Chapter 1
The Acoustic Equation of Motion

1.1 INTRODUCTION

In this chapter, we lay the groundwork for the study of crystal acous-
tics by developing fundamental mechanical equations in one dimension.
We show that the presence of an unbalanced system of time-varying stresses
results in the propagation of an acoustic wave with its propagation velocity
dependent on the material properties of the body. Attenuation, material
quality factor Q, and the energy relations are more easily handled in one
dimension and can be extended to three dimensions if necessary. The strain
and stress matrices are formulated in three dimensions, and rotational
transformations, which will be increasingly important later, are developed.
The three-dimensional equations of motion are developed by using the
stress and strain matrices. The coupling between these matrices is not
developed beyond the point of stating that they are linearly related. Thus,
the dynamical three-dimensional equations of motion as developed in this
chapter do not include the generalization of Hooke’s law.

1.2 STRESS AND STRAIN IN ONE DIMENSION

In Newtonian mechanics, a force on a rigid body results in an accel-
eration of the body. Because the body is assumed to be rigid, the external
force is instantaneously transmitted to all of the body’s internal parts. No
consideration is given to the internal structure of the body, nor to the
bonding forces that hold the body together. These issues are dealt with in
the science of strength of materials or mechanics of deformable bodies,
which examine the relation between external forces, sometimes called body
forces, and the resulting internal effects. The effect of the body forces is
the creation of internal forces, called stresses, and deformations, called
strains, in the atomic structure of the body.



In Newtonian mechanics, there is a causal relation between body
forces and acceleration. If a body is accelerating, it must be acted on by
a net force, but a body in equilibrium may be acted on by many forces
while at rest. In this sense, we may think of force as the independent
variable and acceleration as the dependent variable.

Stress does not cause strain (nor does strain cause stress), but the
two are coupled to each other. Internal deformations for example, can be
“caused” by thermal gradients, dislocations, and defects in the crystal
lattice or by the presence of dopant atoms that are significantly larger or
smaller than the host atoms and thus deform the lattice structure. In such
cases, internal forces are established, and it would be proper to refer to
these stresses as being the result of the strains. Nonetheless, it is usually
more convenient (as well as precise) to refer to the coupling of stress and
strain; the presence of either necessarily implies that the other is also
present.

Because stress is intimately related to deformation or distortion in
the internal structure of a body, the magnitude of stress is related to internal
forces divided by the area over which the forces act. The nature of the
deformation depends on the orientation of the area (recall that area is a
vector with direction as defined by the surface normal) with respect to the
stress. A compressive stress tends to push the internal particles together,
a tensile stress tends to pull them apart, and a shear stress tends to cut.
Compressive and tensile stresses form the class of longitudinal stresses.
This is illustrated in Figure 1.1. Note that the orientation of the area (as
defined by its normal vector) determines whether the stress is shear or
longitudinal.

A further distinction between stress and force comes from the fact
that stresses always occur in opposite (but not always equal) pairs. These
stress components are individually referred to as traction forces, and, like
stress, they are denoted by the letter 7. A positive traction force points
to the right, and a negative traction force points to the left, in agreement
with conventional notation. The units of traction forces as well as stress
are N/m?. Both compressive and tensile stresses are clearly composed of
two traction forces, one positive and one negative. We define a compressive
stress as negative and a tensile stress as positive. This definition is quite
logical because in a compressive stress the traction forces are both in a
direction opposite to the area (defined as the outward normal). In the
static case, the stresses are equal because there is no net motion of any
internal volumes. In the dynamic case (e.g., the propagation of an acoustic
wave), the opposite stresses are not generally equal.
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Figure 1.1 Orientation of traction forces relative to the area of an internal
volume of an isotropic medium.

Consider Figure 1.2. There are two regions, labeled 1 and 2. Each
region (which in general contains many particles) consists of a mass element
connected by springs to two nearest neighbors. The equilibrium distance
between them is denoted as AL, which is small enough so that the masses
may be approximated by a continuum and AL ~ dz (Figure 1.2(a)). If a
z-directed external force, which may be either positive (directed toward
the right) or negative (directed toward the left), is applied, internal forces
will be established, moving the particles from their equilibrium positions.
This situation is shown in Figure 1.2(b). The new distance between the
masses is Al, and the internal forces are described by stress components
T, and T (which are not necessarily equal) in Figure 1.2(b). The individual
forces are given by

dFl = d.ATl
sz = d.ATz
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Figure 1.2 Section of internal volume element of isotropic medium: un-
distorted volume element; (a) representation of internal cou-
pling as springs; (b) particle distortions due to traction forces.

where dA is the cross-sectional area with dimensions dx and dy. If the new
positions are such that u; = u,, then AL = Al, and there is no relative
movement of the masses and thus no distortion of region 1 relative to
region 2. This situation results from a translation of the body and is not
of practical interest. If, however, u; # uz, and Au # 0, then we can define
the distortion @ as



@ = (Al)? - (ALY
= (AL + Au)® - (AL)?

u
= (AL + - AL)? - (ALY

ou\? ou
(AL)? (E) + za—z (AL)?

du (du
@=£Gf4yuf (1.1)
The strain S is defined as

@ = 2(AL)*S 1.2)

If we assume that (u does not change rapidly with position) du/6z < 1,
then,

D = 2%‘; (ALY = 2S (ALY (1.3)

The assumption that the particle displacement « changes gradually with
position is an example of linearization and is valid only if the strains are
small, which may not be realistic in practical cases. We define the strain
(from (1.3)) as

(1.4)
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The presence of a strain implies that the particle displacement from equi-
librium changes with position (i.e., there is a distortion in the body). From
(1.3), we can also write the strain as

5 - (2= o)



1.3 MECHANICAL EQUATIONS OF MOTION IN ONE DIMENSION

In this section we derive a self-consistent set of equations that de-
scribes the propagation of a mechanical strain in a one-dimensional solid.
The mechanical variables corresponding to the electromagnetic variables
E, D, H, and B are

stress = T

strain = S

particle displacement = u
particle velocity = v

Just as Maxwell’s equations are a set of four relations between the four
electromagnetic variables, we require four equations for completely char-
acterizing the mechanical properties. They are as follows.

1. Newton’s law: Consider the slab of Figure 1.2 of cross section dA =
dx dy. If the stresses T; and T; are not equal, there is a net force on the
slab given by

aT
dF = —dzdA = [T, - Ti| d4

Newton’s law is written as

dF = m a
1 1 1
oA = A Bu (F = AT)
az ¢ = bz o -
or
aT o*u
5 - P2 (1.6)
where p is the density in kg/m?.
2. Particle velocity is the time derivative of particle displacement:
L (17)
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3. Equation (1.4), which defines S as the gradient (spatial rate of change)
of particle displacement with respect to position:
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4. Relation between the stress T and the strain S: We assume there is a
linear relation between the internal stresses and the deformation, and we
write

T =CS (1.8)

where C is called the stiffness constant and has units of stress (since strain
is dimensionless). Equation (1.8) defines the properties of the connecting
springs. For given stress components, a stiff spring results in a relatively
small strain, whereas a compliant spring results in a large strain.

Equations (1.4), (1.6), (1.7), and (1.8) allow us to solve for the four
variables 7, S, v, and u. As for Maxwell’s equations, there are two fun-
damental physical laws, (1.4) and (1.6), and two constitutive equations,
(1.7) and (1.8). In the static case, the gradient of the stress is zero, just
as in electrostatics where V x E = 0. From (1.6) and (1.7):

oT ov

9z at

Differentiating S = ou/dz with respect to ¢ and using (1.8), we obtain

ot datoz
ov 10T
= _ 199 19
0z C ot (19)

We can now solve this set of equations by forming the one-dimen-
sional wave equations. We differentiate (1.9) with respect to ¢ and (1.6)
(Newton’s law) with respect to z:

o*v B 1 9°T

ataz C o



and

19°T %

por dzat
Because the terms with cross derivatives are equal, we have

18T 1 9°T
52 - Con (1.10)

Equation (1.10) is the one-dimensional wave equation, the solution of
which is a propagating function with phase velocity

Ve = \/§ (1.11)
p

We should be careful not to confuse v (the particle velocity) with v, (the
phase velocity of the acoustic wave). The one-dimensional acoustic equa-

tions along with the well-known Maxwell equations are summarized in
Table 1.1.

Table 1.1

One-Dimensional Maxwell Equations
Acoustic Equations

FUNDAMENTAL PHYSICAL LAWS

B
T _ p v Newton’s law V xE = L Faraday’s law
a9z ot at
ou aD ,
=% VxH~E+JAmpereslaw
CONSTITUTIVE EQUATIONS
T = CS Hooke’s law D =¢E
_ u B=pH
ot

Both the acoustic and electromagnetic systems are composed of two
“fundamental” physical laws and two ‘“constitutive” equations. In the
electromagnetic system, the solutions of Maxwell’s equations in Cartesian
coordinates are plane waves with either one (for an optically isotropic



medium) or two (for an optically anisotropic medium) polarizations. In
the one-dimensional acoustic system, we have seen that the solution is also
a plane wave with acoustic polarization (defined as the direction of either
particle displacement or velocity) in the direction of wave propagation (a
longitudinal wave). In the three-dimensional system, we will see that there
are, in general, three possible acoustic polarizations.

Because the phase velocity of an electromagnetic wave is from four
to six orders of magnitude greater than that of an acoustic wave, the
presence of boundaries plays a much more significant role. On the other
hand, acoustic propagation is complicated not only by the presence of
three acoustic modes, but also because the phase velocities are complex
functions of the propagation direction. This directional dependence is due,
in part, to the relatively complex nature of Hooke’s law (1.8) in three
dimensions as compared to the corresponding constitutive relations for
electromagnetics.

1.3.1 Phase Relations

For an electromagnetic wave propagating in an isotropic, lossless
medium, the displacement D, the electric field E, the magnetic field H,
and the induction B are all in phase. In the acoustic system, the particle
displacement is not in phase with the particle velocity (1.7). If we let

u=u ej(“’“Bz)

other phase relations are

ou :
— = —j Jj(wt-B2)
2 JBuo e
ou .
$=% =

To find the phase relation between S and v, we use (1.9):

S _u _av_ o
ot  atdz 9z at

or
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Because T and S are related by a constant (C), they are in phase. In
summary, T and S are in phase, and all are 90° out of phase with « and
180° out of phase with v. The ratio of T and v is called the acoustic
impedance of the medium (Z) and is

T —CS _ (~C)(~jpn)
v v v

(the minus sign is included so that the impedance will be positive, because
T and v are 180° out of phrase), but jou = v, so

Cv C

vV, Vg

From (1.11), v, = yC/p, so

Z= —% = C\p/C = pv, (1.12)

The units of impedance are kg/s m?. Like the phase velocity, the acoustic
impedance is a property of the medium. Corresponding to (1.11) and
(1.12), the electromagnetic relations for phase velocity and impedance are
given by the well-known formulas:

= i hase velocit
Vp = e P 1ty
Z, = ‘/% impedance

1.4 ABSORPTION OF AN ACOUSTIC WAVE

If a solid medium obeyed Hooke’s law (T = CS) precisely, there
would be no acoustic absorption. In a real medium, there are viscous
damping forces and nonlinearities, which cause energy to be extracted
from the wave in the form of heat. We have already encountered a non-
linearity in the definition of strain. We can include these forces in the wave
equation by modifying Hooke’s law:
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ds
T=CS+ng (1.13)

where 7 is called the viscosity, and has the units [n] = N s/m?. The time
derivative term in (1.13) implies that the strain tends to relax with time
toward its equilibrium state. This is illustrated in Figure 1.3. The acoustic
wave creates positions of high compression, which are physically located
next to positions of high tension; the relaxation term tends to equalize
these opposite stresses and thus reduces the energy in the wave. For a
constant phase velocity, the peaks and valleys of the wave are closer
together at higher acoustic frequencies, making it easier to extract energy
from the wave; for constant frequency, a lower velocity implies a smaller
wavelength, which also pushes the peaks and valleys closer to one another.
We thus expect that the attenuation will be proportional to frequency and
inversely proportional to velocity. We can formally demonstrate this by
recalling the one-dimensional equations of motion (1.6):

oT _ ov
az P
and (1.9):
N _ v
a oz

Substituting (1.13) into (1.6), we obtain

d . av
- =p— 1.14
> (CS +nS) =p Py (1.14)

Differentiating (1.14) with respect to ¢ and (1.9) with respect to z gives

82 . v
— + = —_—
previl I .
and
88 v
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Figure 1.3 Model of acoustic wave: (a) with no absorption; (b) with ab-
sorption.

The dot in (1.14) signifies the time derivative, where $ = 3S/6¢t. Combining
these last equations and using (1.9), we get

o*v v v
v v 1.15
P = CoZ TV (1.15)

Notice that if y — 0, then (1.15) reduces to the ordinary wave equa-
tion (1.10). We assume a plane wave solution, but we allow for absorption
by requiring a complex propagation constant:
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v = A ek (1.16)

where k = B + ja. Thus,

av 5 3*v -
— - —wv and — = — k%
ar? @ 9z

The wave equation becomes

(—wdpv = C(—IACZ)V + jnkiov (1.17)
Because k = B + ja:

k=@ +ja)? =g~ o+ 2B (1.18)
Substituting (1.18) into (1.17), we obtain

—o’p = —C(B? - o + j2Ba) + jn(B® — o® + 2Ba)o  (1.19)
Equation (1.19) is a complex equation with real part:

—w’p = —CB? + Ca? — 2nBaw (1.20)

For all practical cases, m and thus a are very small compared with 8
and w, so the last two terms can be neglected. Equation (1.20) reduces to

% = \/% = v, (the phase velocity)

Thus, for very small absorption the phase velocity is not a function of
frequency. The medium is said to be dispersionless.
Now consider the imaginary part of (1.19):

0 = —2CBa + B — nalw (1.21)

As before, the last term is negligible (« < B). Hence, solving for a, we
have

(1.22)

[
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From (1.22) the units of a are

N s/m? s~?2

T (mhs) kgm® l/m

(o]

The absorption is usually expressed in tables in either dB/cm or dB/ps
(normalized to velocity). In calculations, it should be converted to Np/m
(1 Np = 8.7 dB). From (1.22) it is clear that, as the wavelength decreases
(high frequency or low velocity), the peaks and valleys of the wave get
closer together, facilitating the interaction between them and thus increas-
ing the absorption.

Equation (1.22) can be written in the form:

on [
o =20
vip \2v,

= o (1.23)

where we define the quality factor Q as

<
XN
©

Q

€
e 3

(1.24)

2av,

Because o is proportional to w? (1.22), Q is inversely proportional to
frequency. When specifying the material Q, we must also specify the fre-
quency. Quality factors of some important acoustic materials are given in
Table 1.2.

The absorption values (and Q-factors) in Table 1.2 are approxima-
tions, because they vary with the quality of material as well as with the
particular mode (longitudinal or shear) and propagating direction. For
most materials, however, the Q does not vary with orientation by more
than S to 10%. An important exception is paratellurite (TeO;), for which
the variation in Q with crystal orientation with acoustic mode is more than
an order of magnitude. We will study the properties of this important
crystal in detail later. In general, materials with high velocities tend to
have low absorptions and high Q-factors.
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Table 1.2
Absorption and Q at 1 GHz
Material a(dB/cm) Q
Sapphire (Al,O3 2 2 10°
LiNbO3 3-5 1-10°
LiTaOs 2 2-10°
TiO; (rutile) 4 1-10°
SiO; (crystal quartz) 2 2-10°
SiO; (fused quartz) 14 2700
GaAs 30 1250
Aluminum 18 2 10°
Gold 80 450

The degree of compliance of acoustic attenuation with frequency is
an excellent measure of material quality. A poorly grown crystal, e.g.,
will generally be highly stressed and will contain a high density of grain
boundaries, air pockets, and impurities. These defects will usually have
dimensions comparable with an acoustic wavelength and will scatter the
wave, thus reducing the frequency variation to a linear dependence. In
practice, then, the frequency dependence is w", where 1.2 < n < 1.4 for
a poor-quality material and n > 1.8 for a high quality material. If » < 1.7,
it is usually safe to assume that improved crystal growth conditions will
result in a significant reduction in absorption.

Absorption is determined experimentally by performing a pulse echo
measurement in which a crystal sample is excited by an impulse and the
reduction in the resulting pulse train is observed. In some situations in
which low absorption is critical, the sample is cooled to a very low tem-
perature, which dramatically reduces a. For longitudinal modes at room
temperature, the de})endence, as derived by Woodruff and Ehrenreich, is
proportional to y2w’k T, where v is called the Gruneisen constant and is a
more fundamental physical property of the crystal than « is, and k is the
thermal conductivity (which is inversely proportional to T so there is no
net temperature dependence) [5]. The dependence on k follows from the
fact that high conductivity facilitates the transfer of energy from regions
of compression to regions of extension. This mechanism is not operative
for shear modes (because there is no compression or extension). Hence,
it may be inferred that the absorption of shear modes is less than that of
longitudinal modes; the lower acoustic velocities of shear modes usually
more than compensate for the lower absorptions.
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The dependence of a on thermal conductivity has led to a search for
techniques to reduce k by, for example, doping the crystal; the results
have been only partially successful. At very low temperatures, the ab-
sorption is extremely low and its dependence is of the form wT*. Between
the high temperature and low temperature regions, the absorption follows
a dependence characteristic of relaxation behavior as shown in Figure 1.4,
Unfortunately, for most materials T falls between 30 and 100 K.

=}
—
& h
o I
tr
& | Low
O | TEMPERATURE ]
REGION !
Z |
(o}
—
g | HIGH
z ' TEMPERATURE
2 I RecioN
|
|
I
TEMPERATURE

Figure 1.4 Variation of absorption with temperature for typical crystal
medium.

1.5 POWER RELATIONS

In electromagnetic theory, the divergence of the Poynting vector
P = (E x H) determines the power in the electromagnetic wave:

]
V-(E x H) = -3 (% eF? + %,LH?-? (1.25)
1
energ)jr in the energy in the
electric field magnetic field
3 )

m
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Note that V - P = ¥V - (E X H) is a scalar, but E X H is a vector with
units W/m? and

§ (E X H)-ds

closed
area

is the power in watts crossing the closed surface. For complex fields in an
isotropic medium:

E = Ey ™,

H = Ho ej”‘ﬁy

where ag and &y are unit vectors in the directions of E and H, respectively,
and

g 8y = 0

and the Poynting vector is (because E and H are orthogonal)
1
P = EEoHo (1.26)

Furthermore the E and H fields are in phase and related by the impedance

E n
Z"‘H“\/;

From (1.25) and the definition of impedance, it is easy to see that
the electric and magnetic energy densities are equal:

£ € (}L)
_...2.. = e fam | = 1
pH [TV

We seek an analogous acoustic relation. Recall (1.6) and (1.9):

oT o ov
a2z "o
g._S: v

ot 0z
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Multiplying (1.6) by v and (1.9) by T and adding gives

aT v v as
v 2 + TZ’ = pVE + TE (1.27)

Using (1.8) (Hooke’s law) and assuming that p and C are time invariant,
we can write (1.27) as

d a (1 1
——(Tv) = ——[(zpv* + ZCS§ 1.28
az( ) ot (2 P 2 ) (1.28)
1
parIicle strain energy
kinetic energy density
density

Equation (1.28) is the acoustic analogue of (1.25). Comparing (1.28) with
(1.25), we define the acoustic Poynting vector as

P,.=-Tv (1.29)

In a lossy materialm # 0, and (1.13) must be used in place of Hooke’s
law in (1.27). Equation (1.28) is then modified to

] 9 (1 1 19
——(Tv) = —— |5 pv? + 3 CS*| — — wn§’ 1.30
2z (T) a:(zp" 2 ) 20" (1.30)
sxorTed dissigated
energy energy
density density

For a lossless medium using (1.28) and (1.29):

2 2 2
pv pv \
— T e——— I — = 1
Ccs*  TiC pC( T)

As in the electromagnetic case the energy is equally divided between
strain (potential) and particle velocity (kinetic) energy densities. In the
acoustic case, however, the strain and velocity are 180° out of phase. Thus,
the energy is continually transferred between potential and kinetic much
the same way as in a mass-spring system. A common definition of Q is

w(stored energy)
dissipated energy per cycle

Q
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Because the maximum strain and kinetic energies are equal, substituting
from (1.30) yields

0 - _C _ver (1.31)

which agrees with (1.23). As in the electromagnetic case, we can write the
acoustic fields in complex notation:

T To ef“"

i

vV =V ei“”
The acoustic Poynting vector becomes

Tgvo

P, = )

W/m? (1.32)

Now recall the definition of wave impedance (1.12):

T
Z=—==pv,
v

Substituting (1.12) into (1.32) gives

zv;
2

=1

Py = (1.33)

where vy is the amplitude of the particle velocity. The particle displacement
is given by

u = uge™

where uj is the particle displacement amplitude (maximum displacement).
Because the particle velocity is the derivative of particle displacement, we
write

<
I
2§

= ou— Vg = oy (1.34)

and (1.33) can be written as
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P, = (1.35)

Example 1.1. Consider a longitudinal acoustic wave with a power of 20
dBm (0.1 W) propagating in (x) lithium niobate (v, = 6.6 - 10° m/s and
p = 4.6 - 10° kg/m®). Find the particle displacement at 1 GHz, 100 MHz,
and 10 MHz.

Because (1.32) and (1.35) require the acoustic intensity, we must
make reasonable assumptions about the cross-sectional area of the acoustic
waves. At 1 GHz the area will be between 1 - 1078 and 2 - 1078 m? (5
mils X S mils). The acoustic impedance is

Z = (6.6-10°4.6-10°) =3 - 10

From (1.35), the particle displacement is (if we assume an area of 1.5 -
10-8 m?)

2P 2(.1/1.5 - 1078)
2 _ lac _ - . 10-20 2
“) = Z = (3107 2m 1002 - 1 10T

and

u0=1-10"10mor11§‘

At 100 MHz the acoustic wave cross-sectional area would typically be
about 1 mm x 1 mm, yielding a displacement of 1.3 A. Even at 10 MHz
with an area of perhaps 2 mm X 2 mm), the displacement is less than 10

! For less acoustic power or larger radiating area, the displacements are
even smaller. The particle velocity is given by (1.34) and typically ranges
from 10 to 100 cm/s; because the displacements are so small, the particle
accelerations are on the order of 10’ m/s!

1.6 STRAIN IN THREE DIMENSIONS

In the previous section we dealt with strains of the form du/dz. De-
pending on the coordinates of the one-dimensional mass-spring system,
there are three such terms: du,/dx, ou,/dx, and du,/3z. Now consider Figure
1.5. The definitions are identical to the one-dimensional case. We allow
the displacement (u) to be a function of y and z as well as x. This is
illustrated in Figure 1.6. We write

@ = (Al)? - (AL)?
= (dI)? — (dL) (1.36)
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(in the limit of infinitesimal displacements). From Figure 1.5, we have
immediately,

dl, = dL, + du, (1.37)

We allow a deformation (d/,) in x if there is a displacement in y or z:

au, ou, ou,
dle = ALy + 3% OLe + 7 ALy + S oL (1.38)
and
a=dr, + g Mg My 1.39
- dL, ¢ 2aL + Sar, ¢ S AL, (1.39)

From (1.36), the deformation % is (we consider only two dimensions):
= (L) + (d)? - (dLg)? - (dLy) (1.40)

Performing the operations in (1.40), we have, using (1.38):

u au u
3 — d 3 X X + X
d/ Ly + oL, dL, dL + 2dL, aL —dL, _aLy dLy

(1.41)

and

2
dl§=dL§+<§—llizdL +iZdL> +2dL< dL, +§EX de)

(1.42)

From (1.40) and the definition of the deformation, we have

3 2 2
@ = (i> dL? + <§%) ar2 + 2 2% Mgy ar, + L

oL, x oL, aL,

d ou,\2 ou,
+2 “"deL (2 arz 4 (%) ar2
oL, oL, oL,

du, ou

+2o ii dL,dL, + 2 ——2 sz 2 gﬁx dL,dL, (1.43)
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Figure 1.5 Definition of particle displacements. Note: In three dimensions,

we generalize the displacement u;, so that it depends on y and
z coordinates.

We now group the terms in (1.43):

3 2 3 2
@ = [( ”") T Pk (931)]@3 (term 1)

oLy oL, oL,
ou,\2 ou ou,\?
+ +2—=2+ (=2%) |dL?} (term2
[(aL) aLy <3Ly) ] by (term 2)
Ouy ouy . Ouy duy ouy = duy
duy duy duy LdL 3
(2 oL.aL, T 2aL.aL, T oL, | or,) 4Ly (term3)

(1.44)
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Figure 1.6 Relation of particle displacement u, with y in simple shear.

Finally, this expression can be put into matrix form:

YWY dL
9 =2[dL, dL ooy ‘ 1.45
. ot [gr ) |4] (1.45)
where
term 1, term 2,
S = Sy = —35— Sxy = S)x = (term 3)/2(dL,dL,)

dL? dL?

We transformed the strain into a 2 X 2 symmetric matrix. The pres-

ence of off-diagonal terms is a consequence of (1.38); these terms are

associated with shear, as shown in Figure 1.6. As in the one-dimensional

case, we linearize the expressions for the strain components by assuming
that all square terms are negligible:

ou; 2 ou; auj
— ] <1, ——<«1
(aL,) aL,- aL;

where i and j represent x, y, and z.
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The components of the strain matrix become

o o

8L, Y 8L, (1.46)
1/du ou

Sy = S =3 (aLy " aLx)

In a continuum, we let L, — x, Ly — y, and write

1 /ou; ou;
== 4 1.47
Si =3 <6r,~ ar,-) (1.47)

In the three-dimensional case, the strain can be writtenas a3 x 3 symmetric
matrix:

Sxx Sxy sz
S=|8, S, S, (1.48)
Sax Sz Sz
where
Syx = Sxy’ Sx: = Sz syz = Szy

Thus, there are only six independent components of the strain matrix.
For example,

1 fou, duy
Sxyp = Sy = 2(ay * ax)

If we know the displacement as a function of positions (u = f(r)), we can
form the terms dw/or. We define a displacement gradient matrix:

ou, du, ouy
il g
u u u

E= |32 30 52| (1.49)
ou, du, adu,
ox ay oz
- .

Unlike S, E is not symmetric. This fact severely limits its usefulness. We
can, however, break up any matrix into symmetric and antisymmetric
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components. Formally, this is accomplished by

E=>E+E)+5@E-E) (1.50)

1
2
where E is the transpose of E. Using this formalism, we see immediately

that S is the symmetric part of E. The antisymmetric part will not concern
us further, but it can be interpreted as a rigid rotation.

1.7 THE STRESS MATRIX

Although the strain is a dimensionless number in one dimension, it
must be written as a symmetric matrix in three dimensions. Because Hook’s
law (1.8) relates stress to strain, it is not unreasonable to assume that stress
also is @ 3 x 3 matrix in three dimensions. To confirm this fact, consider
Figure 1.7: The stress components T, and T, are the familiar longitudinal
stresses that tend to distort the body by extending or compressing it. The
stresses Ty, and T\, tend to rotate and cut the body and are associated with
shear. Because the body must be in both lateral and rotational equilibrium,
we have

EMA =0
or
Txy = Tyx (1.51)

Equation (1.51) expresses the equilibrium condition that the sum of the
moments about any axis is zero. This condition is true only for all instants
of time in the static case. In the dynamic case, the body will, in general,
compress, expand, and rotate, but it will do so in an oscillatory manner
such that the average motion will be zero, and thus the preceding for-
mulation is still valid. This two-dimensional case is easily extended to three
dimensions with the conclusion that the stress can be expressed by a 3 x
3 matrix with six independent components: Ty, Ty, T,;, Ty, Tx;, T),, and

Txy = Tyx’ Tyz = sz’ T, = Tx
Example 1.2. Consider Figure 1.8. There is an external force on the rod,

which is attached at one end. The displacement is measured relative to
this point; thus, at z = 0, u(0) = 0. At z = L, the displacement is
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Figure 1.7 Definition of stress components in two dimensions. Note: In
equilibrium, the stress matrix, like the strain matrix, is sym-
metric.

maximum, and at any intermediate point we may assume a linear rela-
tionship:

ulL) =L -L
and

u(z) = (i’—-i—L-)—{ (1.52)
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SUPPORT

SOOI

Figure 1.8 Displacement in one dimension.
Because there is tension only in the z direction:

u(z) = u,(2)

and all other components are zero.
The displacement is linear in z, but the strain is constant:

S - du,(z) _ (L' - L) (1.53)

dz L

Note that because the strain is constant, so is the stress (because the ratio
of stress to strain is always constant). Thus, if the force is greater than the
ability of the rod to hold itself together, there is no preferred point of
failure. The strain matrix is
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00 0
s=|o o 0 (1.54)
00 (L' - L)L

Example 1.3. Simple shear strain (Figure 1.6): In this case, there is a
displacement in the x direction (u,) that is a function of y:

w(y) = 2Cyi (1.55)

where C is a constant and i is a unit vector in the x direction. Note that
this configuration is associated with a deformation that tends to cut or
shear the body. There is no change in the volume of the body; only its
shape changes. The diagonal components of the strain matrix (associated
with longitudinal strain) are thus zero:

d
Se = % =0 (since u, + f(x)) (1.56)

Two off-diagonal terms are nonzero:

1 (ou, ou,

= - | — ——— = = C
Sy 2<ay + ax) Sy (1.57)

The strain matrix is
0 C 0
S=|C 00 (1.58)
0 0 O

Note that S is a symmetric matrix with only off-diagonal terms. The dis-
placement gradient matrix (given in (1.49)) is:

ou, Jduy, Jduy

oy oy 0 2C 0
E=| & & & =10 0 O (1.59)
ox ay 0z 0 0 0

ox dy GZJ
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The transpose of E is

0 00O
E=[|2C 0 0 (1.60)
0 0O
The symmetric part of E is the strain matrix (recall (1.50)):
1 1 0 2C 0 0 00
S=§(E+E)=§ 0 0 ol+1l2c 00
0 0 0 0 00
0 C O
=|C 0 0 (1.61)
0 00

Example 1.4. Pure shear: Consider Figure 1.9. In this case there are dis-
placements u, = f(y) and u, = f(x). The total displacement is

u(x, y) = Cyi + Crj (1.62)

As in Example 1.2, the longitudinal stresses (diagonal terms of the matrix)
are zero. There are two cross terms:

1 [ou ou
= - | == -2 =
Sy = Syx 5 (ay + ax> C (1.63)

The stress matrix is identical to the case of pure shear and is equal to the
gradient displacement matrix:

0
0]=E=E (1.64)
0

Example 1.5. Dynamic case or stress wave: Consider Figure 1.10. In this
case the external force is an impulse applied at ¢t = ¢;. The rod is broken
up into slabs of thickness dz and cross-sectional area A. At ¢t = t; the end
slab (initially in equilibrium) accelerates under the influence of Fey, to the
left. At this instant, there is no tension in the slab. As the slab moves to
the left, a counterforce is set up by the left neighboring element, which
creates a tension in the slab. By Newton’s third law, an equal and opposite
force must act on the left neighboring slab and start it moving to the left.
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Figure 1.9 Purc¢

Fext

I\

Foxt

D

NN\

F.,d Fe)ﬂ

f=r1 f=f|+e

Figure 1.10 Simple model of the impulse response in one dimension. Note:
At t = 1, an external force in the form of an impulse is applied
to the rod, exciting a mechanical wave.
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In this way, the impulse is transmitted down the rod. The velocity of
transmission is a function of the “stiffness”” of the medium. A compliant
medium such as rubber requires a longer time to set up internal counter-
forces than does a stiff medium such as steel or glass, and thus the velocity
of an acoustic wave in rubber is much lower than in glass. Note that the
conditions for wave propagation are present in this example:

1. Each slab in the medium will eventually experience a net force (i.e.,
an imbalance of traction forces).

2. There is a tension in each slab caused by counteracting internal
forces, which distort the neighboring slabs.

These two conditions lead to the wave equation (1.10). The phase velocity
of the wave is given by (1.11):

\/E
Vg = _|—
p

which is a function only of the medium.

The stiffness constant C depends not only on the properties of the
medium but also on the form of the propagating wave. For example, if
the external impulse was directed along the x-axis in Figure 1.10, internal
shear forces would be set up in each internal slab and a shear wave would
have propagated in the rod. The stress transmission for this configuration
would probably be different than that for the longitudinal wave, resulting
in a different phase velocity. Also, in an acoustically anisotropic medium
(in which the stiffness depends on the directions), the phase velocity of
both shear and longitudinal waves depends on the orientation of the me-
dium with respect to the external stimulus.

1.8 TRANSFORMATIONS

We will often have to transform between coordinate systems. In
general, there are three types of transformations: (1) linear displacement,
(2) change of coordinates (e.g., from Cartesian to polar), and (3) rotation.
Only rotational transformation will concern us. Consider Figure 1.11. The
vector v has the components v; and v, in the unprimed coordinates and
vy, and vy in the primed coordinates. Our task is to express the primed
coordinates of v in terms of the unprimed coordinates. Because v is a
three-dimensional vector, we have

Vy Gy Gy 0| vy
vV =1vy|=|ay a, 0|]|v, (1.65)
\ 0 0 1 v,
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Figure 1.11 Definition of rotated coordinate system. Note: The x'-y’ sys-
tem is rotated counterclockwise about the z-axis.

or

vV =A:v (1.66)

Note that v, = v, because the rotation is around the z-axis. From
Figure 1.11, we project v, and v, onto v,. The sum of the projections is

vy cosd + v, sind
From Figure 1.12, we have

vy cosd + v, sin@ = v cosafcos(a — B)] + v sinafsin(a — B)]

v cosa(cosa cosp + sina sinB)
+ v sina(sina cosp — cosa sinf)

= vCcosp = vy (1.67)
Thus,

Vy = v, cos@ + v, sind (1.68)
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Vx COSO = v COSa cOs(a — B)

\
/\/\\ X
v ,
v :
\
\ e=a-\[\3 \Vx
\.\ 5'

\ /’\\
\ \
\/ v sin
Figure 1.12 Projection of the vector components in the unprimed system
onto the primed (rotated) system (in two dimensions).

a sinfa — B) = vy sing

Similarly, we can show that
vy = —v,sind + v, cosd (1.69)
The rotation matrix for a rotation about the z-axis is therefore
cos® sind 0
A= | —sind cosé O (1.70)
0 0o 1

It is easy to convince ourselves that a rotation about the x-axis would
be given by the rotation matrix:
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- -

1 0 0
A=|0 cos8 sinf (1.71)
0 —sin6 cosf |

and a rotation about the y-axis by the rotation matrix:

[ cos® 0 sind |
A= 0 1 0 (1.72)
—sin6 0 cose_

-

Note that the matrices A are not symmetric; for all i, j = x, y, or z, we
have

where a;; is any element of the matrix A.

An obvious but essential requirement for any vector rotation is that
the vector magnitude remain constant in the two rotated systems. Formally,
we require that

Vx
Vev=[ve vy Vi lvy| = vi+ v+ vi=v-v (1.74)
VZ
original rotated
system system
where V is the transpose v. From (1.66), we have
¥ v = (Aiv):Aiv (1.75)
An important matrix identity states that
[Av] = VA (1.76)

(note that the order of multiplication is reversed). Using (1.76) and (1.74),
we have
4

VoV = vAAV =¥V (1.77)

where the last equality is true only if

where I is the identity matrix. Finally,


http:si�e(1.71
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A=A"! (1.78)

where A1 is the inverse of A.
If the transpose of a matrix is equal to its inverse, the matrix is said
to be orthogonal. All matrices that we will deal with possess this property.

It is easy to show that the rotation matrix is orthogonal. Consider a general
rotation about the z-axis:

cos§ sind 0 ) cos® —sinfd O
A= | —sind cosd 0 and A =|sin® cosé O
0 0 1 0 0 1

Forming the product AA, we have

cos?0 + sin%0 cos0 sin® — sin® cos® 0
A:A = | cos sind — sin® cosd cos?® + sin’0 0
| 0 0 1
(1 0 0
=101 0] =1
LO 01

Example 1.6. Rotation of m/2 about the z-axis:

cosm/2 sinm/2 0O 010
A=|-sinm/2 cosw/2 0| =]-1 0 O
0 0 1 0 0 1

We can consider this rotation as a transformation (see Figure 1.13) in
which x = y, y = —x, and z — z. Another notation which will be quite

useful later substitutes 1, 2, and 3 for x, y, and z. The previous transfor-
mation becomes 1 - 2,2 — —1,and 3 > 3.

A y X
\11-/2
2 — Y € 7
X—>y =X
y—- —x =y’
zZ2—-2

Figure 1.13 Coordinate axes transformation for w/2 rotation about the z-
axis.
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Example 1.7. Rotation of w/2 about the y-axis:

x—z (1-3)
y=y 2-2)
z—> —-x 3- -1

The rotation matrix is then

—

A =

=]
(el N
OO

Example 1.8. Rotation of w/3 around y:

[ cosm/3 0 sinw/3 5 0 .86
A= 0 1 0 = 0 1 0
—sinm/3 0 cosw/3 —-86 0 .5

Example 1.9. Double rotation: Consider the following series of rotations:
1. =w/2 about the z-axis (x > y, y »> —x, z — z) followed by

2. w/2 about the y-axis: (y = y, x > z, z = —x); the combination of
rotations can be expressed as x =» y, y > -2z, z — —x. Thus, the
rotation matrix is

0 1 0
0 0 -1
-10 O

The final transformation does not conform to (1.73), indicating that it is
not a pure rotation. The two rotation matrices are

010 0 01
A;=|-1 0 0| and A; = 010
0 01 -1 00
Multiplying the two matrices together yields
01 0
A= 0 0 -1 | which agrees with the transformation matrix.

-1 0 0
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Note that the order of the matrices is extremely important:
A = A12A2
Reversing the order results in

0 0 1
A = AZ:AI = -1 0 0
0 -1 0
Matrix A’ represents the transformation (x > z, y—> —x,z— —y),ora

/2 rotation about y followed by a w/2 rotation about z.

The transformation rule for vectors is given by (1.66). Now we con-
sider the transformation rule for 3 x 3 matrices. Examples of these ma-
trices are the gradient displacement matrix E and the stress and strain
matrices T and S. Consider the gradient displacement matrix:

E:

gle

where u and r are vectors. In a rotated coordinate system, we have
du’ = Adu = AEdr (1.79)

but

dr' = Adr or dr = A™'dr’ (1.80)
Substituting (1.80) into (1.79), we have
du’ = AEA™'dr’

or

du’

— =E' = AEA™! (1.81)
dr

Example 1.10. As an example of the transformation of a 3 x 3 matrix,
consider the pure shear strain. Recall that
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w
il
on o
con
co o

Let us apply a rotation of /4 to this matrix and use the transformation
rule given by (1.81). The transformed strain is

S - A S A
! I !
T s = 1 [oco]l [5 5 o
S’ V2 \'2 0 C 00 Lz __Lz 0
2 2 0 0 0 z 2
2 20 2 y2 0
-7 3 2 2
0 0 1 I_0 0 l_

Carrying out the matrix multiplication, we arrive at

c 0 0
=10 -C 0
0 0 0

The resulting strain matrix thus possesses only diagonal (longitudinal)
terms. This has a simple and elegant physical interpretation. If we pull
(stretch) along the x'-axis and push (compress) along the y'-axis, we can
produce the pure shear where the x' —y’ system is rotated at an angle of
45° from the x-y system.
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1.9 CONTRACTED NOTATION AND THE DYNAMICAL
EQUATIONS IN THREE DIMENSIONS

The strain S and stress T have the properties of matrices (they trans-
form according to (1.81), but they possess only six independent elements.
It is convenient to write them as 6 X 1 column vectors (but we must
remember that they are not vectors!):

= - — —

S] Tl

S, T

_ | S _| Ts
S = S, and T = T, (1.82)

Ss Ts

S(, T6

Comparing with our previous formulations for S and T, we require that

S1 = Su Sy =25, =25,
S =8, Ss=2S: =28 (1.83)

S3 = SZZ S6 = 2Sxy = 2Syx
and
T\ =Ty T, =T, = T,y
TZ = Tyy T5 = sz = TZX (1-84)
I3 =T, Ts = Txy = Tyx

Notice that the first three equations establish conditions for the longitudinal
components of the stress and strain, and the last three equations connect
the shear components. Also notice the factor of 2 in the shear strain
components, which has its origin in the definition of shear strain (1.47)
and is therefore not present in the stress. Finally, it is important to realize
that these conditions are a matter of definitions and thus cannot be derived
from basic principles. They are the result of convention and convenience,
but we will refer to them often, so they should be readily accessible.
Now recall that

ouy ou du, ou,
Si = Su =22 5, =2 g =05, = (22 2
! ~ oax o, 5 ¥ (32 ax
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The six equations for the six independent strain components can be written
as the product of a differential operator matrix on a vector:

- = T -
S1 — 0 0
ox
d
S 2
2 0 3y 0
S3 0O 0 —
0z u,
s=[s|=10 2 2| |y (185)
9z ay U,
Ss 9 0 9
0z ox
d d
S —_ =
L o ay ox 0

This matrix equation contains the six strain equations. For example,

ou u u d
S4=_.__y+_z, S6=__x+_2

u
9z ay ay ax’
Alternatively, we say that the gradient operator “transforms the displace-

ment vector u into the strain matrix S. Equation (1.85) may be written in
a shorthand notation as

§ =V (1.86)
where
Vs> Vi I =1t06 (six rows)
j=1to3 (three columns)

Equation (1.86) is the three-dimensional analogue of (1.4).
Recall that in one dimension Newton’s law was written as (1.6):

oT _ dv
z P
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In three dimensions, the right side is still a vector (the derivative of a
vector with respect to a scalar is a vector), so the left side must also be a
vector. Now we know that T is a matrix; thus we need a gradient operation
(because of the spatial derivative in (1.6)) that transforms a matrix into a
vector (compare to (1.86), where the operator transforms a vector into a
matrix). The required operator is V - T.

As in vector analysis where the divergence of a vector results in a
scalar, here the ‘““divergence” of a matrix produces a vector. First we recall
the divergence of a vector:

vy, dvy, dv,

—_— —2 4 = .
v + 2y > (a scalar) (1.87)

<7
Vo

The matrix analogue of (1.87) is

vt~

+ 0Ty, + aTX! + Ty, J
ax ay dz

asz QLX aTzz .
+(ax + 5y t =, k (1.88)

0Ty + a7,y + T\ »
ox ay 0z

The operation transformed T into a vector in which each component cor-
responds to a ‘“divergence” on a different row. For example, the x com-
ponent is the analogue of the divergence on the first row of T. This can
be written in a more elegant form as

T,, T,y T,,| < icomponent
V-T=V-|Tyx T, T, |« jcomponent
T.x T,, T, | < kcomponent

(1.89)

In summary, just as a gradient transforms a scalar into a vector, and a
divergence transforms a vector into a scalar, the gradient matrix operator
transforms a vector into a matrix, and the divergence matrix operator
transforms a matrix into a vector.
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Now we substitute the definitions of the six independent stress com-
ponents into (1.89):

:96; T + aiy Ts + aiz Ts | « x component
V-T= 3 Ts + 9 T, + 4 T; | « y component (1.90)
. 0x ay 0z
iT +iT +iT <« z component
ax > ay MY P

Using (1.90), we can write (1.6) in matrix form:

9 ] ]
=~ 0o 0o o = —||h
ax 9z AR
d d ) T3 av

y 0 @z O nllnfew @
) ) d Ts
0 > v ax T,
_ 9z ay ox d176

Equation (1.91) is a set of six equations corresponding to (1.6). For ex-
ample, consider the y (or j) component:

(L L 2T

+ aT”! + aT!z + 0T,
ay (¥4 ox

ay a9z ox
. L

long. shear force

force (1 92)

avy
at

p

The longitudinal term is associated with a longitudinal acoustic wave and
the shear term is associated with a shear acoustic wave. The divergence
matrix operator is 3 X 6 matrix:

V.-V, wherei =1t03,J =1t06
Compare this to the gradient matrix operator (in (1.86)), which is a 6 x

3 matrix. The divergence operator matrix is the transpose of the gradient
matrix operator matrix.
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The dynamical equations of motion for the one- and three-dimen-
sional cases are shown together with Maxwell’s equations in Table 1.3.

Table 1.3
Acoustic Equations Elegtromqgnettc
quations
Maxwell
One-dimensional Three-Dimensional Equations
Newton’s law Faraday’s law
aT ov ov B
az P V-T=p% VxE=-3
Definition of stress Ampere’s law
s=X §="Va vxH=-2
0z ot
CONSTITUTIVE RELATIONS
Hooke’s law
T=CS T = ¢S D = ¢E
Definition of particle velocity
ou du B = pH
vV = — vV =
ot ot

Wave impedance

Phase velocity

v fc
= —_ vV, =
‘ p i pe

In Chapter 2 we examine the innocent-looking constitutive relation
T = ¢:S in more detail.
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1.1

1.2

1.3

1.4

1.5

W

PROBLEMS

Show that the particle displacement and particle velocity satisfy the
one-dimensional wave equation.

Show that an arbitrary 3 X 3 matrix can be written as the sum of
symmetric and antisymmetric matrices.

Show that the combination of a w/2 rotation about the y-axis followed
by a m/2 rotation about the z-axis can be represented by the matrix:

|
o= O

0
0
-1

SO

Write the three components of Newton’s law:

Identify the stress components.
Complete the derivation of (1.30).

REFERENCES

B. Auld, Acoustic Fields and Waves in Solids, Vol. 1, John Wiley
and Sons, New York, 1973, Chapter 1.

V. Ristic, Principles of Acoustic Devices, John Wiley and Sons, New
York, 1983, Chapter 1.

G. Kino, Acoustic Devices, Imaging and Analog Signal Processing,
Prentice-Hall, Englewood Cliffs, NJ, 1987, Chapter 1.

E. Byars and R. Snyder, Engineering Mechanics of Deformable Bod-
ies, International Textbook Company, Scranton, PA, 1964, Chapters
1 and 2.

T. Woodruff and H. Ehrenreich, Phys. Rev. 123, 1553 (1961).

J. Gordon, Structures, or Why Things Don’t Fall Down, Pelican, New
York, 1978.



