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PREFACE 

L i e  laws which govern t h e  s m a l l  v ibra t ions  of e las t ic  p l a t e s  a r e  con- 

tained i n  the  three-dimensional equations of the l i n e a r  theory of e l a s t i c i t y .  

There is  no e s s e n t i a l  d i f f i c u l t y  i n  obtaining so lu t ions  of t he  equations f o r  

i n f i n i t e  p l a t e s ,  a t  least as far as t h e  establishment of t he  secular  equations,  

When the faces of the  ?late are f ree  of t r a c t i o n ,  the so lu t ions  revea l  the 

existence of an in i ' in i te  number of modes of v ibra t ion  f o r  each wave-length 

i n  t h e  plane of the  p la te .  

each of these  modes (or i t s  overtones) couples with a l l  the  others (or their  

In a f in i te  p l a t e ,  w i t h  free or clamped edges, 

- %  

overtones) leading t o  an ex t r ao rd ina r i ly  complex spectrum of frequencies ~ 

' whose d e t a i l s  a r e  bur ied . in  an i n f i n i t e  system of  transcendental  equations, 

Inasmuch as the  governing d i f f e r e n t i a l  equations are l i n e a r ?  each of 

the modes of an i n f i n i t e  p l a t e  has overtones i n  a f i n i t e  p l a t e ,  but no sub- 

tones. 

frequency spectrum of a f i n i t e  p l a t e  but  the  high modes of an i n f i n i t e  p l a t e  

do not g r e a t l y  a f f e c t  the spectrum of a f i n i t e  p l a t e  a t  lower frequencies,  

This circumstance permits the formulation of approximate equations with high- 

frequency cut-offs a t  various leve ls .  

s i c a l ,  two-dimensional equations of v ibra t ion  of t h i n  p la tes .  The Germain- 

kgrazge-Cauchy flexural equations and the  Poisson-Cauchy extensional equa- 

t ions  contain only the lowest modes of an i n f i n i t e  p l a t e  and describe ade- 

quately the frequency spectra  of f i n i t e  p l a t e s  as long as the frequency i s  

wel l  below t h a t  of t h e  lowest absent  mode. 

7 

Accordingly, the  lower modes of an i n f i n i t e  p l a t e  influence the  high- 

The bes t  known examples a r e  the c las -  

The extension of t he  two-dimensional equations t o  accommodate higher 

frequencies involves the  incorporation of the  next  higher  modes of an i n f i n i t e  

plate .  The f i rs t  s t eps  i n  t h i s  d i r ec t ion  have l e d  t o  appl icat ions (see the  
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end-) of i n t e r e s t  i n  t he  f i e l d  of frequency control .  A s  a r e s u l t ,  an 
APP 

committee, composed of E. A. Gerber, R, A, Sykes and K. S. Van Dyke, 

t o  the  Office of the  Chief Signal Off icer  t h a t  a monograph be 

prepared i n  which t h e  der iva t ion  of t he  new equations might be explained i n  

de t a i l  

It turned out t h a t  a reasonably f u l l  exposit ion of the  foundations of 

the theory of v ibra t ions  of p l a t e s  required preliminary s tudies  i n  a reas  

h i ther to  unexplored. 

necessary t o  an understagding of t he  theory that they comprise the  major 

part of t h e  monograph. 

applications now appear as almost tr ivial  spec ia l  cases of more general  

equations covering a much wider f i e l d  of appl icat ions.  

These inves t iga t ions  have proved so  fruitful  and so 

The equations which formed t h e  bas i s  of t he  previous 

Two-dimensional equations are, of course) approximations. The f irst  

question t h a t  arises i n  attempting t o  explain the development of the  equa- 

t ions is  What i s  it t h a t  i s  being approximated?" 

here is  t h a t  t h e  r e l a t i o n  between frequency and wave-length i s  the  element 

of prime importance. 

w i l l  y ie ld  t h e  appropriate  r e l a t i o n ,  a t  least  i n  a l imi ted  range. 

appropriate r e l a t i o n  i s  the  one given by t h e  three-dimensional equations 

and, i f  these could be solved f o r  a l l  shapes and boundary conditions,  there  

would be no need f o r  approximations. Fortunately,  it i s  only e s s e n t i a l  t o  

have avai lable  the  so lu t ion  f o r  an i n f i n i t e  p la te .  For- t he  i so t rop ic  mate- 

r i a l  t h i s  w a s  given by Rayleigh i n  1889* 

The point  of view adopted 

Accordingly, it i s  t h e  aim t o  produce equations which 

Now, t h e  

Most of Chapter 2 i s  devoted t o  t h e  s tudy of Rayleigh's problem. Of 

Par t icular  i n t e r e s t  i s  the  method adopted t o  lead up t o  the  f i n a l  so lu t ion  

via the simpler problem of mixed boundary conditions. 

diction of some of t h e  major fea tures  of t h e  complicated, coupled speckrum 

This enables t h e  pre- 
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, i t b u t  de t a i l ed  ana lys i s  

equations a re  deceivingly 

during which the  r o o t s  in 

o r  computations, Rayleigh5s f i n a l  transcendental  

simple i n  appearance. 

var ious regions had been s tudied  extensively 

After more than s i x t y  years  

(notably by Lamb i n  1917 and Holden i n  1951) there  s t i l l  remained unexplored 

the pa r t  of t he  spectrum of g rea t e s t  importance f o r  the  development of two- 

dimensional equations. 

region)is  analyzed i n  d e t a i l  in Section 2.11- 

This p a r t  ( the high-frequency, long wave-length 

Analogous t o  Rayleigh's so lu t ion ,  t he re  i s  one by Ekstein ( in  1945) 

for  t he  monoclinic crystal, which has important appl ica t ions  t o  the  ro ta ted  

Y-cuts of quartz.  

understanding of Rayleighqs problem it is  not surpr i s ing  t h a t  % s t e i n ' s  solu- 

t i o n  of a much more compiicated problem has not y e t  been explored f u l l y -  

Inasmuch as a la rge  por t ion  of the monograph i s  devoted t o  c r y s t a l  p l a t e s .  

it would have been appropriate  t o  descr ibe & s t e i n ' s  problem i n  as g rea t  

d e t a i l  as Rayhigh ' s -  

plete  the work- 

c rys t a l s ,  analogous t o  t h e  tes t  of t he  equations f o r  i so t rop ic  p l a t e s  a t  the 

end of Chapter 5,  had t o  be postponed. 

In  view of t h e  length of time it has taken t o  gain an 

However, t he re  w a s  no t  enough time ava i lab le  t o  com- 

Consequently, a t e s t  of the f i r s t -o rde r  approximation f o r  

A s  e a r l y  as 1828, Poisson and Cauchy had a l ready  deduced the two- 

dhens iona l  equations of low-frequency f l e x u r a l  and extensional  v ibra t ions  

of pla tes  from t h e  three-dimensional equations. 

sxpansicns i n  i n f i n i t e  s e r i e s  of powers of t h e  thickness-coordinate and then  

g rFa t  ingenui ty  i n  discarding higher powers and combining what was 

They s t a r t e d  with full 

l e f t  So as t o  reach t h e  des i red  equations. 

d ien ts  of the  higher order e q u a t i m s ,  bu t  there  was no i n t e r e s t  i n  high- 

They had before them the  ingre- 

v ibra t ions  a t  t h a t  time. Mot long afterwards , Xirchhoff introduced 

considerat ions and i n t e g r a l  theorems i n t o  t h e  theory of p la tes ;  bu t  
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he too, w a  i n t e re s t ed  only i n  low frequencies anci included j u s t  e ough 

terms of t he  series f o r  h i s  immediate purpose- 

d i f f i c u l t  quest ion of boundary conditions,  

He d id  s e t t l e ,  though, the  

In  recent years there  has been much i n t e r e s t  i n  h igher  order theor ies  

of p la tes ,  Some of t h e  developments have been based on analogy with t h e  

Bresse-Timoshenko theory of high-frequency, f l e x u r a l  v ib ra t ions  of barsI 

while others  have been based on more fundamental energe t ic  considerations,  

me  e a r l i e s t  of t he  l a t t e r  i s  E, Reissnervs theory of flexure which appeared 

in 194.5. 

deriving higher order theor ies  of bars ,  p l a t e s  and s h e l l s  as there  have been 

authors t o  write about t h e m .  

Cauchy and Kirchhoff and pick up where they  l e f t  o f f ,  

Since t h a t  timz there  have been produced about as many ways of 

IQ own preference i s  t o  return t o  Poisson; 

In  Chapter 3 the three-dimensional equations of e l a s t i c i t y  are con- 

verted t o  an i n f i n i t e  series of two-dimensional equat ions-  

expanding t h e  displacement, i n  the  va r i a t iona l  equation of motion, i n  an 

in f in i t e  series of powers of the thickness-coordinate of t h e  p l a t e  and in t e -  

grat ing through the thickness* 

Poisson might have done if they  had had ava i lab le  what Kirchhoff was t o  

develop later. 

t o  handle than t h e  o r i g i n a l  equations; bu t  the ser ies-expressions of d i s -  

placement, s t r a i n ,  stress, energy and equations of motion are of a i d  i n  

deciding what t o  include i n  various orders  of approximation and i n  under- 

standing t h e  implicat ions of what is discarded and what re ta ined-  

This is done by 

It seems t o  me thti t  t h i s  i s  what Cauchy and 

The i n f i n i t e  s e r i e s  of equations are? of course., no easier 

?The remaining three  chapters deal with a v a r i e t y  of t runcat ions of 

the ser ies-expressions,  

'jhY the  t runca t ion  i s  performed. 

ing predict ions of frequency vsr wave-length i n  an i n f i n i t e  p l a t e  and t h e  

I n  each case an  eJlrplanation i s  given of how and 

Comparisons are m d e  between the result- 



corresponding r e l a t i o n s  obtained from t he  three-dimensional theory,  where 

the l a t te r  am avai lab le .  

of usefulness of t h e  approximate equations, 

have been confirmed by comparison of p a r t i c u l a r  so lu t ions  with experiments. 

The d e t a i l s  a re  described i n  the  papers l i s t e d  i n  the Appendix. 

These comparisons serve t o  de l inea te  the . ranges  

I n  many cases the estimates 

The d isp lay  of the in f in i t e - se r i e s  expansion, i n  Chapter 3 ,  could 

lead the  reader t o  expect that the  subsequent process of truncation might 

be executed with some semblance of mathematical r igor .  

The series-expressions serve only t o  exh ib i t  t he  branches which must be 

pruned. 

i n t u i t i o n  baaed, i n  tu rn ,  on an understanding of the  solution of the  three- 

dimensional equations f o r  t he  case of t he  i n f i n i t e  p l a t e ,  However, when a 

truncation i s  completed, the  k i n e t i c  energy-density and the  strain-energy- 

densi ty  are formulated and a theorem of uniqueness of solut ions of the  

This i s  not  t he  case. 

Where the  c u t s  a r e  made depends on physical  considerations,and on 

‘approximate equations i s  establ ished.  Thus, each order of approximation 

i s  f inal ly  expressed as a se l f - suf f ic ien t  mathematical system, 

December, 1955. R, D. Mindlin 
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