and there are no cross terms) , but the magnitude of the 
indices now depends on the electric field. If the perturbations are small 
compared with the unperturbed indices, the new indices are written as 

and 

(7 .41) 


7.6 THE PIEZO-OPTIC EFFECT 

A stress changes the index ellipsoid in much the same way that an 
electric field does. Unlike the electro-optic effect, the piezo-optic or pho­
toelastic effect exists for all symmetry classes because it results from a 
coupling between two 3 x 3 matrices (water, for example, possesses a 
particularly strong piezo-optic effect). From (7.29), we write 

Because a Bij and Tkl are symmetric, (7.42) simplifies to 

(7.42) 


where 1TIK is called the piezo-optic matrix. 
The piezo-optic matrix is identical to the form of the stiffness matrix , 

which also couples two 3 x 3 symmetric matrices. For stiffness (and com­
pliance) matrices, however, we showed from energy consideration that 

CIK = CKI and SIK = SKI 

This symmetry condition reduced the maximum number of independent 
components from 36 to 21. Unfortunately, no such condition exists for the 
piezo-optic matrix. As always, the symmetry of a particular class deter­
mines the precise form of the piezo-optic matrix, but in general its form 
will be somewhat more complex than that of the stiffness matrix . For 
example, the piezo-optic matrix in the triclinic system possesses the full 
36 possible independent components, and the monoclinic has 20. Although 
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not of direct interest, we note that a quadratic electro-optic effect exists, 
in which �B is proportional to the product of electric fields. This effect, 
like the piezo-optic effect, exists for all symmetries. The coupling matrix 
requires 34 components and thus has the same symmetry as the piezo-optic 
and stiffness matrices . 

Because the piezo-optic matrix couples the impermeability to stress, 
it is usually used for static situations. When dealing with acoustic waves, 
we will find it more convenient to work with the strain matrix, because it 
is related to the particle displacement (acoustic polarization) . This situation 
is analogous to the acoustic case, where we defined two related matrices: 
the piezoelectric strain matrix d (for static problems) and the piezoelectric 
stress matrix e (for acoustic waves) . The choice of which is used in a 
particular problem depends on whether the stress or the strain is chosen 
as the independent variable. We write 

(7 .44) 


The components of the impermeability matrix are dimensionless. 
Hence the units of the piezo-optic matrix 1T are m2/N (the inverse of T). 
From Hooke's law, 

Substituting this relation into (7.44), we get 


(7.45) 


From (7.44) , 

Pijrs = 1TijkJC klrs 

or 

I, K, and R = 1 to 6 (7 .46) 

where PIR is called the photoelastic or strain-optic matrix, similar to the 
piezo-optic matrix: PIR =F PRJ. Because the components of the imperme­
ability B and strain S matrices components are dimensionless, the com­
ponents of the photoelastic matrix are also dimensionless. 
Example 7.3: Piezo-Optic Effect in a Cubic Crystal We calculate the 
change in the indicatrix due to the application of a static stress in GaAs 
(class 43m). The form of the piezo-optic matrix is derived by using Neu­
mann's principle and is 
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'lT11 'lT12 'lT12 0 0 0 

'lT12 'lT11 'lT12 0 0 0 

'lT12 'lT12 'lT11 
 0 0 0 

(7. 47)D= 0 0 0 'lT44 0 0 
0 0 0 0 'lT44 0 
0 0 0 0 0 'lT44 

Note that for this particular case, the matrix is symmetric and there are 
three independent constants (this is due entirely to the symmetry of the 
43m class). We apply a longitudinal stress in the z direction: 

The unperturbed indicatrix is given by (7. 31) (a sphere) . The per­
turbation is given by (7.44): 

A.Bij = 6.B1 = 'lT1KTK 

with TK = T3 and 

A.Bl 'lTll 'lT12 'lT12 0 0 0 0 

A.B2 'lT12 'lT11 'lT12 0 0 0 0 

A.B3 'lT12 'lT12 'lT11 0 0 0 T3 
(7.48)

A.B4 0 0 0 'lT44 0 0 0 

A.Bs 0 0 0 0 11"44 0 0 

6.B6 0 0 0 0 0 11"44 0 

Performing the matrix multiplication, we find 

The perturbed index ellipsoid is 

In general , 11"11 4= 11"12, so (7. 49) is the equation of an ellipsoid of revolution 
about the z-axis. The effect of z-directed stress is to create a birefringence 
in the crystal proportional to the magnitude of the applied stress, thus 
transforming the cubic GaAs into a uniaxial medium. Note the similarity 
between (7. 49) and (7. 40) (z-directed electric field in lithium niobate). If 
the perturbation is small, the new indices are 
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(for the x- and y-axes) 


(for the z-axis) (7.50) 


where no is the unperturbed index of refraction. 
For the cubic classes 23 and m3, 1T12 0/= 1T13 and the application of a 

stress T3 would have resulted in a biaxial anisotropy. Examples of such 
materials are bismuth germanium oxide, bismuth silicon oxide, and hy­
drogen sulfide. For GaAs, the birefringence is (defined as the difference 
between the ordinary and extraordinary indices) 

(7 .51) 


As in Examples 7 . 1  and 7 .2, the magnitude of the anisotropy depends 
on the strength of the stress T3. To get a quantitative feel for the anisotropy, 
we substitute values into (7 .51) .  It is usually easier to find the components 
of the photoelastic matrix in tabulated form, so we convert the 1T com­
ponents to p components, using (7.46): 

p = D:c 

Multiplying on the right by the compliance s gives 

(7.52) 

but 

p:s = D:c:s (7.53) 

c:s = s:c = I 

so 

n = p:s (7.54) 

We need 1T1l and 1T12; for GaAs (recall that photoelastic components 
are dimensionless); 

Pll = - .165, P12 = . 14, P44 = - . 072 -
SIl = 12.6 X 10-12 m2IN, SI2 = -4.23 X 10- 12 m2IN, 

S44 = 18.6 X 10-12 m2IN 
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From (7.54); 

1Tll= � 
6 

PI,S,I= PllSIl + P12S21 + PI3S31 - - 9.2 X 10-12 m2/N
I 

Similarly , 

Note the difference in magnitudes between the piezo-optic and photoelastic 
components. The unperturbed refractive index of GaAs at 1 .06 /-Lm 
(Nd: YAG laser) is approximately 3.4, and thus the birefringence is (from 
(7 .51)) 

A birefringence of 10-3 (a relatively small but potentially useful value) 
requires that 

T3= 3.1 X 107 N/m2 or 4400 psi 

For a typical device area A (5 mm x 5 mm cross section), the required 
force is therefore 

F= T0 78 kg = 
We conclude that it takes a relatively large static force to produce even a 
small birefringence. 

7.7 POLARIZATION ROT A TIONS 

Next, we consider the case in which the perturbed index ellipsoid 
contains "cross terms."  Returning to the example of the electro-optic effect 
in GaAs (the results are equally applicable to the piezo-optic effect), we 
rewrite (7.35): 

Equation (7.35) has the form: 
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where 

(7 .55) 


is the symmetric matrix given by [SO flB 0 ]
B = flB SO 0 

o 0 SO 
We need only consider the part of (7.55) that contains the "off-diagonal" 
terms: 

1 (7.56) [x Yl[� <][;] = 

Equation (7.55) has the form of an ellipse that is rotated by 45° in 
the xy plane. As the perturbation decreases , the rotation angle does not 
change but the major and minor axes of the ellipse converge (it becomes 
more circular) . Because the rotation angle is 45°, (7.55) is easy to diagon­
alize. Recall that a symmetric matrix transforms according to (1 .81) :  

B' = R:B:R 

where R is an orthogonal rotation matrix. Because R is orthogonal: 

In this example, we let R be the 45° rotation matrix about the z-axis: 

- .! [1 1]R - !2 - 1 1 

Equation (1 .81) becomes 

- 1 1
R:B:R = '2 [1 

= � D 
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(7. 57) 

(7.59) 

Ex = A e -j(wr-kz) = A e -j(wl- nozlc) 

From the form of (7. 59), we see that all the principal axes have 

We apply the matrix R to the perturbed index ellipsoid: 

' Solving (7. 57) for x and y in terms of x and y' and substituting into (7.55), 
we obtain 

1 (7.58) 

The x'- and y' -axes are oriented at 45° with respect to the x- and y-axes, 
as shown in Figure 7.4. The form of the indicatrix is 

where 

different indices, and thus the field has transformed the optically isotropic 
GaAs into a biaxial crystal. Equation (7.59) defines the eigenmodes of the 
perturbed index ellipsoid as the principal axes of the perturbed ellipsoid. 
An optic wave propagating in the crystal and polarized along one of the 
principal axes, for example the x' -axis, will remain polarized along x'. A 
wave not polarized along with one of these axes undergoes a rotation in 
its polarization. To show this, we refer to Figure 7. 4. We consider a z­
propagating optic wave that at z = 0 is linearly polarized along the x-axis 
(which is not an eigenmode) : 

(7 .60) 


We decompose this field into the "eigenmodes" that lie along the 
principle directions x' and y': 



�------------�y 

C'7T 
z' (7.62) 

= 0 

x 

x' 

y' 

z 

Figure 7.4 	Relation of the rotated and unrotated coordinate systems for 
index ellipsoid with cross terms (see (7. 58)).  At z = 0, the 

z' electric field is oriented along x, whereas at z = it rotates 
to y. 
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A -j(WI- n -zlc) -Ex' = e x 
J2 	 (7.61) 
A -j(wl-n/zlc)Ey' = e-
J2 

which are valid at z = 0 and where nx' and ny, are given in (7. 59) . Clearly, 
at z = 0 the two waves are in phase and add to yield Ex. As they progress 
through the crystal , they move out of phase because their velocities are 
different (nx' "* ny')' The y component (which was initially zero) grows at 
the expense of the x component. When the waves are '7T radians out of 
phase, the x component is zero. The corresponding position (z) is (from 
(7.59) 

' For a birefringence of 10-3, a typical value of z would be 1 mm. 
Whenever there is a cross term in the index ellipsoid, a propagating optic 
beam will always experience a polarization rotation. In acoustic wave 
propagation, the same phenomenon occurs when a wave propagates in a 
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direction in which there are two shear modes with different velocities, as 
we have already noted in Chapter 2. If the acoustic signal is a short pulse, 
because of the large fractional difference in velocity, it may spread sig­
nificantly or even separate into two pulses. In optic propagation, pulse 
spreading occurs only over long distances, such as would be encountered 
in an optic fiber. 

From the form of (7.26), it should be clear that cross terms require 
the presence of the perturbation terms I1B4, I1B5, or I1B6. In the electro­
optic effect, the form of the r matrix and the direction of the electric field 
determine their presence. Each symmetry must be studied individually. In 
gallium arsenide, e.g., an arbitrarily directed electric field results in cross 
terms in the index ellipsoid, whereas in lithium niobate an x-directed field 
produces cross terms, but a z-directed field does not. 

The form of the piezo-optic matrix is similar to the stiffness matrix 
(without the off-diagonal symmetry). For the isotropic, cubic, hexagonal, 
and orthorhombic classes, the general form is given in (7.48) (the relations 
between components depend on the particular class). In these classes , it 
is clear that only a shear stress will result in the presence of cross terms 
(through 'TT44, 'TTS5, or 'TT66)' In the tetragonal classes 4 and 4/m , the form 
of the piezo-optic matrix is given by (2.99). The presence of the terms 'TTS! 
and 'TT6! couple longitudinal stresses T! and T2 to 11 B6. In the important 
class 4mm, these terms are not present, and thus only shear stresses cause 
cross terms. The form of the piezo-optic matrix for trigonal classes (3m, 
32, and 3m )  is given by (4.56). In this symmetry, the presence of'TT4! and 
'TT42 couple the stresses T! and T2 to the perturbation 11 B4. We will inves­
tigate these coupling terms further in Chapter 9. 

If the electric field varies with time, the index ellipsoid will likewise 
have a time-dependent component. In Example 7.2, the major axis of the 
ellipse will "vibrate" at the electric field frequency. In Example 7 . 1 ,  the 
rotation of the optic polarization will vary at the external field frequency. 
This phenomenon can be used to modulate an optic wave. Modulators 
have been fabricated at frequencies up to 5 GHz by using this effect. 
Similar effects occur with mechanical stresses in which sinusoidal longi­
tudinal stresses generally result in "pulsating" ellipsoids, and sinusoidal 
shear stresses result in a modulated optic beam. 

Acousto-optics refers to the situation in which the perturbation to 
the index ellipsoid is due to the presence of an acoustic wave. In this case, 
it is convenient to use the strain as the independent variable (because 
strain is directly related to the acoustic polarization-i. e . ,  the particle 
velocity) . Thus, we prefer the photoelastic matrix over the piezo-optic 
matrix, although it is possible to use the piezo-optic matrix if the stress 
associated with the acoustic mode can be determined. The presence of a 
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strain wave causes a spatially periodic perturbation to the optic wave. 
Because the optic velocity is five orders greater than the acoustic velocity, 
the acoustic wave is stationary during the time it is traversed by the optic 
beam. The situation is analogous to the perturbation of an x-ray due to a 
periodic array of atoms. The perturbation of the index ellipsoid is described 
by the photoelastic matrix, which generally increases the birefringence of 
the medium. In this case, however, there is an additional effect that couples 
energy out of the incident beam and into a diffracted beam, with the 
strength of the perturbation determining the degree of energy extracted 
from the main beam. Cross terms in the perturbed index ellipsoid (caused 
by the wave) result in rotations as in the static case, with one important 
difference, which will be clarified later. The quantitative description of the 
coupling requires the theory of coupled mode theory. 

7.8 COUPLED MODE THEORY OF 
ACOUSTO-OPrIC INTERACTION 

The previous example showed how one particular mode grows at the 
expense of another. In general, an incident mode will be transformed in 
the crystal by the action of an electric field or an acoustic wave. Exiting 
the crystal are the incident and transformed beams, which may be de­
flected, frequency-shifted, or polarization-rotated, depending on the par­
ticular interaction. In this section ,  we consider the effect of the AlO 
interaction on an incident optic beam. Consider the usual unperturbed 
electromagnetic wave equation (4.35): 

Application of a strain changes the permittivity, as we have seen, so that 

E' = E + LlE (7.63) 

where Ll E is the perturbed permittivity (the Ll B) , which depends on the 
coupling of the perturbation with the photoelastic matrix. Equation (7.63) 
assumes that we have solved for the directional properties of the coupling. 
This situation is similar to the development of the Mason model, where 
we assume that the eigenmodes are known. Substituting (7.63) into (4.35) 
gives 

(7 .64) 
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We assume that there are only two significant modes: the incident 
mode and one diffracted mode. This assumption is called the Bragg as­
sumption and is generally valid at high acoustic frequencies and long in­
teraction lengths. An alternative formulation valid for short interaction 
lengths and low frequencies results in multiple diffraction orders (analo­
gously to narrowband FM modulation) and is known as the Raman-Nath 
effect. We do not consider this case. The interaction geometry is shown 
in Figure 7.5. 

z 

y
���----------------�æX 

Figure 7.S 	Interaction geometry for Bragg diffraction assuming small 
Bragg angle . Electric field intensity varies only with the x co­
ordinate . 

There are two electric fields: 

(7 .65) 

where 
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- £.(x) ĕ k-£ (x) (7.69) 

(7.66) 


E.t{r, t) !Eir)ei(blol-k.t·r) (diffracted wave) (7 .67) = 

In (7.66) and (7 .67), the spatial variable appears in the field amplitude as 
well as in the phase. Because we do not assume that the frequencies or 
propagation vectors of the modes are identical, we allow for the possibility 
of deflection and frequency-shifting. The acoustic wave (the perturbation 
in (7.64» is given by a strain wave (either longitudinal or shear) propa­
gating in the + z direction in an isotropic medium (the anisotropic case 
will be handled separately) . 

We further assume that the amplitudes of Ej and Ed vary only with 
x (the deflection angles are usual1y quite small even at very high frequen­
cies). For the incident wave, 

(7 .68) 

We also assume that the spatial variation of the mode amplitude is slow 
compared with the optical wavelength; in (7.68), 

d2 d 
Idx2 dx I.

Substituting (7.68) into (7.64) and using (7.69), we have 


(7 .70) 

Now, 




A f.L4.1E-e 

A "'Ee-j(Wit-kiX) 4.1.. 
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dx at

(7.74) 

so the term in brackets is zero. An expression similar to (7.70) exists for 
Ed. Using (7.65), we have for the total electric field: 

(7.71) 

-j(wr-kx)To generate an equation for Ej, we multiply (7 .71) by e ' '. 
Equation (7.71) becomes 

d d j«wrwi)t-kdX) a2E
2 

' '-] j - j - ]  d - de -j(w,t-k,x) (7 .72) 
k kE =
Edx 


The right side of (7.72) contains the acoustic perturbation term A E. Ex­
plicitly, this term can be written as 

(7 .73) 

where AEa is the wave amplitude, Ws is the frequency, and ks is the wave 
number of the acoustic wave. Note that the acoustic wave propagates in 
the + z direction. Substituting (7 .73) and (7.65) into the right side of (7.72) , 
we obtain 

AE j(w,t-k,z) -j(wit-k,x) 
= - e e2 

Inspecting (7.74), we note that the first term is a rapidly varying function 
of time and thus will always average to zero. The time variation of the 
second term vanishes if 

(7.75) 

Likewise, the time variation of the second term on the left side of (7.74) 
vanishes if 
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If Wj = Wd, however, the right side of (7.72) is identically zero, and thus 
there is no variation in either Ei or Ed. We conclude that the latter term 
is zero. 

Finally, the spatial variation of (7.74) can be written as 

(7.76) 

This spatial variation vanishes if 

(7.77) 

(7.78) 

Now, 

2
E = E,EO = n EO 

so 

(7.79) 

Substituting (7.75) and (7.77) into (7.72), we obtain 

-jWjlJ-fh 

4CfJ..E. 

Substituting (7.79) into (7.78), we get 
. . r-Ad -jWjlJ-DE,EOAn -jWj'lIJ-Eo n 

- Ej = Ed = 
2 

Ed
dx 

(7.80) 

Because 


1 
c = r-­).LEoy

we get 

(7.81) 



279 

Now. if in (7.71) we multiply by e -j(Wdt-kdX). we derive an equation 
similar to (7.81) but with Ed replaced by Ei (and vice versa). We obtain a 
set of coupled equations: 

(7 .82a) 


(7.82b) 


where 

Wi!n 
TJ= -- (7.83) 

2c 

Equations (7 .82a) and (7 .82b) describe the spatial evolution of the 
incident and diffracted optical beams. From (7.75), the frequencies of the 
two beams differ by the acoustic frequency; i .e . ,  the optical frequency is 
either up- or downshifted by Ws• from (7.77), the wave vectors of the two 
beams differ by the acoustic wave vector; i .e . , the diffracted beam is 
deflected by an angle proportional to the acoustic frequency and velocity , 
the Bragg angle . In addition, there are polarization rotations due to the 
possible presence of cross terms in the index ellipsoid. 

Differentiating (7.82b) and substituting (7.81a) gives 

d2 
- Ed = -TJ2Ed (7.84)
dx2 

Similarly , 

(7.85) 


The solution of (7 .84) is 

Ed(X) = A sin'T)X + B COS'T)X 

Similarly. for (7.83): 

Elx) = A' sin'T)X + B' cos'T)X 
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At x = 0: 

Eix) = 0 ---+ H = 0 

Also, from conservation of energy: 

E�(x) + Er(x) = Er(O) (7 .86) 

so that 

A ' = 0 and A = H' = Ei(O) 

Finally , 

(7.87) 

(7.88) 

From (7.87) , we see that the amplitude of the diffracted wave in­
creases sinusoidally as the beams interact with the acoustic wave. This 
increase is at the expense of the incident wave, which continuously de­
creases in amplitude. There is an exchange of energy between the two 
beams that continues until all the energy of the incident beam has been 
transferred to the diffracted beam. (The complete transfer occurs at x = 
1T/21].) Further increasing the interaction length (x) or acoustic perturbation 
( ae) causes the energy to actually transfer back from Ed into Ei• 

From (7.87) and (7.83), the ratio of the diffracted intensity to the 
incident intensity (at small diffracted intensities) is given by 

Idiff (wx )- = sin2 - an (7 .89) 
line 2c 

assuming COS21JX 1 .  It is useful to express this relation as a function of = 
the power in the acoustic wave. Equation (7 .51) relates a mechanical stress 
to a change in the refractive index: 

where 1T and T are the relevant piezo-optic and stress components. To 
change the independent variables to the photoelastic constant and strain, 
we use (7.54): 
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2 

Idiff . 2( .1TX 3 [ /a ]1
12) 

\ 2 A 
' 

. 
X n p  

(7.93) 

n = p:s 

and 

n:T = p:s:c:s = p:s 

Thus, 

(7.90) 

where S is the strain, which is related to the strain energy density Us by 
(1 .28): 

= 1 S2Us Z-C 

The intensity of the acoustic wave is 

Ia = VaUs = 
-Va cS2 = -% pS2 W 1m 2 2 

Finally, 

(2Ia)1I2S = (7.91)
p% 

Substituting (7 .91) into (7.89), we get 

n p -3 
- = 

line 
 sm 
 --=--

Sln 


pVa 

2

]1
2
/
1112)
a
6
2 ( 1T

--=--

, 2  A 
[- (7.92) 
= 
 p% 


In (7.92) , A is the light wavelength in the crystal: 

AOA = ­
n 

The figure of merit, 
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(7 .94) 


depends only on the material properties of the crystal and the geometry 
of the A/O interaction. The density p is a property of the crystal only 
while the refractive index depends on the crystal and the optic wavelength 
(this dependency is called dispersion). The acoustic velocity depends on 
the particular cut of the crystal and the acoustic mode that is excited (recall 
that shear mode velocities are usually significantly less than longitudinal 
velocities) . We can determine this velocity by solving the Christoffel equa­
tion. 

The photoelastic constant is the most difficult part of (7. 94) to de­
termine. It depends on the crystal material (the p matrix) , the crystal 
orientation with respect to the laser beam, its polarization ,  and the acoustic 
mode (longitudinal or shear). We will develop the tools and computer­
aided designs later to determine the photoelastic constant for a variety of 
A/O interaction conditions. It may be argued that a better name for M is 
the figure of merit for the A /O interaction. 

From (7.94) , it is clear that the larger the index of refraction the 
more efficient the interaction (the more light is deflected for a given acous­
tic power) . Because the efficiency also varies as A - 2 , shorter optic wave­
lengths are desirable. Unfortunately, most materials with high refractive 
index (GaAs, InP, Ge) do not transmit light below about 1 Il-m. An ex­
ception is GaP, which cuts off at about 633 nm (below the HeNe laser 
wavelength) and possesses an extremely high index (3 .3 at 633 nm) . For 
this reason, GaP is an extremely important A/O material . Acoustically, 
low velocity is important for high A /O efficiency. It would seem reasonable 
that shear modes should deflect light better than do longitudinal modes. 
The photoelastic constant of the shear interaction is usually significantly 
less than that for a longitudinal interaction, however. For an anomalously 
slow shear mode that occurs , for example, in tellurium dioxide , the effect 
of the slow velocity completely overwhelms the smaller p components, 
and the interaction is thus very efficient . Other trade-offs between acoustic 
velocity, bandwidth, and resolution will be investigated later. 

We have previously seen (7.35) that in certain electro-optic inter­
actions and in all photoelastic interactions involving shear stresses the 
polarization of an incident optic beam is rotated. The angle of rotation 
depends on the strength of the external field and the magnitude of the 
relevant electro- or piezo-optic constant. In an AID interaction, a shear 
wave in, say, a cubic crystal also results in the presence of cross terms in 
the index ellipsoid. The deflected beam is rotated, but at a fixed angle of 
9(}0. Even if the AID perturbation is weak (short interaction length and 
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low acoustic intensity),  the deflected wave will nevertheless be rotated by 
90°. We speak of a shear wave producing a polarizationjiipped interaction. 

A polarization flipped interaction is due entirely to the presence of 
a "cross" term (of the form of (7.35» in the perturbed index ellipsoid. 
Thus, it will occur in any symmetry (including isotropic and cubic classes) 
for shear waves and in trigonal classes for both shear and certain longi­
tudinal waves (due to the presence of PI4). Unfortunately, it is quite difficult 
to prove that a "cross" term in the index ellipsoid results in a polarization 
flipped interaction. A complete proof would involve not only the index 
ellipsoid but a vector form of the coupled equations (which contain the 
optic polarization explicitly) . Korpel gives a semiquantitative nonrigorous 
proof that is relatively easy to follow and provides insight into the nature 
of the interaction [6] . 

7.9 WAVE VECTOR DIAGRAMS FOR 
ACOUSTO-OPTIC INTERACTIONS 

A necessary condition for the existence of an A /O interaction is 
(7.77) : 

Equation (7.77) is a statement of the conservation of momentum. Note 
that (7.77) is a vector equation. For the light beams, 

The optic frequencies are related by (7.75): 


For a practical device, Ws = 108 to 1010, and the optic frequencies are about 
1015. Thus, it is clear that the magnitudes of the optic wave vectors are 
nearly equal if nj = nd. We differentiate between the incident and diffracted 
light indices with subscripts, because in a polarization flipped interaction 
(an acoustic shear wave) in a birefringent medium the two beams will have 
different indices. The condition that nj = nd implies that the medium is 
isotropic. The wave vector diagram for an AIO interaction in an isotropic 
medium is illustrated in Figure 7.6. Note that even though the magnitudes 
of the wave vectors are equal, their directions are not identical. 
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k. 

Figure 7.6 	Wave vector diagram for the isotropic Bragg interaction. Be­
cause the optic frequency is generally so much larger than the 
acoustic frequency, the magnitudes of the incident and dif­
fracted wave vectors are equal and the triangle is isosceles. 

We have 

(7.95) 

So the triangle is isosceles and 

(7.96) 

The Bragg condition follows immediately from (7.77) and (7.95): 

(7.97) 


where 8B is called the Bragg angle. 
Example 7.4: Find the Bragg angle at 1 GHz for a longitudinal (X) LiNb03 
at 633 nm (HeNe) . 

From (7.97): 

. ks sm(8B) = 	 (7 .98) 2k 
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ks = <.O s = 21T X 109 
= 9.56 X 105 m- 1 

The velocity of propagation Va is determined by solving the Christoffel 
equation. For the (x) longitudinal mode, Va = 6.57 X 103 mls. Even though 
LiNb03 is birefringent, this particular mode does not cause a polarization 
flip, and thus ni = nd. We will encounter a longitudinal mode in LiNb03 
that does cause a flip and for which the isotropic theory is not valid. The 
acoustic wave number is 

Va 6.57 x HP 

The optic wave number is 

21T 6 \k = - = . 10 m­9 9 x
Ao 

and the Bragg angle is (from (7 .97)) 

6 - . - \  ( 9.56 x 10-' ) -B - sm 5 50 

2 x 9.9 X 106 •
-


Note that this is the external Bragg angle and thus does not include the 
refractive index of lithium niobate . The internal Bragg angle is approxi­
mately 2S. The geometry of this interaction is shown in Figure 7.7. 

7.10 A/O INTERACTION IN A BIREFRINGENT MEDIUM 

In an anisotropic crystal, the wave vector diagram, in general , will 
consist of two optical modes, the ordinary and extraordinary waves. Recall 
that the ordinary wave is always a circle in the major planes, whereas the 
extraordinary wave can be a circle or an ellipse, depending on the crystal 
symmetry and the particular plane. The A/O interaction may occur with 
either mode , depending on the polarization of the laser. If, however, the 
interaction flips the laser polarization, then both modes participate . This 
situation is shown in the wave vector diagram of Figure 7.8. Note that in 
this case the indices are not equal . Thus the incident and deflected angles 
as well as the optic wave vector magnitudes are no longer equal. 

Our task is to derive relations between the incident and deflected 
Bragg angles, as functions of acoustic frequency and velocity, and the optic 
wavelength and indices. Referring to Figure 7.8, we apply the law of cosines 
to the main triangle : 
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sin(6j) = !!.. 

(7 .99) 

(7. 100) 

(7. 101) 

{COS2(ed) :� 
kd ]}
kj 

sin(ed) 

(7. 102) 

Combining (7 . 101) and (7. 102), we get 

(7. 103) 

Substituting (7. 103) and (7. 102) into (7.99) gives 

k; =: kr  + ka - 2kjkd 

[ks- sin(ed) k; -

=: kr - ka - 2 sin(ed) kskd 

Finally , 

(7 .104) 

(7. 105) 

Solving for sinCe;) from (7. 101) and (7. 102), we arrive at 

From the law of sines, 

ki 
sin( -rr/2 - 6i) 

or 

Also, from Figure 7.8(b) , 


ki 
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(7. 106) 


Equations (7. 105) and (7. 106) are the relations we seek. If the wave num­
bers are equal, they reduce immediately to the isotropic Bragg equation 
(7.97). 

-
k, 

k, 

Figure 7.7 	Interaction geometry for Example 7.4 showing Snell's law dif­
fraction at the optic interfaces. 

We can write Equations (7. 105) and (7 .106) in a more convenient 
form, using the simple relations: 

21T 21T 
k, · 
= -"-0 n °" k s = ' "-s 
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where An is the free-space optical wavelength and As is the acoustic wave­
length . Substituting these relations into (7 . 105) and (7 . 106), we obtain 

. An v;(nr -[Ism(e ) d = s 2 (7 . 107) 
2ndVa 

- fsAO 

(7 . 108) 

The angles ej and ed are internal angles. To determine the external angles, 
we multiply (7. 107) and (7. 108) by nd and nj, respectively. 

There are two important features of (7 . 107) and (7. 108): 
1 .  There exist maximum and minimum frequencies beyond which no 

interaction can take place. We can find these frequencies by requiring that 

sin(ed) = 1 in(7. 107) (maximum interaction frequency) 

sin(ej) = 1 in(7. 108) (minimum interaction frequency) 

Substituting these conditions in (7. 107) and (7. 108) gives 

(7. 109) 

(7 . 110) 

Equation (7. 109) is valid for isotropic Bragg diffraction, as we can easily 
see by requiring that sinCe) - 1 in (7.97) : 

ks 27rfs!va
1 = - =  

2kj --
47rn1A 

or 

which is identical to (7. 109) if we recall that n = nj = nd in an isotropic 
medium. The existence of a maximum frequency places a practical limit 
on the utility of Bragg deflection devices at very long optical wavelengths. 
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2 
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a 

1-
k, 

2! -kd ad 

Figure 7.8 	Bragg diffraction for birefringent interaction. Because there 
are two indices, the magnitudes of the optic vectors are not 
equal and the wave vector diagram is no longer an isosceles 
triangle. 
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For example, in fused quartz operating at 10.6 ɱm (C02 laser wavelength) , 
the maximum frequency for a shear acoustic wave is 

n = 1 .5 ,  Va = 3.8 X 1<Y mis, Is (max) = 1 GHz 
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A significant problem with operation in this region is the nonlinearity of 
the deflected angle with frequency. 

The existence of a minimum frequency is unique to the birefringent 
interaction. For an important anisotropic interaction in LiNb03 operating 
at 633 nm (laser diode) , 

ni = 2.29, nd = 2.2, Va = 3 .57 X 103 mfs 

and, from (7 . 1 10) , 

Is (min) = .43 GHz 

2. There exists a "critical" frequency about which the incident angle 
is locally stationary with respect to acoustic frequency. This behavior is in 
sharp contrast to the isotropic interaction in which the Bragg angle mono­
tonically increases from zero to Is (max) as the acoustic frequency is in­
creased. We determine the critical frequency by differentiating (7. 108) 
with respect to Is: 

or 


(7. 1 1 1) 


A consequence of (7 . 1 11)  is that the optical polarization must be oriented 
so that the incident refractive index is greater than the diffracted index. 
Note that I; depends on the material properties (the degree of birefrin­
gence), the crystal cut (which determines not only the acoustic velocity 
but also the value of the extraordinary index), and the free-space optic 
wavelength. 

Juggling all of these factors considerably complicates device design 
and constrains device operation to specific frequency intervals . Addition­
ally, the indices vary appreciably with wavelength (dispersion), which fur­
ther increases the sensitivity of n.  For lithium niobate, for example, no 
= 2.29 and ne = 2.2 at 633 nm. If the acoustic phase velocity is 3 .5 x 
103, we find that the critical frequency is 2.85 GHz. A lithium niobate 
device utilizing birefringent phase matching is required to operate near 
this center frequency. Curves for lithium niobate are shown in Figure 7.9 
for two wavelengths . Note that near the critical frequency the incident 
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Figure 7.9 	Incident and diffracted Bragg angles in a birefringent inter­
action showing the critical frequency dependence on optic 
wavelength. 

angle is stationary (as predicted by (7. 111»  , but the diffracted angle in­
creases linearly (it is precisely zero at f; ) .  It is this behavior that results 
in a significant performance advantage, allowing the design of devices with 
both high deflection efficiency and wide bandwidths. 

PROBLEMS 

7.1 	 Show that (7 . 16) is modified to the equation of a rotated ellipse in 
the lxly plane if the permittivity matrix contains off-diagonal terms. 

7.2 	 Modify the Christoffel computer program (Figure 3 . 1) to calculate 
the phase velocities and inverse velocities of optic modes. Plot the 
slowness curve of lithium niobate in the yz plane. 

7.3 	 Determine the power flow ang]e of lithium niobate for the extraor­
dinary mode in the yz plane from the shape of its slowness curve. 

7.4 	 Find the required electric field to produce a birefringence of .001 in 
GaP, using the electro-optic effect . 
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7.5 Write the perturbed index ellipsoid for lithium niobate for the fol­
lowing conditions: 

E = Eoi 


E = Eo (1 + j )  

E = Eo (i + k) 


7.6 	 Qualitatively determine the shape of the electro-optically "stiffened" 
slowness curves of the extraordinary mode of lithium niobate with a 
z-directed electric field. 

7.7 	 Write the form of the perturbed index ellipsoid in the cubic 23 class 
(in which '11'12 Ù '11'13) ' What are the indices along the principal axes? 
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