CHAPTER 3

" INFINITE POWER SERIES OF TWO-DIMENSIONAL EQUATIONS

3,01 Intrcductory

As a ﬁfeliminary to the estabiishment of various two-dimensional approx-
imations, we convert the three-dimensional equations of elasticity to an in-
finite series of two-dimensional equations by expanding the displacement in an
infinite series of powers of the thickness-coordinate of the plate and inte-
grating through the thickness. Thus, in the integral expressions in Chapter 1,

we let

U= 2 xJ U (3.011)

and perform the indicated integrations with respect to x, between limits xb .
In (3,011) the summation is over integral values of N from zero to infinity

and the displacement of order N is a function of x, ,x and t only, i.e.,

S
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Note that a superscript enclosed in parentheses is not a power, but only in-
dicates the order of the term to which it is attached. The first three orders
of Lﬁm are illustrated in Fig. 3.011. It is helpful to recognize that a com-
ponent of cdisplacement of order n contributes to extensional motions of the
plate if j+r1 is cdd and to flexural motions if‘j+rﬁ is even,

At a later stage we shall retain only a finite number of terms, but the
infinite series expressions of displacement, strain, stress, energy and equa-
tions of motion will be of aid in deciding what to include in the various
orders of aporoximation and in understanding the implications of what has been

discarded and what retained.



3.02

The establishment of plate-equations as early terms in a pcower-series
expansion of the three-—dimensional equations of elasticity was first accom-
plished by Poisscn (1829) and Cauchy (1828), However, that was before full
use was made of energy and variational methods, which were introduced in the
theory of plates by Kirchhoff (1850). The method of development of the theory
of plates in this and the following two chapters is a systematic exploitation

‘of a combination of the methods of Poissony Cauchy and Kirchhoff.

N
N,

3.02 StressnEquaﬁions of Mo%tion

We may write, from (1.063), (1.065) and (1.0314),
[Ty i) 6u; dV =0 (3.021)

The integral is over the volume of the body which, in our case, is bounded
by the surfaces x,=tb and a right cylindrical or prismatic surface S, which
intersects x,=0 in a curve or polygon C enclosing an area A, If the plate is
multiply  comnected there are interior closed curves or polygons<52and A does
not include the areas within them,

Bxcept where otherwise noted, the plate may be of slightly varying

thickness., Thus

o=blit), &t (=12 (3.022)

On substituting (3.011) into (3.021), we obtain
b .
- rn Soim) n (n) \ =
j-bfA(TEJ'zi- P§X2 U‘s );X, 5(45 d)(zdh 0 (3.023)
Yowy, for { =1 or 3, we write

[T a8l dr, = T T Sul® | (3.024)
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Fig. 3.011

Components of displacement of orders zero, one and two.
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b
Ti_jn)zf_b-rld K:dxz (33025)
qre defined as the n™order camponents of stress. For (=2,

[ anZ X &M(n)dxz Z([)({'T; - n{_ 2J n l)dxz}gu(n)
_Z( (n) nT(V\ l)) é‘u(n) (3.026)

where

Fo =k T 0 (3.027)

are defined as the n™ order components of face-traction. (The first two

orders of stress and face-traction are depicted in Fig. 3.021.) Finally,

b . b .~ lrh n
[b (BN a2 dum)dr, = [ 20 xm e U™ 6w dx,
= g? Bran a,‘w)gujm) (3.028)

where
=~
2™ (men+))”, m+n even

B, = (3.029)
mn 0, m+n odd

Assembling these results, (3.021) becomes

(T -nT "+ B -p 2 B, ") 6u" dA =0 (3.0210)

A0 U:‘-

. . . )
in which we note that, for ( = 2, TL;:(= f because 'FLJ-(") is independent of x,.

Since the coefficients of the éu;-") must vanish separately, we have

-T':J(r:) _n-];:;n-\)'*' Fj(h\ = sz:an uJ(m\ (3.0211)

vhich are the stress-equations of motion of order n. For example, the first

four orders are
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In scalar form the first two of these are
(o) (o) - . =13 .
A - P fﬁ’:meﬁ”+éﬁuP+m)
DX, d Xa 3
() ©) . 3 e
2057, 3T 4 B 2 p(zbu;“’ + 20 u,{"»r-'-) (3.0213)
D X, 0 X 3
, _._.-DbT(O).'. _a_JﬂO) + F(w = P(Zbdm)"' &ﬁ a(1)+"'>
Tk Ky 8 33 B
2T, BB pe po P(‘& S0+ 2E 00 >
2K 3K 21 ! 3 5
W w 3 u S .,
WL e <20 B0 G
l 3
P ®, -0 2B =0, 210 @ >
2 0 L0 = == U £8 Q37 4.
T h + X T +F e 3 Y T Y

/

The left hand sides of the first and third of (3.0213) are the usual ones of

( Poisson's theory of a thin plate stretched in its plane (Poisson, 1829;
Cauchy,vl828; Timoshenko, 1940, p. 301).or of Filon's theory of generalized
plane stress (Love, 1927, p. 138). The left hand sides of the second of
(3.0213) and the first and third of (3.0214) are the usual ones of the lagrange

theory of flexure of thin plates (Timoshenko, 1940, pp. 86,87).

(n)

Referring to Fig. 3.021 we see that components of face-traction E;

&re associated with extension when j+n is odd and with flexure when j+n is

(n)

&ven, just as in the case of displacement U™ . On the other handy the stress
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(G

T;; 1is associated with extension when (+j+n is even and with flexure when
(+j+n is odd.
In the abbreviated notation we may write, in place of (3.025),

(e » o
:) n _ b nd
T =], Tok Ak, (3.0215)

Then (3.0213) and (3.0214) become

(%) l® P 3,
3 T e 20, E(o} - e(ZbM“%—z—-b-uf” *_”,)

2 X L3 9 3
o (e " 1o 3.,
%} ¥ -Z-% + E® -:p(zbu;’ + -?-5‘7— u,“"+-»-) (3.0216)
y 3 ’

b Xi 3}(3 b } “g— ! 5
) — ) 3w w

2:};‘1 %f —-rzlo) + F;(\) - P(-%—lz- (/I:)-i- _-2_5?_ ui».}-aO) (300217)
¥ 3

_?_Iiw.*. E.Il Tm F“’ _ P g_bf(;{w_}_ _Z__b_r{;%cr:+.- )

v Xy 4 3 3 2 5

In the notation employed by Timosherko (1940) (except for the use of
subscripts 1,2,2in place of x4,z and the adoption of the x,-axis, rather than

the 2 ~axis, as the normal to the faces) we should write

(W - {»w _ [ o e
Tr - Tl.l - Nz T, =y M\
W . =0 - . W (O S,
Ta - \'l'l - 12 - TII -
R ' ® - T -
Ta - T'ss = N; Ty = Tss M3
TM = T(o) - Q Tcu - T(d - -
4 2 T N3 4 ‘32
©  _ o . W [
Tf = Tmﬂ - Nn Ts = Ty < Mus
@ . [C I [ W
T; = T F Qn Te Tw.

F2(0§= q



3,03 Strain
The expression (1.012) of the strain in terms of displacement,y i.e.,

SLJ' = 'zl'(“c,j‘”u,',() (3.031)

‘becomes, on substitution of the series-expansion (3.011),

Sy= 3L 00 Uy - ) + 3 U ug - e )] 6.032)

lsj Syt
We write x,;=§,; and xz,£=8z|'. where, for k=i orj,

I, k=2
&y = (3.,033)

O, K2

Using this notation and rearranging terms, we have
_ N/, m ") - ) tni
Sy =2l (U w ) e n g u e Gu) Gaos)

In order to define a strain of order n it is necessary that it appear with
a factor x;‘ in the above expression. To this endy we shift terms in the

series to obtain

Sz w2 luf U« (S uf™ 8, us" )] (3.035)
or
Si7 ks Sy (3.036)
where
5:3"‘ = ‘!i[u::; - u;)"-: +(V‘I+l)(5zj MLW') . &, uJ-‘"’")} (3.037)

.are the components of strain of order n. These are illustrated, for orders

2ero and unity, in Figs. 3.031 and 3.032, respectively. It will be observed
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Components of strain of order zero.
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thaty as with stress, a component of strain 523) is asscciated with extension
of the plate when i+j +Nn 1is even and with flexure of the plate when L+j «N
is odd.
In the abbreviated notation (S(PM), (3.037) becomes
n m _ _L-L““M) (Y () _ ctn _ aui“’ ) mel)
Su =57 DX 25&3'2531 =5, = =+ (U
: C X3
g g, th+) w _ mo_ e pus” 2u
a =5 = (n+u, 25, = 254 = 5+ = =" (3.038)
X ® Xy
" _ M") w P L N ) blam) u(n'ﬂ)
1553—53-3)(3 25!2—2‘—S‘—bxl+(n+\)|
and (3.036) may be written as
- n)
Sp=2 K3, pehuab. (3.039)
3.04 ., Stress=Strain Relations
The stress-strain relations
\
T},,=clp,;&5cB (3.041)
become, on using (3.039),
)
To= XSy (3.042)
Then, from (300215)’
b b
in) m)
TV fh To Xl dh = co X 54 {_gx;"“‘dxl
or
‘ "M
Te = Cpy 2 By S5 (3.043)

where B,,,is given by (3.029). Thus, the n™ order stress depends on all the
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strains of even order if y) is even and on all the strains of odd order if n

ijs odd. For example

TP(o:= zbcﬁs‘:ﬂ ¥ _23’23%%5‘6(» + %’—scms;) o
T %ﬁc,,%s;" + 35_-'9;%5,;3‘ e
Trm.- %E‘Cms? + z?br CHS:‘” . - 2_7|o3 CHS‘?) (3+ 04‘4)
TF’m= %fcmsg) ; _2__7h" » 0 -

In the unabbreviated notation, (3.043) is written as

n __ )
E’ = e % Bin sze" (3.045)

3.05 Strain-Energy and Kinetic Energvy

The strain-energy-density
= 4
U =7 54595

becomes

~ | & () tn)
Vs dcp TR arSS)
We define a plate-strain-energy-density
'[j':[bUd = ZZB S(ml (n)
o *a Zcmm " Cmn=p Sg (3,051)

Theny for r=l..6, 4=0,...9,

°U _ 5 55;:") n 55;"’ )
b.S:” ~ 2% m;Bm"(bSn S‘& * 250 Spm) (3.052)
r r

Now



3.13

o 0, r=p
SE@) =<0, f=m
I, r=p, f=m
. 0, r=g
5—2?, =10, A=n
I, r=q,f=n

Since p and N are dummy indices they may be changed to g andm.

becomes

(n 2U
T}-o - _D-Eln)
P

We may also write
— 4 ) N}
U = 2C5k0 22 Bran 51 S

_]_L(.m - a'u'm
B.S,:J-

provided we adopt the convention (see Section 1.03)

(3.053)

(3.054)

Then (3.054)

(3.055)

(3.056)

(3.057)

(3.058)

(3.059)
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i

o5 _ .
250 =0, (%) (3.0510)

Finally, from (3.043) and (3.051), we have
- L ) )
U=% 2 T8, | (3.0511)
and similarly, from (3.044) and (3.058),
T ssb (A} ¢ N
U=z 2T;"S (3.0512)

The kinetic energy-density K is treated similarly. Thus, we define a

kinetic energy—density of the plate as
— (b Y S
K =fbdex=-z(bpuJ-ujdxz (3.0513)

Replacing u; by its power-series expansion (3.012) we have, as in (3.028),

K =322 oB,, 0" 0" (3.0514)
or
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3,06 Unigueness of Solutions

The uniqueness theorem for the three—~dimensional theory (Section 1.05)

is based on the expression (1.053) of the total energy in terms of the initial

energy and the work done by the external forces:

RO+0" = R+ W) + /t f /5 tioldsS & (3.061)
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where t; and uj are the differences between the two surface-tractions and
the two surface-velocities associated with two systems of stress and dis-
placement satisfying the stress-equations of motion and the stress-strain-
displacement relations. To adapt the uniqueness theorem to the infinite
series of plate-equations, it is only necessary to specify the surfaces over
which the surface integration in (3,061) is to be performed, replace the
integrand by its series-expansion and perform the integration with respect
to the thickness-coordinate. |

. The plate is bounded by the faces X, =+b and the cylindrical surface
(or surfaces) S’ whose generators are normal to the middle plane ¥,=0 and
intersect that plane in a curve (or curves)C. Components of stress and dis-
placement on g, :};tb are referred to coordinates ¥, while components on s’
are referred to coordinates n,s, x, where n is the outward normal to S’ and n,s
and X; form a right-handed orthogonal coordinate system in the order named

.(see Fig. 3.061). Then, in (3.061),

LR LR X .
tjuj = z)LTi.j uj = VhT;g u; (3.062)
where
[,] =1,2,3 onX=tb
h,g ={ : , (3.063)
n,s,2 on S
On )(&:ib,
| ¥ #* *\ e %
”57;9 Gy = (VJB * 747;3 * vsT.:iJ)uj (3.064)
where
V=0 Y= =0 on X, =
S - (3.065)



Hence

LI e ¥ & o« # % X o % _ ,
VTgug =Eh Y ‘i(gt a; T Gy *‘7;5%) on X, =1b (3.066)

on the cylindrical surface

* * . ,
thh;u; = (VnT,;; +>’5?;9* *—va'f'zg)ug* (3.067)
where
‘Un-‘-'-f s v’s:(?, ';)2:0 (3.068)
Hence
vh‘f*:;a; = Tgly = Tontin ~ TelUl +Tht; on S (3.069)

Using (3.,062), (3.066) and (3.069), we have

* . — B . b E 0 7
[eruras = [l das [ Tiuras’  (.0610)

where A is the area within C or between C and internal boundaries if the
plate is multiply connected.

Whentkf'and 04" are replaced by their series-expansions, (3.0610) becomes
¥ . # - PRNPS BB X (0]
(Liuds = fAZn[TZJ 1, 0" dA
b
% 0,y xn
+ [ S Toaxr0g dn, s (3.0611)
Now, from (3,025) and (3.027)

b
* - T
f T;\g xzn d#y “Tng "

(3.0612)-

J

i | [E;X;]:nz pro

Hence, the surface-integral in (3.061) becomes




Fig. 3.061

Coordinates and boundaries of three-dimensionzl plate.
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1

/jffufd-? /Aiﬁ- Fix(n) l;1;(:»)6{/4 " jéc.'f_."l"n;‘")a;(")ds

1

*®(n) % *N) kin} = #(n) *(nl » XN
/A};,.-(E( Uyt BT U JdA

*{n) o ¥(n) *n - %(n) #n) 4 *(n)
6 5 (TAM X TG - T 07 ) dls

where & and y are orthogonal directions in the X-Xsplane.

The initial values of the kinetic and potential energies in (3.061)
are also expressible in terms of their series-expansions, through the use of
(3.051) and (3.0514). Then, sufficient conditions for a unique solution of
(3.0211), (3.045) and (3.037) are found by the same procedure as in Section
1.054 leading, in this case, to

a. OSpecificationy for each and every order ny, of the initial displace-
ment U;” and initial velocity U/" throughout the plate.

b. Specification, for each and every order n and at each point on the
edge of the plate, of any one of the eight combinations formed by choosing
one member of each of the three products T}:’u:’, T;Z’u?’,'ﬁ?) ?)-

Co Sbecification at each point in the interior of the plate, for each
and every order ), of any one of the eight combinations formed by choosing
one member of each of the three products F"ul , F™u; , F?"VJ?U.

These components are illustrated in Fig. 3.062. The conditions for

uniqueness arey of course, subject to the same limitations and extensions as

those in Section 1.05.

3.07 Plane Tensors

It may be observed that LA?’,ﬁ“tTawand SSO are components of plane

tensors; i.e., the tensors are invariant with respect to rotation about the

normal to the X -¥;plane. If the axes x,x,,%x, are rotated abcut X; te %/, Koy K3
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Components of face-traction, fzce-displacement, edre-traction
and edge-displacement of two-dimensional vlate.
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geccording to the scheme of direction cosines

the usual transformation formulas apply. . Thus, if primed symbols refer to

rotated axes and r,s,t,u =1,2,3:

(/7
u

r

"

u, =

(n)
’(ri Y;
(n) wn/
’e'i U,
i _ {n)
7;5 - ]ri ]SJ 7:_/'
n — (ni/
72J' - "1’i ’;;J. _7;5

i/ _ (n)
‘Srs = jn' /sj Sc'J‘
() - wut
SL'J' = ﬂn‘ /p.u' Ses

,? e

ul “tu

0/ n - o
T ' = jrijsj 7:.1' = A ISJ' Cejka ke = ﬁ""ﬂ‘i Cijke 4

' e — -y ni2
or Trs c'rstu stu

k

/ —
where ¢\, = 4 4 A4t €4y kR






