CHAPTER 5

FIRST-ORDER APPROXIMATION

5.01 Separation of Zero- and First-Order Terms from Series

The establishment of a set of approximate equations, in which only
the zero-order and first-order disﬁlacements appeary follows a course similar
to that employed in obtaining the zero-order approximation. Thus, correspond-
ing to (4.011) we begin by setting (see Fig. 3.011)

Ut =0, ur=0", n>l : )
5.011

The retention of uf) is necessary in order to accommodate the thickness-
~strains which accompany low-frequency flexure. Consider, for example, an
isotropic plate, in a horizontal position, subjected to simple, static
bending such that the upper face of the plate is concave. Then the upper
half of the plate is in compression (in its plane) and the lower half is in
tension. Due to the effect of Poisson's ratio, the upper half must expand

in thickness and the lower half contract. This is a strain of the nature of
5? (=2u;’, see Figs. 3.032). In addition, if we consider variation of bend-
ing withx, and X3y we see that we must permit the contributions bu:75x. and
buf?bxs to the strains 5;“ and 5:" (see Fig. 3.032).

The assumptions (5.011) reduce the kinetic energy-density (3.0514) to
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and the strain-energy-density (3.0511) to
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The presence of u?', 2

,T:“ and'ﬁ?’ in the energies accommodates motions
which represent the three fundamental thickness-modes,; i.e., the lowest x|
and.xssimple thickness-shear modes and the lowest simple thickness-stretch
mode (see Figs. 2.031, 2.032 and 3.011).‘ The lowest, symmetric, simple
thickness-shear mode (Fig. 2.032,<%=2 ) is not included; that is, its fre-
quency is assumed to be higher than that of the lowest symmetric, simple

thickness-stretch mode (Fig. 2.031, p=| ). In an isotropic plate, for exam-

ple,y this limits the applicability of the equations to @< /3. The displace-

@

ment U, 3

which appears in both energies, is associated with the second
thickness-stretch mode (see Fig. 2.031, p::Z , end Fig. 3.011). We choose
to eliminate this mode from the first-order approximation, just as we have
already eliminated the third and higher thickness-stretch modes and the

second ‘and higher thickness-shear modes by the assumptions (5.011). To

accomplish the elimination without suppressing Wuy completely, we set
a;' =0 (5.014)

in (5.012) and

_];m - T‘:z) - Tém = 0 (5,015)

in (5.013). In this way we permit the free development of the first-order

thickness-stretch (5"

2

=2u™) and the portions duy’fax, and du;/ox, of the
second-order shears Efj and S:’, as shown in Fig. 5.011l.

As a result of (5.01%) the kinetic energy—density (5.012) becomes
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Strains which are permitted to develop freely
in the first-order approximation.
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K=p0bdu™+ Loba’y” (5.016)

In anticipation of an alteration, to be made later, we have identified the

densityy in the first-order kinetic energy, by writing it as p,.

As a result of (5.015) the strain-energy-density (5.013) becomes

: W (] ({1
— ) ou w U
U= LZ[TPMS:) * T-(\ - Ta s + -l—m au,

oo 2w, zuﬁ?) . Tﬂkéﬂi’] (5.017)
S\ax,  oxy & 2x,

while the zero-order and first-order stress-strain relations are

T'= 2bcpeSe s Py = L2,3,4,5,6

(5.018)

To = %0%qS, | [p=13.456

®_ 2,3 w _
Tz -3 b CZ%S% q - 112:31415'6

where the Sﬁ° are given by their full expressions in terms of the displace-

ments (see Fig. 3.031) but the first-order strains are now
5(-) _ a_u_f" 5§ 2 Bu(g”
e X, Yoo )
O] )
W _ @ w . 24Uz, du, (5.,019)
% T 2u; 5 0 X, O X3
(0] )
Sm - O Ug SO = DUz
22 ¢ DX
In the first of (5.018) the terms
3 ) (2)
ou 2u
—Z—b- (CP‘ -2 + Cpé L=2 )
3 2%, >,

are omitted, as it is desired to permit the free development of these strains,

¥ithout contribution to the strain-energy (see Fig. 5.011).

The second and third of (5.018) may be reduced to the single expression
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by the same procedure as that followed in the reduction of (4.016) to (4.019)

In unabbreviated notation, (5.018) become

{ed

e
:

" a— ety (5.0111)
Ti.' - ’%_b Ci_jklskz
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where
Tivg = Civg — C1i22C221¢
(kR i:"kﬂ c
2222
The stress-displacement relations are, from (5.0111), (3.037) ard (5.019),
_— (3 s
i‘j - b(:{'ij(qu + u“‘ + 521M + 62k u;))
o 3. ™ (5.0112)
TV sbe tﬁ*?( * ul.k)
At this stage, the strazin-energy-density in terms of the strains is
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The zero-order and first-order

06

stress equations of motion (3.0212)

reduce to
3, ) . (o
T1 + F" = 2bp0. .
Jal J J
w o -[-,u) . f__m _ _Z_ba‘o o) (5.0116)
i Ty TN T Fbpu
or
2 )
, AN + 2% + F® = 2bot”
DX, 2 Xs : copH,
) ®)
et e R = 2may”
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Te T e 7B = zepl
' 3
»TY  pTY RN (5.0117)
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Finally, from (5.0116) and (5.0112) the displacement equations of

motion are

i~ {4}
quLb(“:;+Lﬁ;

W W

+5au

[0 ) ) .o (0}
. +F o= ,
K + 6Zk UR ],L FJ 2b€u_‘

(5.0118)

C 3 - o ) () ® O U S f"
Cijko[b (“k,e + ux,a)],i 3b‘:25k9(u\v,2 U * Oy 4, + 84 Ug ] F Zbﬁ U;

5.02 Adjustment of Upper Modes

The six equations of motion (5.0118) on the six displacements (u

Yield six modes of vibration o

relation between frequency and wave-length,

© [ RN
u:)

I

f an infinite plate, each mode with its own

As the wave-length approaches

infinity, three of the frequencies approach zero and three do not. The fre-~

Quencies for the limiting case (=0 are readily found from (5.0118) by

Setting
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FJ - FJ - 0
u;“ = A‘;eiwrt , r= 1,2)3 {5«021}
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where A? and A}) are constants. Then (5.0118) reduce to

to)

; we =0
. . e (5.022)
3‘;25;&(521"!‘;( + 6, A, )= Zf’sb w A
Hence, when A =0, Aj'=0,
w =0 ,r=4,273
o (5.023)
wy = 3 V-—Ei sy 5=123
b i
where the ¢; are the roots of
§ Cie™ Cs Cae Cag ‘
| !
Cae C22” Cs S =10 (5.024)
| ,
Cac Cae Cas ™ Cs |

The three non-zero frequencies should be those of the three fundamenteal
modes of simple thickness-vibration, that is, they should be given by (2.051)
with n=|. Kowever, it may be seen that the frequencies are in error by a
factorTVVﬁg. The reasons for the discfepancy, and its remedy, can be fourd
from a study of the limiting frequencies and mode-shapes obtained from the
solution of the three-dimensional equations. It is sufficient to examine the
case of isotropic, plane strain (Section 2.11).

In the case of flexural vibrations of an isotropic plate, in a state
of plane strain, the relation between frequency and wave-length of the funda-
mental mode is illustrated, for example, by the lowest dashed curve in Fig,

2.113(a). As the wave-length increases, the frequency approaches zero. At
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the same time the displacement normal to the plate (i) approaches the form

)

g+ XUy and the displacement parallel to the plate () approaches the

fomnxzu?. Similarly, for the fundamental extensional mode, as §b-> 0,

U~ KUp and U, —~u, The relation between frequency and wave-length of the
fundamental extensional mode is illustrated by the lowest full curve in Fig.
2.113(a). Thus, for both flexural and extensional fundamental modes, the
exact solution, for long wave-lengths, is described by just those displace-
ments that appear in the first-order approximation. Consequently, we may
expect the first-order approximation to be very good for long waves of the
lower modes (see Section 5.7).

Turning, now, to the second flexural and extensional modes, the rela-
tions between frequency and wave-length, in the exact solution, are given by
the next higher dashed and full curves in Fig. 2.113(a). As {b~- 0 these modes
approach the fundamental simple thickness-shear and thickness-stretch modes.

In this casey as $b >0,

MK a
U, —> —L3 w—> —
T Asin 4t 2b { p
— - (5.025)
U, —» 'nﬂz W — T YAreu
2 Aasing o 2bl p

The corresponding displacements in the first-order approximation are LAf’and
H? which represent displacements linear in x, and lead to limiting thickness-

frequencies

(5.026)

The errory a factor1pﬁﬁ2, is seen to be due to the incorrec’ variation of

displacement through the thickness.
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If an expansion in a series of trigonometric functions, instead of
powers, had been employed, we could have obtained correct freguencies for the
simple thickness-modes but the frequencies of the fundamental flexural and
extensional modes would héve been in error. We can, however, make adjustments
which will correct the limiting frequencies of the upper modes without affect-
ing the fundamental flexural and extensional frequencies at long wave-lengths.

We proceed to trace the influence of the displacements on the simple
thickness-frequencies. The latter are determined by the kinetic energy and
strain-energy densities. In the kinetic energy only the first-order terms
§~BF%QEQJ? contribute to the simple thickness-modes and, in the strain-energy,
only the zero-order strain-components 55) contribute. In the expression
(5.023) for the simple thickness-frequencies, the kinetic energy terms are
represented by the first-order density and the strain-energy terms are rep-
resented by the elastic constants ¢s which, in turn, depend only on C,q »
pg=246as shown in (5.024).

Thusy we can correct the limiting frequencies of the upper modes by
replacing ps in the kinetic energy-density, by R/&lwhere &=1DAﬂE 3 or by re-
placing the 55), in the strain-energy, by i sgi Neither of these alterations
affects the fundamental flexural and extensional modes at long wave-lengths
inasmuch as the altered terms contribute negligible amounts to the total
energy-densities of the lower modes when the wave-length is long. In this
ways, we may adjust the higher modes without appreciable influence on the
lower modes in the range of wave-lengths to which the equations are restricted
in any event.

To effect the adjustment of the strain-energy, we have to replace the

strain-energy-density (5.0113) by

[

[~ Lo} { 3 .
’U=bﬁnﬁﬁu5q5u *’Fbcgus

()

i

[
S (5.027)
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where

Q
1l

cos®(ijm/2)
s = cos"(‘kﬂﬂ‘/Z) (5.028)
ko= mHi2 '

The powers K and 3 serve to distribute the factor k to the thickness-strains

51? only and to multiply those strains by k if the strain appears to the

first power and by K*if the strain appears to the second power.

In the abbreviated notations (5.027) becomes

IF = <, B ©) (o) A 3= qu w
U=hr'fe, S S + 50T 5 (54029)
where
* = cos*(pm/2)
ﬁ = Cosi(qv/z) (5.0210)
k = THIZ
Then the stresses are given by
@ _ U _ el
T{J’ - 'g’gTu) = ZbK‘KQC;ju Skg
TJLJ (5.0211)
o d ~ 23= o) |
Ty = 358 T 3 bCijQSkm
Y
or
T = _:-(;7” = 2bK*kPCpq O
l"’ ] (5.0212)
o _ 2) _ é 3 - (o)
TP 55" -9 b Cpg S%

°

The stress-displacement relations become

iy _ 4 P (o) (o) . ) ()]
T, = bi’k qua(u:‘,x U T b Uy * b Uy ) (5.0213)
.0213

[} 1 3~ (D)) [}
Ty =30 Cie (“:«,9 * “z,k)



5.11

and the stress-equations of motion remain unchanged.
To effect the alternative adjustment (on the kinetic energy) it is

only necessary to set

P = 5 = %% (5.0214)

in the equations of Section 5.01.

It is apparent that the correction on the kinetic energy is the sim-
pler one to apply. Furthermore, it has been pointed out (Benscoter, 1955)
that this correction has the advantage of disappearing in the case of equa-
tions of equilibrium and also leaves the elastic constants available for sep-
arate adjustments appropriate to static problems. Accordingly, we shall
adopt (5.0214) in the sequel (except for the intermediate approximatiog given

in Section 6.04).

5.03 Unigueness of Solutions

The establishment of sufficient conditions for unique solutions of
the equations of motion follows the pattern established in Section 4.02. We
consider two sets of displacements, strains, tractions and stresses in a
plate and designate their respective differences by starred symbols. Then
the kinetic energy-density and the strain-energy-density of the difference

system are

{o)* ong
T=pbdUT 5

@O o _L 3 g o~ Qi
U= BCijke S See 3 bcijke 5:; S

b3 m* (m(-

(5.031)

If R’and B"are the total kinetic energy and strain-energy of the platey

calculated from K*and U"and reckoned over a time interval t-t, , we have

Bl = ) T [ def (R0 o (5.032)
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Now
K*=2pbd"0" + £ b0, (5.033)
and
U= ;:g— 5or s _2% s
_ _é_Tmr((-A::;'k+ ulou- tnp 52 ump) P N( Nf (-W)

_r ( o (u\* 82" u (I)f} T— (I) (n) ¥»

4 JL

r

yhere the last step is a consequence of the symmetry of T""’ and T,

Noting that
(o)* . nx - e Wx
5 T;j Y;

ve have

U'rr - (T(ow‘u(ﬂf +Tm» '(M),L — T-‘-”-* ut_-ne r (Tt.m_T_t.ug)anr

iy List g Yst )

which is converted, through the use of the equations of motion (5.0116) to

<y (o)(». 8} oY * ¢ iy ot
U ( J :ew T-Q\ru nr) .t F-° *Mfw + F. puin\e

h)* ’ (o)u» (08 (\)*

‘Z{obu pb u (5.034)

fence, from (5.033) and (5.034),

J H )

4(.},&. dA /[(T“’" *’T““ - Ll'*)[ - tho)y.u(-w (uyu (a)deA
Then, noting that (), = 0 when (=2, we have

[4(_’.‘“ ¥ —mk J(IJ )’l dA ¢ T-‘(c)f oJ(Qa + T(»)rumr) d , 7)2= 0

‘J J

wvhere § is the coordinate along the edge of the plate. The integrand of the
line integral may be expressed in terms of coordinates v, s,2 where n is the

Wutwvard-drawn normal to the edge:
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) o (OJy ox o tary o o (% W Ol =
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* T
since V,=| 5 % =0 » v,=0 . Hence
I 4 ¢ . (o) D .0
RPel= Fy+Te) + / dtf(r;,;*u;’n T 0™ dls
ts

[t [(Forg o o) oA

ty J ]

(5.035)

Accordingly, by the same argument as that employed in Section 1.05,

sufficient conditions for a unique solution of the equations of motion are

(see Fig. 3.062)

)

a. Specification of the initial displacements u:.“ y U;’ and initial

velocities U} , \.'4;" throughout the plate.
b. Specification of one member of each of the pairs F“u®, F“u’,

Frus Fou, £"uw"y R"u, throughout the plate.

2
ce Specification, at each point of the edge, of one member of each of

. (@ () o (o) weto) (D a0 W -l Gt W
the palrs Tym u,\ ] -):;5 us b} JnZ Ml b) Kn un 2 lns us ? -j:aZ Uz o
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5.04 StressQStrain Relations

i

¥
'

The scalar expression of the stress-strain relation is obtained by

expanding (5.0110) and the first of (5.018).

i

For the triclinic crystal, we have

S(v) + Cuske)+ C.’S‘;ﬂ . C Scd - Ckrs? . Cms‘(u]

H 2 "4

T"=2k[c
T =26[Cz; S 4 S ¢ ‘us“; + G S ‘czl's.rm+ C“S:ﬂ
T;.:: Zb[csz S:Q T (,325:“ * C”S: + 634,5:»4- ij: - C“S?-]
T: = Zb&u S:-) * {115:) + C”S‘: * i“S:)* C“"S? v C“S‘:ﬂj}
T,: = Zb[(.ns,w + Cns:d ¥ Cns;“ r Cﬂsam‘ ':::S.:‘ " CJ‘SZﬁ ]

TsM = 2\0[‘:‘\ 5:.3 v Cc.zsz‘q* C‘!s:' T C“S:: v C“'S? * C“S?ﬂ‘
(5.041)

3 Ca/ Cia Sz Ca: Cnf
3 ' K Oy ) [«
o 201, _ Lufa "’_’. i - C«xcu> 0)*_(f Gy “3?‘( - Sl + fo - S8y
T* 3 R(z‘ Cia, S‘ k“b Can 53 " 21 S‘ “ 5"* e S“

3 ' -
{ [# ) [4%19 4 Q) <. }
e = 25 (C - Laly S% (c“— ta 1} + {C“‘ Sk2as “"jsmaf 62“:- -BJ“'::( JS + é’“— — )S:}
1 3 ] Csa 3 Can 3 C1a % Caa, [1 k (0%
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For the monoclinic crystal with the x,—axis the axis of two-fold

symmetry,

Clg = Q== Gem =6 =6, =0 (5.042)
Hence

T9=200c, 57 + €, 5%+ ¢,5" + ¢, 5]

T = 200,57+ ¢80 657 ¢, 5]
T;M = Zb[ G- 68 Caa-s‘swa * 5545:,]

U= 2ble, 5P+ ¢ S0y S 05
1:!‘ = 2b[e5r ¢S]

T.°%= 2bfce 5™ €. 5
(5.043)

L1
! 3| €3 Cu.

Te= 2 - e ) sy caacu)sam @ a6l

. - .
T“’; ALl _ G2 Gy S“%‘ - Cos S“’+ (- C32C2 4 5“’
3¢ i 3 c 4

3
Qs an/® Cax

(+) 2 tzz 4} C‘. E C&) ¢ S f - Cg+
T( = (c . ‘) s 44 )
cla- -

S

Gy _ 3[‘ 5 ‘l)
T5 3 Csy * :4

2 3 A o
-‘rsﬁ\-‘ = ":‘_}2“[6‘5’54. + C“S‘ ]




Then

In the isotropic case

()
#

™
Y

e 57 {555
50 Cm(sa ’thﬁ

T = 2b¢

W~y

e 2ela 5 5005

[l

7%= ble,~¢ 05" = 2bu
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we have, in addition to (5.042),

-Cuz 5'34= C’J"c= 0

Cq =<
Cap = Gy
. _
Coy = Gt = "E_-(Cu'-cu)

i

Zbi(A*Z,a)sm'\-)\( m n)]
2o{(A+2)5"+ Als;e +519)
Zb[(/\*z,«\)s“ Al Smfsmﬂ

w

(@
S-ﬁ'

T = ol cn) 5 = 2bu 5°

T“"= b, ~¢s) 5:’) = 2bu

> ‘2 [
T“}=g'b-[(€ ,_@_)5‘ + (C.
VT P
1)

W
m\z_Q(c_Cu
3

{9y
56

\‘1 ’5 \
1“_2_:1)5(.] - 2 E (5:‘1* vs;n)
C’f 3

Q) ) _-i | - Zb E [} - (R
T3 C* )Sl T (C“ Cu >Sb] - 3= vl) (5 ‘)S )
Tm"‘\‘ -‘-g(cn'cll\}sm = %‘ 1’“5:\

PSRN PORE 3% RS

TQ) b (C“ C;Qsm b/a Sé‘)

(5.044,)

(5.045)
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Monoclinic:

)
. Tln) :Zb c bu * W bu ] bul') "
) y _OK'L C,ZU, + ‘—J‘b )(3 + CM —‘;—3—+ u {1

{ X;,

G _ [ u,” w e C]
T; =2b] G~ =+ G U+ G, 247 I C’_*(-—-J—au + u}m

O Xy Xy

Sz }
ﬂ_ bulc) w ufn) ) .
T oafa e quits ¢, 28 ()]
] 3

(5.052)

3 X «w
" w :
. z@[@-&)&*.(cu_w)ﬂ),(c 5_5_4)_}{“_}

G2/ OX Caz/ DXy Gal 2Ky

3 a [} L3 (1]
T}m = ?—3—b~ (SFC—-"S-'-‘) o, + ((35-~—-"—C’ )~—J-bu I+(CM <YL buﬁ"
A Ga/l DX Ga/ B¥y Can / DXy

3 n

To= &{(‘A. azq.) 2 (%_‘Lzﬁza) 2us % a2 ) 2u
3 G/ DX Gad DA Cal 2Ky

T 2B Uz’ pul Uy

5 =73 Csln M e




Isotropic:

T¥=2b

r‘_..._-‘

T =2b

—

Ty = 2b|(

—

U}

>
&
}

)
T (bu
2 4y

(o
T;d = Zb,u(—:uf— +

)\+2/“)_b.‘:‘.4. - /\(um fﬁ))}

5.19

DX
¢

o {2

UNP 2u2 W
ez 2 (200 )|

. 1)
. u)

Xy

b u (0))
VX

Tf’=2§u(£y* + u“?

vX,

=05

( bua(v)

)
)

oy |
-r 3 (l)
4 /4b&
D(\ V) <b us m)
X DXy
oo 243 dug'
%= $Bu 2
where
D= 2b'E

(5.053)

(5.054)



5.20

5.06 Displacement-Egquations of Motion

The displacement-equations of motion are obtained by substituting the
stress-displacement relations (Section 5.05) in the stress-equations of
motion (5.0117). The equations which follow are for plates of uniform thick-
ness.

For the triclinic crystal, we find
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It may be seen that the extensional displacements (u”, uy,u;’) are
coupled with the flexural displacements (uy, u!’,u}) in (5.061) through the
constants ¢, ¢, €., ¢, Gy cznc% end ¢,,» The first, third and fifth of (5.061)
are essentially exten51§nal equatlons of motion, but involve some flexure.
The second, fourth and sixth of (5.061) are essentially flexural equations
of motion, but involve some extension.

For the monoclinic case, we have
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In the isotropic case, the extensional and flexural equations are not

coupled. The extensional equations are (Kane and Mindlin, 1955)

2, (@ »e® 2us’ ,_FLS) — A0
ATUS + (Mp) o v A5 F e = pd
. @ o ) o
/"V.zu;)+(}\+,u)—bb—e)'(‘b +)\%;* + %—;P%) (5.063)
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2
where
2 2 (%) (0)
Vﬁ: —a—’_+ 2 P e® = 22U, 2 (5.064)
LES T 2K, DAy

From the uniqueness theorem (Section 5.03), sufficient conditions for
unique solutions of (5.063) are (see Fig. 3.062)

a. Specification of the initial displacements u”, U, u;’ and initial

*) o)

velocities G, U;”, U; throughout the plate.

b. Specification of one member of each of the three pairs F™u, Ewu? 9

1

[0

R uy throughout the plate.

c. OSpecification, at each point of the edge; of one member of each of

- (

the three pairs T, Un 5 TneU

(o) O

509 lUe o

The first two of (5.063) are essentially equations of extensional
motions in the plane of the plate; i.e, "face™" motions. The third of (5.063)
is essentially an equation of thickness=-stretch mctions. The two types of
motion are, however, coupled; as may be seen from the presence of u@“ in
the first two equations and U™ and Wy’ in the third. The coupling of face
and thickness-stretch motioﬁs‘may be regarded from two points of view, On
the one hand, the coupling may be regarded as due to elastic interaction
since it is destroyed if A=0, i.e., if Poisson's ratio is zero. Uhen V=0

in the first two of (5.063), these equations reduce to the equations that
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‘are obtained by setting V=0 in the first and third of (4.043) (Pocisson's
equations of low-frequency extensional motions of thin plates). On the other
handy the very presence of the coupling is due to the account taken of the
symmetric thickness-shear stresses T," and T, , the symmetric thickness-
stress T,” and the associated thickness-acceleration u . If these compo-
nents (and F," ) are set equal to zero, the third of (5.063) disappears. Then,
with T,”=0 , we may use the second of the stress-displacement relations
(5.053) to express U, in terms of u® and u{”. If this expression for u,’
is used in the first two of (5.073), the equations of motion reduce to
Poisson's equations for all values of ¥. This process isy of course, equi-
valent to reverting to the zero-order approximation.

The flexural equations of motiony for the isotropic plate; are

(Uflyand, 19485 Mindlin, 1951)

Zbﬁdvfufrem}+ ﬂ”-pru“

N oW

(O]
[(' V)Vau"’+ (1+9) bf( } Zb/,(("‘(‘h + u"’) + Fu\ _
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D 2 m e w -6 3 ew
'a—[(‘ -V Uy + (149) ax,,] pr(—g-; t u‘,)+ fs = 5B,

where
[ Ul
o3 560
‘ 3

Equivalent equations of equilibrium were obtained by E. Reissner
(1945, 1947). Equations (5.065) may be regarded as two-dimensional analcgues
of the equations of flexural vibrations of beams in which the effects of
rotato?y inertia and transverse shear-deformation are taken into account
(Bressey 1859; Timoshenkos 1921, 1922).

From Section 5.03, we find the conditions sufficient for unique solu-

tions of (5.065) (see Fig. 3.062)
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a. Specification of the initial displacsments u,’, u!’, uy” and initial

(B}
3

LA

velocities 4, u", U

throughbut the plate,
b. Specification of one member of each of the three pairs F7u”
Fhu® y F°u," throughout the plate.

c. Specificationy at each point of the edge, of one member of each of

(G w ()

(o)
9 Tns Usg

the three pairs Tﬁfu 9 Rﬁ’ul . kThe important conclusion that three
edge-conditions are required, rather than the two of the classical theory
of plates, was reached by E. Reissner (1945)).

Essentially, the first of (5.065) governs the transverse displacement

us and the other two equations govern the thickness-shear displacements u.”

and U, ; but the three equations are coupled as the result of the appearance
of the thickness-shear displacementsy (Jy and u;", in the first equation

and the transverse shear strains

¢
k) U«ao) , duz”

DK, 3K
in the second and third equations. If these are suppressed and if the
rotatory inertia terms (the right hand sides of the second and third equa-
tions) are dropped, the system reduces to the zero-order flexural equations
as may be seen by comparing with (4.043).

At various places in this Section; mention has been made of coupling
of components of displacement. It should be recognized that coupling can
arise from various sources according as the vibrations take place in an in=-
finiﬁe body, an infinite plate or a bounded plate and according as the
vibrations are free or forced.

Coupling can occur in an infinite crystal solely through the elastic
constants. This type isy of course, represented as such in the two-dimen-

sional eguations of this Section. In a plate, coupling can occur as a resuli
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of reflections at the faces even in an isotropic material. The simplest case
is the coupling of dilatational and equivoluminal vibrations discussed in
Chapter 2. In the two-dimensional equationsy this type of coupling appears
as though it were through the elastic constants. This is because of the in-
tegration through the thickness. Further coupling can occur at the edges

of a bounded plate. For example, in the case of cylindrical, flexural vibra-
tions of an infinite isotropic plate, two modes of motion are permitted by
the approximate equations; each mode containing two coupled components of
displacement (see Section 5.07). At a free edge, these two modes couple,
i.e.s coupling can occur through edge-conditions. Again, coupling of flex-
ural and extensional modes can occur, even in an isotropic plate, if the
edge-conditions are neither symmetric nor antisymmetric with respect to the
middle plane. Similar coupling can take place in an infinite isotropic plate
if the face-conditions are neither symmetric nor antisymmetric with respect
to the middle plane. In a crystal plate, coupling can occur between extension
and flexure even if all face and edge-conditions are symmetric or antisymmet-
ric. Finally, coupling occurs, in forced vibrations, between whatever modes

are excited by the face-or edge-forcing terms.

5,07 Useful Range of First-Order Approximation

An estimate of the range of frequencies and wave-lengths, in which the
equations of the first—ofder approximation are useful, may be obtained from
a comparison of simple solutions, of the equations, with analogous solutions
of the three-dimensional equations. Appropriate solutions of the latter are
available only for the isotropic plate.

In the isotropic, flexural equations (5.065) of the first-order approx-

imation, we consider free, cylindrical vibrations by setting
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(o}

U, Asfngx,e‘“t

u = Bcostx et
(5.071)
us =0
F'= F%=F"=0
and obtain
(,uﬁz—‘ow‘)A rusB =0 (5.072)
2omé A+ (D5 +2bu - 38 pw?)B =0
7 2 Ll
from which
2 /2
§‘b‘=———3guﬁl{l+9 i[(h%‘”ﬁ%} } (5.03)
<)
1 where
wo= LA, gz AL sy (5.074)

zbip P

Note that wsis the frequency of the lowest, simple thickness-shear mode (see
Fig. 2.031).

Equation (5.073) gives two relations between frequency and wave-
length which are to be compared with those of the first two modes of the
corresponding solution, of the three-dimensional equations, described in
Section 2.11. The mode of lower frequency is essentially flexural (IA\/l2l>1)
and the mode of higher frequency is essentially a thickness-shear mode
(IAl/IB[<]) at long wave-lengths, as may be ascertained by inserting (5.073)
in either of (5.072). For (b« | 4 (5.073) reduces to

w = (5.075)

2 V E
b 3p(-2%)

and these are precisely the limits approached by the first two modes of the
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exact solution. As ¢b increases; the two solutions diverge slightlys as
illustrated in Fig. 5.071 for A=2u.

The importance of the insertion of the constant ® and the assignment
of the value'E/VEito it are apparent from an inspection of eqﬁation (5.075)
and Fig. 5.071. Without the constant t 4 the 1limit of the frequency ratio,
wf, of the second mode would be Vﬁ/ﬂ', instead of unity, at éb=0 .

In general, good results may be expected from the first-order approx-
imation if the half-wave-length is not less than the thickness of the plate
and if the frequency does not exceed the thickness-shear frequency (ws) by
more than about 20%. The latter restriction arises from the absence of next
higher thickness-modes in the first-order approximation. These conclusions
have been confirmed in comparisons with experiments (Mindlin, 1951 B, 1952).

Turning, now, to the extensional equations (5.063), we set

ul(o‘i: Accsg& cht

U= 0
, (5.076)
ud = Bsinkx, "
Fl(o) - Fz(i‘; = F;»} = 0
and obtain
[(A-3)t*-pw]a - psB = 0 (5.077)
5.077
SN BA ~[pers 28" (Av2u)-pe’]=0
from which
2 3 2 7 2 r 2 3 w? 2 7(!/2
O TSN [CAT ) RO ) R
where
_ ﬁ A _ v St
0( V;. K ﬁ- ‘/32 ? wt = Zb ’ K 12
(5.079)
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We note that v, and Vv, are the velocities of dilatational and equivoluminal
waves in an infinite body, v, is the "plate-velocity" and w,is the frequency
of the lowest simple thickness-stretch mode (see Fig. 2.031).

Again we have two relations between wave-number and frequency which
are to be compared with the first two modes of the exact solution described
in Section 2.11. At long wave-lengths we find, from (5.078) and (5.077),
that the mode of lower frequency is essentially face-extensional (JAl/IB\Z1)
and the mode of higher frequency is essentially a thickness-stretch mode
(JAI/IBl&1), For s$b&| , (5.078) reduces to

T A2

2bl P

w=

= (5,0710)
éV——-——E
p(i-v*)

These are identical with the limits for long wave-lengths of the first two
modes in the symmetric case considered in Section 2.11, when ¥ <1/3.

As before, we see the appropriateness of the insertion of the con-
stant k , with its valuemA/iZ.

The fréquencies given by the exact and approximate solutions are
plotted in Fig. 5.072, over a range of wave-lengthsj; for A=‘%a. Considering
the first mode, we see that the extensional equations of the first-order
approximation are limited to somewhat longer wave-lengths than those of the
flexural equations. As for the second modes the approximation is poor.
However, this is partly due to the fact that the comparison is made for A=2u
(i.e.y V=1/3 ) which is the extreme limit of applicability of the extension-
al equations. For #{!/3, the slope of the curve for the exact second mode
is zero at tb=0 (see equation (2.1136) and Fig. 2.113(a)) so that, in the
range of long wave-lengths, the approximation is considerably better than

that illustrated in Fig. 5.072. Nevertheless the curvature, at &éb=0, for
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Fig. 5.071

Frequencies of first two modes of flexural vibration of an infinite,

isotropic plate (¥ = 1/3). Comparison of zero-order and first-order
approximations with solution of three-dimensional equations.
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the exact second mode, is negative in the range O0<v<1/2 (sec (2.1137))
wvhereas the curvature for the second mode of the approximation is always
positive. lHence, correspondence to a fraction of a percent can be expected
only for very long wave-lengths of the second mode. It should be noted
that frequencies of vibrations of thin platess in the neighborhood of the
frequency of the second mode, involve short wave-lengths (i.e., high over-
tones) of the first mode but long wave-lengths (i.e., fundamental mode or
low overtones) of the second mode. For thick plates the discrepancy will
depegd on Poisson's ratio —-- with the smaller ¥ yielding the better results.
A comparison with experiments at v=0.3 , for example, showed a maximum
discrepancy of about 10%; in the frequency of the second mode, in the neigh-
borhood of equal length and thickness (Kane and Mindlins 1955).
It is apparent that the first-order approximation is not as good for
extension as it is for flexure. To improve the extensional part, it would
be necessary to take into account the influence of the lowest symmetric

thickness-shear mode.
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