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CHAPTER 5 

FIRST-onDER APPROXIHATION 

5.01 of Zero- and First-Order Terms from Series 

The establishment of a set of approximate equations, in which only 

the zero-order and first-order displacements appear, follows a course similar 

to that employed in obtaining the zero-order approximation. Thus, correspond­

ing io (4.011) we begin by setting (see Fig. 3.011) 

.
Loi(n) -= 0 = 0 VI > II , , 

(5.011) 
= 0 n > 2., 

The retention of uƸ) is necessary in order to accommodate the thickness­

strains which accompany low-frequency flexure. Consider, for example, an 

isotropic plate, in a horizontal position, subjected to simple, static 

bending such that the upper face of the plate is concave. Then the upper 

half of the plate is in compression (in its plane ) and the lower half is in 

tension. Due to the effect of Poisson's ratio, the upper half must expand 

in thickness and the lower half contract. This is a strain of the nature of 

(I) ( w .
.5... -:::ZUz , see Figs. 3.032 ) • In addition, if we consider variation of bend­

ing withx, andX3, we see that we Dust permit the contributions and. 

OUs/OX.3 to the strains 5r") and 5;°' (see Fig. 3.032) . 

The assumptions (5. 011) reduce the kinetic energy-density (3.0514) to 

and the strain-energy-density (3.0511) to 
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The presence of Up') , T;<>l ,T:"" and Tt) in the energies accommodates motions 

which represent the three fundamental thickness-modes, i.e., the lowest X, 

and A3 simple thickness-shear modes and the lowest simple thickness-stretch 

mode (see Figs. 2.031, 2.032 and 3.011). The lowest, symmetric, simple 

thickness-shear mode (Fig. 2.032, '1=2 ) is not included; that is, its fre­

quency is assumed to be higher than that of the lowest symmetric, simple 

thickness-stretch mode (Fig. 2.031, p=I). In an isotropic plate, for exam­

pIe, this limits the applicability of the equations to -z) < 1/3. The displace­

ment uƵ), which appears in boŶŷ energies5 is associated with the second 

. 
thickness-stretch node (see Fig. 2 . 031 , F;- 2. , and Fig. 3.011). We choose 

to eliminate this mode from the first-order approximation, just as we have 

already eliminated the third and higher thickness-stretch modes and the 

second 'and higher thickness-shear modes by the assumptions (5.011). To 

accomplish the elimination without suppressing completely, we set 

.:=U• :1.(1) 0 

in (5.012) and 

(5.015) 

in (5.013). In this way we permit the free development of the first-order 

thickness-stretch (5ƶ') = 2.uƷ>') and the portions Ou.�"tfJX, and OUq'I?:;X3 of the 

second-order shears So2) and 5.ul, as shown in Fig. 5.0ll . 

As a result of (5.014) the kinetic energy-density (50012) becomes 
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Fig. 5.011 

Strains which are permitted to develop freely 
in the first-order approximation. 



,-(1) 
12 

U3 

ou" 

bUt. 

QUa 
'J " ;, 

i 

Ⱥ 
Ʋ 

S,,) :: 

5" () )(, b '/..3 

5.04 


(5.016) 

In anticipation of an alteration, to be made later, we have identified the 

density, in the first-order kinetic energy, by writing it as P,. 
As a result of (5.015) the strain-energy-density (5.013) becomes 

\,) 1.11 til 
U := ..L reols'·) + T.ll) 2>̩1 1" 1: (I)..£!:!l. + t (t) ĳ 

2 P " I b /(, 3 bX,3 "" b lC-̧ [ 

while the zero-order and first-order stress-strain relations are 

T;'I:. t b3 Cpˤ Sn') } [ p = 1,:3 J +/ Sib 
2 bˣ S(I)= 3" C2.C£ 'io Ƴ:- 1/2,)/4/5,6 

where the 5lm are given by their full expressions in terms of the displace­

ments (see Fig. 3.031) but the first-order strains are now 

o (0) 5") = (OJ
3 

...I ?J x, 0 X,3 

+ 0 (,) (50019)
S (01 ȹ ?> <Ą (I) 

(0) 

5 (I) :: 2 uƴ:U 


5 (I) ::: 0
3 0 X -" 

(0) 
SCJ) = 

6 0 X I 

In the first of (5. 018) the tenns 

3 «) ().l( )l.Q. 0(..1 .. + c 
ˢ Cp4 (:) p6 b X I 

are omitted, as it is desired to permit the free development of these strains, 

Ÿithout contribution to the strain-energy (see Fig. 5.011) . 

The second and third of (5.018) may be reduced to the single expression 
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by the same procedure as that followed in the reduction of (4.016) to (4.019). 
In u nabbreviated notation, (5.018) become 
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where 
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(5.0111) 


where 

The stress-displacement relations are, from (5.0111), (3.037) and (5.019), 

(5.0112) 

At this stage, the strain-energy-density in terms of the strains is 

(5.0113 ) 
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Finally, fron (5.0116) and (5.0112) the displacement equations of 

5.02 of Modes 

( 8 ) ( ,.1 (,) , The six equations of motion 5.011 on the six dlsplacements LAj l uJ.) 
Yield six modes of vibration of an infinite plate, each Źode with its own 
relation between frequency and wave-length. As the wave-length approaches 
infinity, three of the frequencies approach zero and three do not. 
quencies for the limiting case 5= 0 are readily found from (5.0118) by 
setting 

5.06 

The zero-order and first-order stress equations of motion (3.0212) 

reduce to 

F·J 
(.)17-. 2bpuj
t- ::= 

T."Ĳ 
_ 

1Zj1>
(5.0116 ) 
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motion are 

(5.0118 ) 
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A")
where Ai and ' are constants. Then (5.0118) reduce toJ 

to) 

I r 

Hence, when AI.'j =- 0 , All) 0 , 

Wr ';::'.0 , (,:, 1,2, ;, 
(5.023) 

-_ fi I 

where the c:; are the roots of 

(4(, - '5 '2.6 ('H. II 
(.2.4 Cn- Cs. 1=0CZ4 

IC4, (24- (.. 4 - C:; i 
The ��ree non -zero frequencies should be those of the three fundamental 

modes of siF�le thickness-vibration, that is, they should be given by (2.051) 

wi th n = I. However, it may be seen that the frequencies are in error by a 

factorrrjvtl . Tue reasons for the discrepancy, and its remedy, can be found 

from a study of the limiting frequencies and mode-shapes obtained from the 

solution of the three-dimensional equations. It is sufficient to examine the 

case of isotropic, plane strain (Section 2.11). 

In the case of flexural vibrations of an isotropic plate, in a state 

of plane strain, the relation between frequency and wave-length of the fWida-

mental mode is illustrated, for example, by the lowest dashed curve in Fig. 

2.113 (a ) . As the wave-length increases, the frequency approaches zero. At 



XI: 

;b ft 

:b 

yAp2P 

5. 08 


the same time the displacement normal to the plate (Ut) approaches the form 

and the displacement parallel to the plate CUI) approaches the 

Similarly, for the fundamental extensional mode, as 5 b ȸ 0 , 

The relation between frequency and wave-length of the 

fundamental extensional mode is illustrated by the lOi-lest full curve in Fig. 

2.113 (a). Thus, for both flexural and extensional fundamental modes, the 

exact solution, for long \-lave-lengths, is described by just those displace­

ments that appear in the first-order approximation. Consequently, we may 

expect the first-order approximation to be very good for long waves of the 

lower modes (see Section 5. 7). 

Turning, now, to the second flexural and extensional modes, the rela­

tions between frequency and wave-length, in the exact solution, are given by 

the next higher dashed and full curves in Fig. 2.ll3(a). As fb- 0 these modes 

approach the fund&Ɵental simple thickness-shear and thickness-stretch modes. 

In this case, as 5 b ȷ 0, 

w̤ 

I.A2. _ A :I. s i 1'\ Ii 
2. b w -> 

The corresponding displacements in the first-order approximation are U,h) and 

ƭƮ) which represent displaceTIents linear in X,and lead to limiting thickness­

frequencies 

The error, a factor1T/v'i2, is seen to be due to the incorrec'J variation of 
displacement through the thickness. 
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If an expansion in a series of trigonometric f˛˜ctions, instead of 

powers) had been employed, we could have obtained correct frequencies for the 

simple thickness-modes but the frequencies of the fundamental flexural and 

extensional modes would have been in error. We can, however, make adjustments 
which will correct the limiting frequencies of the upper modes without affect-

ing the fundamental flexural and extensional frequencies at long wave-lengths. 

We proceed to trace the influence of the displacements on the simple 

thickness-frequencies. The latter are determined by the kinetic energy and 

strain-energy densities. In the kinetic energy only the first-order terms 

I • 01 Cll • bUj contrÆ ute to the simple thickness-modes and, in th e strain-energy, 

only the zero-order strain-components S2j(0) 
contribute. In the expression 

(5.023) for the simple thickness-frequencies, the kinetic energy terms are 

represented by the first-order density and the strain-energy terms are rep-

resented by the elastic constants (.,5 which, in turn, depend only on cP'b ' 

Thus, we can correct the limiting frequencies of the upper modes by 

2. 
replacing P,' in the kinetic energy-density, by p/K, where 1<,= rrjm , or by re-

ȶ M 
placing the SZj , in the strain-energy, by (, Slj' Neither of these alterations 

affects the fundamental flexural and extensional modes at long wave-lengths 

inasmuch as the altered terws contribute negligible amounts to the total 

eneÇgy-densities of the lower modes when the wave-length is long. In this 

way, we may adjust the higher modes without appreciable infl uence on the 

lower modes in the range of wave-lengths to which the equations are restricted 

in any event. 

To effect the adjustment of the straÈn-energy, we have to replace the 

strain-energy-density (5.0113) by 

(5.027) 
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C052. (ij rr/z) 

(0 S 7.( I<fHT/2) 

1Tjm 
(5.028 ) 

˚e powers£ and ƫ serve to distribute the factor ˙ to the thickness-straL¤s 

5j) only and to multiply thos¥ strains by ̟ if the strain appears to the 

first power and bY¦'if the strain appears to the second power. 

where 

or 

In the abbreviated notation, (5.027) becomes 

̠ ::; cos2.(p1T/2) 

ƪ "" (O.s2(q1T"/Z) 
K. = 1T'/VTl 

Tnen the stresses are given by 

T'O) = ... ̞ 5(0)
::: ZblG IG cr̡ 't.I" [, s'·)

f' 

Tk ::: .ill ::. 2. :; - S (0)05(1\ -:;- b c.p̢ '6
p 

The stress-displacement relations become 

(.. I ȵ - ( .) II) )T, = U +lJ k, R 

(5.0210 ) 

I (5.02l2) 


(500213 ) 
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and the stress-equations of motion rew4in unchanged. 

To effect the alternative adjustment (on the kinetic energy) it is 

only necessary to set 

P \ -= L1<,2. 

in the equations of Section 5.01. 

It is apparent that the correction on the kinetic energy is the sim­

pler one to apply. Furthermore, it has been pointed out (Benscoter, 1955) 

that this correction has the advantage of disappearing in the case of equa­

tions of equilibrium and also leaves the elastic constants available for sep­

arate adjustments appropriate to static problems. Accordingly, we shall 

adopt (5.0214) in the sequel (except for the intermediate approximation given 

in Section 6.04). 

5.03 of Solutions 

The establishment of sufficient conditions for unique solutions of 

the equations of motion follows the pattern established in Section 4.02. We 

consider two sets of displacements, strains, tractions and stresses in a 

plate and designate their respective differences by starred symbols. Then 

the kinetic energy-density and the strain-energy-density of the difference 

system are 

IfR�and U�are the total kinetic energy and strain-energy of the plate� 

calculated from K�and tr�and reckoned over a time interval t-to , we have 
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b .. (o)jt- · (01,..u.. u·J J 
2. b'3" (lIlt- · (l)iI-K· 

J J== 2p 

, )
where the last step is a consequence of the symmetry of T. ˘ 'I- and ;:LJ'.')  '" "J 

Noting that 

we have 

( (o\'t- ("1\.. 
(_ loll' ('Ill) • (' )  it­U· T. I .  u..2.J LJ,C. J 

-+ T(I), . (•• *)l'J U.J 
'" 
 t-.U· £-- -

, 

which is converted, through the use of the equations of motion (500116) to 

Hence, from (5.033) and (5.034), 

Then, noting that ( ) . :::: 0 when t. -= 2.,
,( 

we have 

+/"LJ U.J ,l dA 
 --
Col. + (IIƩ) d

f U.(o)O', (
1 (r... (). .)'1 

lJA J 

"here S is the coordinate along the edge of the plate. The integrand of the 

line integral may be expressed in terms of coordinates Yl, 5,2 where n is the 

outvrard-drawn normal to the edge: 
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Accordingly, by the same argument as that employed in Section 1.05, 

sufficient conditions for a unique solution of the equations of motion are 

(see Fig. 3.062) 

displacements UJ , U; and initia1
Specification 

UJ• 

of the initiala. 

1CCl. t'les Uj throug hout the plate§ve , 

f . 
lcatlon F.

I 
10) co) f- (0) U ,.)z Ȱb • .

palrs
.

pecl 0 one member 0 eac 0 U,. 
f h f heS f t , 
 , 

F. lȲ (Il:) lA, throughout the plate. 

Specification, at each 

U˗ , Jn2. '-'Iz., 

point of 

...., U... 

the edge, 

ns Ufo 

of member of each ofone 

CAZ 

c. 

palrs Ill) 1..1" •' ,, 

I, 



, 

[5") 

5'" 5"" ;) 

" 

(,,J 

\ "" 2b e" , t 

1.0) 

101   ::: zblcl1 5, -t" 

rC<OI t ". ':: 2b LSI, t 

::tl 

'11 s¢ + 

51<>l 
CJ't \ to 

c"s: ,. c,¤5: i-

S""l 
c .... ... t 

S"') 

c..r i'" C1" " 

S'o) czr",J' 
+ 

(1&5="J 
C3fS". ... Co) 1 
C40-S:¥ ... c •• s; J 

5"'1 c.r,S¦" ] 
S·J $'.,)1 

5.04 StressSStrain Relations 

The scalar expression of the stress-strain relation is obtained by 

expanding (5.0110) and the first of (5.018). 

For the triclinic crystal, we have 
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For the monoclinic crystal with thex,-axis the 

symmetry, 

Hence 

T{LI. = lb ct..[' )- .. C" 10 

axis of two-fold 

(5.042 ) 
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In the isotropic case we have, in addition to (5.042), 

Then 

T;(u):: Zb[C" S,t>l .. c,lrS:'" .. 5�'o»)] '" Zb[(A+2j.4)5l'O) .. ),,(5,'0) .... SY.))J 
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1;(0):::: 2b[ ",5;0> ... (ll( s;q) +-stWJ .. 2 b[ (AtV) S�..\+ 1\(5:'" t 5S<)T 

T.tl:- b(CII-C,JS�a) 2b)4S;X=-

T."):: [(ell - ... (CI� -� )53<'] = (5,") + lJ 5:')) 
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4 J 1\ ''J.).. -"1'" '" 
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Triclinic: 
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Isotropic: 
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5.06 of Motion 

The displacement-equations of motion are obtained by substituting th8 

stress-displacement relations (Section 5.05) in the stress-equations of 

motion (5.0117). The equations which follow are for plates of uniform thick-

ness. 

For the triclinic crystal, we find 

( T C. U til T ( + ( ː T u'l) T' t ˎ + c I ˍ t- U 1II1\ C:l. J ,Ȯ I'\- ' ' b X, 0 X 3 If" OX C () X Ȫ , 

) 
c.) M ) rO\\ (0 Col )< F C'\(0) •• - .1.. c .Q!:!J. +, dĪ T C au; +, ĩ T U (ol + C • + Ƨ) t C ˋ Ȩ uī" + b-. = A tA (,)

b'l. "'ox,.. t.2 1 .'IlX... ̑)(;) ȫ Ȭ />'1., o)(̐ b. 'bX, 2b' I '[ 



/ 

5.21 

It may be seen that the extensional displacements (UƤ"), ().ƥJ ,UƦl) are 

coupled with the flexural displacements (u�'\ () :" , uƣ')) in (5.061) through the 

are essentially extensional equations of ðotion, but involve some flexure. 

The second, fourth and sixth of (5.061) are essentially flexural equations 

of motion, but involve some extension. 

For the monoclinic case, we have 
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In the isotropic case, the extensional and flexural equations are not 

coupled. The extensional equations are (Kane wñd Mindlinò 1955) 

.. {O)
pUt 

where 

From the uniqueness theorem (Section 5.03) , sufficient conditions for 

unique solutions of (5.063) are (see Fig. 3.062) 

a. 	 Specifica tion of the initial displacements U ,(0) , and initial 


. (n) (0' • to 
u' 
ve 	 l.es , throughout plate.1OCl.. t . u, , 3 u̎ 	 the 

Flo) (01 (.)
b • Specifieation of one member 0f each of the three pairs \ ("\, ̌ LI̍ , 

c. Specification, at each point of the edge, of one member of each of 

palrs (01 U (.) (.) 

The first two of (5.063) are essentially equations of extensional 

motions in the p lane of the plate; i.e, "faceT! motions. The third of (5.063) 

is essentially an equation of thickness-stretch motions. T'ne two types of 

motion are, however, coupled, as may be seen from the presence of V\Ơ') in 

the first two equations and VIƢ·) and LAơ·) in the third. T'ne coupling of face 

ana thickness-stretch motions may be regarded from two points of view. On 

the one hand, the coupling may be regarded as due to elastic interaction 

since it is destroyed if A==O, Le., if Ɵoissonls ratio is zero. '[tJhen -,)=-O 
in the first two of (5.063) , these equations reduce to the equations that 

-,-(01 (0)Iv.... u... th. ree 
.

the , 



2b.u b3(.) 
r- \ 
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are obtained by setting V = 0 in the first and third of (4. 043) (Poisson 1 s 

equations of low-frequency extensional motions of thin plates ) . On the other 

hand, the very presence of the cou pling is due to the acco u n t  taken of the 

symmetric thickness-shear stresses T4-(I) and ToY) , the symmetric thickness­

stress T:Ɯ and the associated thickness-acce le ration uƞ). If the se compo­

'nen ts (and Fz(') ) are set e qual to zero, the third of (5.063) disappears. Then, 

with Ɲ(O)= 0 , we may use the second of the stre ss-displacement re lations 

(5.053) to express uƛ) in terms of u,(Q) and uĨ·). If this expre ssion for u:) 

is used in the first two of (5. 073), the e quations of motion reduce to 

Poissonls equations for all values of v. This process is, of course, equi­

vale nt to reverting to the zero-order approximation. 

The flexural equations of motion, for the isotropic plate, are 

(Uflyand, 1948; Mindlin, 1951) 

(0 lo)D 	 " -[(I-V) V.'U(I/ ... (I -tv) ˉ 
(IJ}

- .Q.lli t- U (I) 1- F (II :: 23 U (I) I 	 \ I I2 ' \ O){, b X, ) 

where 

eN = 	 ˊ (;fħ" + (5.066 ) D X, '0)(;\ 

Equivalent equations of e quilibrium were obtained by E. P£issne r 

(1945, 1947). Equations (5.065) may be regarded as two-dimensional analogues 

of the e quations of flexural vibrations of beams in which the e f fe cts of 

rotatory inertia and transve rse shear-deformation are taken into account 

(Bresse, 1859; Timoshenko, 1921, 1922). 

From Section 5003, we find the condi tiona sufficient for li..'1ique S olu,­

tions of (5.065) (see Fig. 3.062) 
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a. Specification of· the initial displacsments Uƚ'l, u.:') ,ut) and initial 

velocities Cit, LA,"', u;') throughout the plate. 

b. Specification of one member of each of the three pairs F;') U;l , 
PM U") , u.

(I) 
throughout the plate.I , 

Specification, at each point of the edge, of one member of each of 

. T (0) U (,I (I) (,) (0) (0)
the three palrs r>r> , , U$ , • (The important conclusion that three 

edge-conditions are required, rather than the two of the classical theory 

of plates, was reached by E. Reissner (1945). 

Essentially, the first of (5.065) governs the transverse displacement 

Uƙ·l and the other two equations govern the thickness-shear displacements UI,") 

and u3C') ; but the three equations are coupled as the result of the appearance 

of the thickness-shear displacements, u,C') and u3(1), in the first equation 

and the transverse shear strains 

'0 )(, 

in the second and third equations. If these are suppressed and if the 

rotatory inertia terms (the right hand sides of the second and third equa-

tions ) are dropped, the system reduces to the zero-order flexural equations 

as may be seen by comparing with (4.043). 

At various places in this Section1 mention has been made of coupling 

of components of displacement. It should be recognized that coupling can 

arise from various sources according as the vibrations take place in an in­

finite body, an infinite plate or a bounded plate and according as the 

Vibrations are free or forced. 

Coupling can occur in an infinite crystal solely through the elastic 

constants. This type is, of course, represented as such in the tiJo-dimen-

sional equations of this Section. In a plate, coupling can occur as a result 
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of reflections at the faces even in an isotropic material. The simplest case 

is the coupling of dilatational and equivoluminal vibrations discussed in 

Chapter 2. In the two-dimensional equations, this type of coupling appears 

as though it were through the elastic constants. This is because of the in­

tegration through the thickness. Further coupling can occur at the edges 

of a bounded plate. For example, in the case of cylindrical, flexural vibra­

tions of an infinite isotropic plate, two modes of motion are permitted by 

the approximate equations; each mode containing two coupled components of 

displacement (see Section 5. 07). At a free edge, these two modes couple, 

i.e., coupling can occur through edge-conditions. Again, coupling of flex­

ural and extensional modes can occur, even in an isotropic plate, if the 

edge-conditions are neither symmetric nor antisymmetric with respect to the 

middle plane. Similar coupling can take place in an infinite isotropic plate 

if the face-conditions are neither symmetric nor antisymmetric with respect 

to the middle plane. In a crystal plate, coupling can occur between extension 

and flexure even if all face and edge-conditions are symmetric or antisymmet­

ric. Finally, coupling occurs, in forced vibrations, between whatever modes 

are excited by the face-or edge-forcing terms. 

5.07 Useful of First-Order 

An estimate of the range of frequencies and wave-lengths, in which the 

equations of the first-order approximation are useful, may be obtained from 

a comparison of simple solutions, of the equations, with analogous solutions 

of the three-dimensional equations. Appropriate solutions of the latter are 

available only for the isotropic plate. 

In the isotropic, flexural equations (5.065) of the first-order approx­

imation, we consider free, cylindrical vibrations by setting 
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=u2
101 A sit'lsxl e,u>t 

(II B (055)(, e Lwtul =-
(5.071)

U (II = 0 
== 

F(II F'al FW=OI 2 3 

and obtain 

(,.ut2_fw<J.)A -r ;MtB = 0 

2b)AsA+ (DƘ2+Zb)A-!t5Flw'l.)B= 0 

from which 

where 

Note thatwZis the frequency of the lowest, simple thickness-shear mode (see 

Fig. 2.031). 

Equation (5.073) gives two relations between frequency and wave-

length which are to be compared with those of the first two modes of the 

corresponding solution, of the three-dimensional equations, described in 

Section 2.11. The mode of lower frequency is essentially flexural (lA\jlel:;;>\) 

and the mode of higher frequency is essentially a thickness-shear mode 

(IAljIB/<I) at long wave-lengths, as may be ascertained by inserting (5.073) 

in either of (5.072). For sb« I ,(5.073) reduces to 

and these are precisely the limits approached by the first t[o modes of the 
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exact solution. As sb increases, the two solutions diverge slightly 5 as 

illustrated in Fig. 5.071 for A=2)A. 
The importance of the insertion of the constant ̅ and the assignment 

of the value TI/¥lƬ to it are apparent from an inspection of equation (5.075) 

and Fig. 5.071. Without the constant ̆ , the limit of the frequency ratio, 

w/"1, of the second mode would be Vr2./rr, instead of unity, at S b = 0 • 

In general, good results may be expected from the first-order approx­

imation if the half-wave-length is not less than the thickness of the plate 

and if the frequency does not exceed the thickness-shear frequency (ws) by 

more than about 20%. Tne latter restriction arises from the absence of next 

higher thickness-modes in the first-order approximation. These conclusions 

have been confirmed in comparisons with experiments (Hindlin, 1951 B, 1952). 

lurning, now, to the extensional equations (5.063), we set 

(5.076) 


F (0) = F ( ,: '= F (.) = 0I Ȥ ȥ 

and obtain 

[ (A + 2/'1 ) f2 - f WȣJ A - N B = 0 
(5.077)

3 t\ 5 l:)" A - [..u (l' + 3 1:)2. ( A+ 2,lf) - P, w 2 J B = 0 

from which 

where 

K. Zv. 2-

h=i.3 2b 

l5L

12J£
oi.= v:l. 
(5.079 )


ĥ v'Z.--- 2 +,.l-( (II +ˇ) === 
f 

z 
f 

v̉ p(A t 2.#) 
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We note that VI and Vz are the velocities of dilatational and equivoluminal 

waves in an infinite body, V3 is the "plate-velocity" and wtis the frequency 

of the lowest simple thickness-stretch mode (see Fig. 2.031). 

Again we have two relations between wave-number and frequency which 

are to be compared with the first two modes of the exact solution described 

in Section 2.11. At long wave-lengths we find, from (5.078) and (5.077), 

that the mode of lower frequency is essentially face-extensional (IAI/IB' '7 \ ) 

and the mode of higher frequency is essentially a thickness-stretch mode 

(IAI/IBI ƗI). For 5b�< I , (5.078) re duces to 

Zb P 
(5.0710) 

5 

These are identical with the limits for long wave-lengths of the first two 

modes in the symmetric case considered in Section 2.11, when ?J < 1/3 • 

As before, we see the appropriateness of the insertion of the con­

stant K. , with its value1T/v'i2 • 

The frequencies given by the exact and approximate solutions are 

plotted in Fig. 5.072, over a range of wave-lengths, for A:Ɩ. Considering 

the first mode, we see that the extensi ona l equations of the first-order 

approximation are lillited to somewhat longer wave-lengths than those of the 

flexural equations. As for the second mode, the approximation is poor. 

However, this is partly due to the fact that the comparison is made for A�2� 

(i.e., -z)= 1/3 ) which is the extreme limit of applicability of the extension­

al equations 0 For 7J (1/3 , the slope of the curve for the exact second mode 

is zero at sbĤO (see equation (2.1136) and Fig. 2.ll3(a)) so that, in the 

range of long wave-lengths, the approximation is considerably better tha.."1 

that illustrated in Fig. 5.072. Nevertheless the curvature, at S b;: 0, for 
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Fig. 5.071 

Frequencies of first two 2odes of flexural vibration of an infinite, 
isotropic plate (v= 1/3). Comparison of zero-order and first-order 
approximations with solution of three-dimensional equations. 
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the exact second mode, is negative in the range 0 < v < 1/::3 (see (2.1137») 

whereas the curvature for the second mode of the approximation is uhrays 

Dositive. Hence, corresponde:nce to a fraction of a percent can be expected 
. 

only for very long wave-lengths of the second mode. It should be noted 

that frequencies of vibrations of thin plates, in the neighborhood of the 

frequency of the second mode, involve short wave-lengths (i.eè, high over­

tones) of the first mode but long wave-lengths (i.e., fundamental mode or 

low overtones) of the second mode. For thick plates the discrepancy will 

depend on Poissonts ratio -- with the smaller V yielding the better results. 

A comparison with experiments at v= 0.3 , for example, showed a maximum 

discrepancy of about 10%, in the frequency of the second laode, in the neigh­

borhood of equal length and thickness (Kane and érind1in, 1955). 

It is apparent that the first-order approximation is not as good for 

extension as it is for fl exure. To Lêprove the extensional part, it would 

be necessary to take into account the influence of the lowest symmetric 

thickness-shear mode. 
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Fig. 5.072 

Frequencies of first th'o modes of exten sional vibration of an infinite, 
isotropic plate (v = 1/3). Comparison of zero-order and first-order 
approximations with solution of three-dimensional equationso 
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