
CHAPTER 3 

.. INFINITE POWER SERIES OF 'l'WO-DIHENSIONAL EQUATIONS 

3.01 Intrcductosy 

As a preliminary to the establishment of various two-dimensional approx-

imations, we convert the three-dimensional equations of elasticity to an in-

finite series of two-dimensional equations by expanding the displacement in an 

infinite series of powers of the thickness-coordinate of the plate and inte-

grating through the thickness. Thus, in the integral expressions in Chapter 1, 

we let 

(3.Oll) 

and perform the indicated integrations with respect to Xz between limits ±:. b • 

In (30011) the surrātion is over 

n is 

inteĂ£al values of n from zero to infinity 

and the displacement of order a function of X" X3 and t only, 1. e. , 

(3.012 ) 

Note that a superscript enclosed in parentheses is not a power, but only in-

dicates the order of the term to which it orders 

are in Fig. 30011. It 

is attached. The first three 

of ut illustrated is helpful to recognize that a com-

ponent of displacement order n 

is 

of contributes to extensional motions of the 

plate if j +n odd and to flexural motions if j + n is even. 

At a later stage we shall retain only a finite năĄber of terms, but the 

infinite series expressions of displacement, strain, stress, energy and equa-

tions of motion will be of aid in deciding what to include in the various 

orders of approximation and in QDderstanding the implications of what has been 

discarded and what retained. 



3.02 

The establishment of plate-equations as early terms in a power-series 

expansi on of the three-dimensional equations of elasticity was fir s t accom-

plished by Pois son (1829) and Cauchy (1828). However, that "las before full 

use was made of energy and variational methods, which were introduced in the 

theory of plates by Ki rchhoff (1850). The method of development of the theory 

of plates in this and the followi ng two chapters is a sys tematic exploitat ion 

'of a combination of the methods of Poisson, Cauchy and Kirchhoff. 

3.02 Stress-Equations of Motion 

We may write, from (1.063), (1.065) and (1.0314), 

( (T, .. -pu.)£u. Jv J dV ::: 0 (3.021)
(J.r. J 

The integral is over the volurr¿ of the body which, in our case, is bounded 

by the surfaces Xl:' ± b and a right cylindrical or prismatic surface 5(: which 

intersects X2,=O i n  a curve or polygon C enclosing an area A. If the plate is 

multiply, connected there are interior closed curves or polygons Gi and A does 

not include the areas within them. 

Except where otherwise noted , the plate may be of slightly varying 

thickness. Thus 

1<{\ , oX'.. 

On substituting (3.011) into (30021), we obtain 

kow, for l = 1 or 3, we w rite 
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3.04 


are defined as the nth order components of stre ss. For L = 2, 

(3.026 ) 

where 

F(I'\) J - [ n T. ] Ii)- Xl. tj -10 

are defined as the nth 

orders 

order components of face-traction. (The first two 

of stress and face-trą?tion are depicted in Fig. 3.021.) Finally, 

where 

even 

) 
'\ 

Assembling these results, (3.021) becomes 

I
( L 

n 
(T.� ) - f'lTŝn-1) 2J + F.(n) -p 2: 

m 
B o. !) ouŜrt) dA = D 

)A 'J)L J mn J J (300210) 

. . T:cnJ In which we note that, for L == 2, Lj,i = 0 because "lt is independent of j 
(II)



Xa,.
Since the coefficients of the Cu.T must vanish separately, we have 


(3.0211) 

Ɇhich 
four 

are the stress-equations of motion of ordern. For example, the first 

orders are 
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Components of stress and face-traction of orders zero and one. 
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fu scalar form the first two of these are 

��:(Ol+ ��2O) + F."') = P (2bU/O) + 23b3 o.lś + .. ) 

__ "r,(O) 
1:1. t ǵ b To"') + Fa. -(0) ( •• (Q) 2 = + b3 •• (l)

"b XI 0 X".) 

 P 2.bU.2 -3 +.,. ) 
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U2. (3.0213 ) 


�iO} + 0 T»(C» + F lQ) = P b U (0) t- 1Ji 0. 3 ('l.) + ... 
() XI b X 3 a \ (2.

1.3 3 )

(3.02:14) 

The left hand sides of the first and third of (3.0213) are the usual ones of 

Pois

Cauch

son's 

y, 

theory of a thin plate stretched in its plane (Poisson, 1829; 

plane 

1828; Timoshenko, 1940, p. 301) "or of Fi1on' s theory of generalized 

stress (Love, 1927, p. 138). The left hand sides of the second of 

the
(3.0213) 

ory 

and the first and third of (3.0214) are the usual ones of the Lagrange 

of flexure of thin plates (Timoshenko, 1940, pp. 86,87). 

Referring to Fig. 30021 we see that components of face-traction F·(n)Ƕ 

are associated with extension when j +n is odd and with flexure when j+n is 

eVen, just as in the case of displacement lAjn10 On the other hand, the stress 

3.06 
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Tir is associated with extension when l +- j +-Vl is even and with fleXUX'e when 

i. + J + VI is odd. 

In the abbreviated notation we may write, in place of (3.025), 
\.P .... " J 

1:(r\) = ( b r. X 
P \'1 d'-b x ro:.l 2. 

Then (3.0213) and (3.0214) become 

(J .0216) 

(3.0217) 

In the notation employed by Timosherko (1940) (except for the use of 

subscripts 1,2,3 in place of X)]ii!. and the adoption of the Xa.-axis , rather than 

the Co -axis , as the normal to the faces ) we should write 
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The expression (1. 012) of the strain in terms of displacement, i.e. , 

03 Strain 

becomes, on substitution of the series-expansion (3.011) , 

We write Xl.j":: 02J' and &. where, for k:: l. or J' , 
• tǴ 

Using this notation and rearranging terms, we have 

In order to define a strain of order n it is necessary that it appear with 

a factor X; in the above expression. To this end, we shift terms in the 

series to obtain 

or 

where 

I '" [(n) (n) ( ) ( (M"lS·. = xl. U·· t- U.· + YlTI + uJ'I.J n lJJ J,1. 

5 "5(1\1.. = Kz. .'LJ 1"\ I.) 

5 (n) I [(>II (1'\) ( ) ( (MI) (,... 'I)J .. = U· ' .j- + I')TI (,I. + uJ'LJ I.JJ I. 2.1. 

are the components of strain of order n0 These are illustrated, for orders 

zero and unity, in Figs. 3 .. 031 and 3.032, respectively_ It Hill be observed 
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Components of strain of order zero. 
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Components of strain of order one. 



that, as with stress, a component of strain Sij) is asscciated with extension 

of the plate when l'"j 1- 1'1 is even and with flexure of the plate when i. + j ... VI 

is odd. 

In the abbreviated notation (S�), (3<: 037) becomes 

<,.,1 = (n):: S(fll- (®) 5 
, 

l-4/rJ S 0 25(0'\1-_ 25(1'\)= - -ou.Ǳ + (1')+1)/,(I'It"1l 
II ""'3 

D x, l.ǯ ;l '" o X3 

and (3.036) may be written as 

3.04 ' Sti:'ess-Strain Relations 

The stress-strain relations 
\ 

become, on using (3.039), 

T. -
-

Ǯ n 5(ř1
F eM '7;- X� 'S 

Then, from (3Q 0215 ) , 

or 

Þhere BŘ is given by (3.029). Thus, the nǰ order stress depends on all the n 
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strains of even order if Ȼ is even and on all the strains of odd order if n

is odd. For example 
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In the unabbreviated notation, (3.043) is written as 

3.05 and Kinetic 

The strain-energy-density 

becomes 

We define a plate-strain-energy-density 

- [b B Sŗl'1IlS("'1U = b V cix'J., ::tl z: 1'1'\1'\ I" ǭ 

Then, for r=I, ... 6, }=O, ••• oo, 

Now 

OU - I 5("'1 + S(I'VIIos(t) - "[ I'YIn 'l. oSW ,.r r r 

+ • .• 
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so that (3.052) reduces to 

Since rand n are dummy indices they may be changed to q andvn. Then (3.054) 

becomes 

Comparing (3.056) with (3.043) , we see that 

T(1'I1 IjO _ 
-

oU 
D.s (n)

p 

We may also write 

(1\) _ 
- -

0'0 
Tij '05(II)

ǫJ ..

provided we adopt the convention (see Section 1.03) 



(3.0510) 

Finallye from (3.043) and (30051), we have 

and similarly, from (3.044) and (3.058), 

The kinetic energy-density K is treate d similarly. Thus, we de fine a 

kinetic energy-de nsity of the plate as 

(3.. 0513) 

Replacing UlJ' by its power-series expansion (3.012) we have, as in (3.028), 

or 
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3.06 Uniqueness of Solutions 

The uniqueness theorem for the three-dimensional theory ( Section 1.05) 

is based on the expression (1.053) of the total e nergy in terms of the initial 

energy and the work done by the external forces: 

(3.061) 

),14 




3.15 


where tŋ J and ȸȹ J are the differences between the two surface-tractions and

the two surface-velocities associated with two systems of stress and dis-

placement satisfying the stress-equations of motion and the stress-strain-

displacement relations. To adapt the uniqueness theorem to the infinite 

series of plate-equations, it is only necessary to specify the surfaces over 

which the surface integration in (3.061 ) is to be performed, replace the 

integrand by its series-expansion and perform the integration with respect 

to the thickness-coordinateo 

The plate is bounded by the faces X4=±b and the cylindrical surface 

(or surfaces) 5' whose generators are normal to the middle plane '1.2= 0 and 

intersect that plane 

on x:l. :.±b 

in a curve (or curves ) C. Components of stress and dis-

placement are referred to coordinates )C.,)xŌh while components on 5' 

are referred to coordinates niSI X;I. where n is the outward normal to S' and (I, S 

and Xl. form a right-handed orthogonal coordinate system in the order named 

(see Fig. 3.061). Then , in (3.061)) 

t· * . if-
::::' J u· J ']). " T.. 

. 

J 
1<" T.(..I. :: ǩ I.J Vh "9 1. 

1t- LA •
9 

It (3.062 ) 

where 

On xǨ = ± b) 

where 

Ofl x'1. = b 

7) I -::. 0 Dn Xl,-::-b 



3$·16 

Hence 

On the cylindrical surface 

where 

(3.068 ) 

Hence 

(3.069 ) 

Using 	 (3.062), (3.066) and (:;,,069), we have 

(3.0610) 

where A is the area within C or between C and internal boundaries if the 

plate is multiply connectedK 

When OJ and u; are replaced by their series-expansions, (3.0610) becomes 

(3.0611) 

(3.0612) 
[r;� zJ X.:t n1 -b b = Fi J «(\) 

Hence, the surface-integral in (3.061) becomes 
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Coordinates and boundaries of three-di�ensional plate. 
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+1, " (T.1I{1"I1 ",*{I'\l)ds 
JC � nn 

• II-(n) t-T.it"(I'\)U!/-cn) 
s 

t- T.iHn)
Un ns n2. Vlt 

where 0{ and y are orthogonal direc tions in the x,-X3"plane. 

The initial values of the kinetic and potential energies in (3.061) 

are also expressible in terms of their series-expansions, through the use of 

(3.051) and (3.0514). Then, sufficient conditions for a unique 

(3.0211), (3.045) and 

solution of 

(3.037) are found by the same procedure as in Section 

1.05, leading, in this case, to 

a. Specification, for each and every ordern, of the initial displace­

ment ut and in�tial velocity L.i}1\1 throughout the plate. 

bo Specification, for each and every order n and at each point on the 

edge of the plate, of anyone of the eight combinations formed 

one member of of (ǥ) (I'll 
? 

(1'1) (Il) 
) 

-r 

by choosing 

(n) (n) each the three products Tlln un T;.Ŋ Uǣ \,,4. UǦ • 

c. Specification at each point in the interior of the plate, for each 

and every ordern, of anyone of the eight combir¼tions formed by choosing 

one ruember of each of the three products Fe( (n' 1.,1.. (Ǥ) 
, F (hI \n) 

¬ F- ('"2 U'- r U r (I"\J • 

These components are ill ustrated in Fig. 3.062. The conditions for 

uniqueness are, of course, subject to the same limitations and e½¾ensions as 

those in Section 1.05. 

3.07 Plane Tensors 

It may be observed that Ui (,,) I F{") ( I 
,... 'Lj (0) an 

" 
d stOllȷj are componen ts of plane 

tensors; 

to 

i.e., the tensors 

IT 

are invariant with respect to 

d abo"'J.t 

rotation 

normal the X, -X,,-plane. the axes x" Xǧ')X,) are rotate Xz. to 

about the 

x.') x" )\ŉ 
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according to the scheme of directi

X, Xl. 

on 

X3 

cosines 

XI 
l J" 0 ň3 

Xz 0 0 

X'3 �, 0 ll1 

the usual transformation formulas apply • . Thus, if primed symbols refer to 

LA ,en) = 1.., U (1'l)1 
L n r 

T/YI)' = 
r.s 

0.fL ) , T,'n) = J.. 1. ' c·" ª J. « = .A 5J 'J rt I.J n 

(fI)1 
SJ 

lnll
S.k�) j,.R.. SJ c 

o T

. .  Ln .R.. 5 (")1 
= I 

ǡJ"Ǣ I. tk Uf tc.A
r rs c.rstt.! St:Ǡ 




