CHAPTER 2

SOLUTIONS OF THE THREE-DIMENSIONAL EQUATIONS
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= 2.01 Introductory

()

In this chapter we consider solutions of the three-dimensional equa-
’tions that describe, in closed form,.the free vibrations of plates. The aim
is to exhibit solutions of the equations for plates with traction-free sur-
faces; but other boundary conditions are employed, in certain cases, as pre-
liminary steps. Most of the solutions pertain to infinite plates. Those
that apply to plates having more than one finite dimension are limited to
specific sequences of dimensional ratios. No solutions in closed form have
been obtained for unrestricted dimensional ratios of plates with traction-
free faces and‘sides; and none appear to be possible. It is this circum-
stanee which has led to renewed interest in a method of approximation which

is the subject of the remaining chapters.

2.02 Simple ‘Ihickness-Mddes in an Infinite Plate

The plate is bounded by the pair of parallel planes X,=zb which are
termed "faces'". Simple thickness-mocdes are defined as those modes of free
vibration in which the faces are traction-free and the components of dis-

Placement are independent of the coordinates in the plane of the plate. Thus

T,5Ta=T,=0 on %= x5 (2.021)

Uy = uy(%,t) (2.022)
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In view of (2.022) the strain-displacement relations reduce to

= _ o
. ~§ =0 SAE azji
. D -
S, = o Ss= 0 (2.023)
i - = AU
4 Sb‘. 0 56 = .—b—xlz

A simple thickness-strain (as distinguished from a thickness-strain)
.- is defined as one which is independent of the coordinates X, and X; . There
are two types: thickness-stretch (5) and thickness-shear (5,5). The latter
two are identified by the designations x -simple-thickness-shear (i.e.,$,)
and X,-simple-thickness-shear (i.e.,54). The simple thickness-stretch is
characterized by displacements normal to the faces of the plate and the
_simple thickness-shears by displacements parallel to the faces of the plate.
Q'As will be seen (Sections 2.04 and 2.05) a simple thickness-mode may contain
| more than one simple thickness-strain.
When the strains are independent of X, and X,y so are the stresses.
Hence the stress-equations of motion (1.019), governing simple thickness-

modes, reduce to

ligryr (2,024}
_E_E = (J-a_\i-h
dX, dt?

and the components of stress, appearing in these equations, are related to

the displacements, according to (1.041) and (2.023), by
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Y du ou
T, =€ =— +¢ 34 ¢, U
6 2% 2, 4¢ BTN e T
- U, Uy U
T2 €, = + G, + ¢, 4 (2.025)
2 A D At D i 26 BXs
- DY W du
S Gyt (2 Cay =='
T4- 14 K; 4 Dke + X3

Substituting (2.025) in (2.024) we find the differential equations

governing the simple thickness-modes :

2

(G +Gpu, + ¢ u):’pﬁ:ﬁ-‘-
bx: 6 73 i+
D‘L > b‘l
(G, U+ C U+ Cagthy )z p A (2.026)
bx:(;a ' 12 “ 14 3) p 2¢?
> - 3 s
Cop U + Cooldy +Cop Ua) = L=
| DX;'(4‘ 24Uy 44 3) !0 e

2.03 Simple Thickness-Modes in an Infinite, Isotropic Plate

When the material of the plate is isotropic,

CM: C+‘ ':C‘1: I»]
(2.031)
Cap=s A¥2u, Cyp =y = M

and the equations of motion governing the simple thickness-modes (2.,026)

reduce to
dhy; du; - :
c, Y = 5 24 =423 (no sum .
s TP e I ) (2.032)
where
C':Co=/o4 y Cp = /"*% (20033)

Assuming a time-factor efQﬁ, omitted in the sequel, we find
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—?b-x‘-‘{ FU =0 (2.034)
1

where

')I: = (Dwu.l/cdl (2.035)
The solutions of (2.034) are
Y; '-’—AJ; sin 1% . B; cos 7%z (2.036)

in which AJ- and BJ- are constants.

The boundary conditions (2.021) reduce, in the isotropic case, to

___._ _ - 2.0
v 0 oNn K=ip (2.037)
or
+ AJ- 7 Cosm)!b + By sin 7,6=0 (2.038)

The solutions of (2.038) are

By=0, a=ru/2b , r=,3,4.. (2.039)
and
A=0, 7, =rm2b , r=2,4¢6... (2.0310)
Hence
u; = A sin 2%(3 ; r odd
(2.0311)
U= B cos—ﬂ‘ r even
d J 2 /

and the corresponding frequencies are, from (2.035),

c= LI
w5 va P (2.0312)
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For convenience, we let r=y for the thickness-stretch modes and r=g
for the thickness-shear modes. Then the odd orders of thickness-stretch des-
ignate vibrations symmetric with respect to the middle plane of the plate and
the even orders of thickness-stretch designate vibrations antisymmetric with
respect to the middle plane. Conversely the odd and even orders of thickness-
shear are the antisymmetric and symmetrié modesy respectively. Thus the fre-

quencies are given by

=/,38.,...., (symmetric thickness-stretch
. w = E—TI Mﬁ_ P /’ »d ( i )
bt P p=2,4¢.,. (antisymmetric thickness-stretch)
(2.0313)
—_ =13 ¢, (antisymmetric thickness-shear
w = 3_7?: VA— % ' e )
2b 1 f Q=2,%6.,,, (symmetric thickness-shear)

The shapes of the first few modes and the associated frequencies are
showh in Fig. 2.031 for simple thickness-stretch and in Fig. 2.032 for simple
thickness-shear. It will be observed that P or % identifies the number of
nodal planes parallel to the faces of the plate.

The antisymmetric mode of lowest frequency is always the thickness-
shear mode %:!. The next higher antisymmetric frequency may be that of the
first antisymmetric thickness-stretch mode (p=2) or the second antisymmetric
thickness-shear mode (%=3), depending on the value of Poisson's ratio. These
two modes have the same frequency when #=1/10 . Generally, Poisson's ratio
is greater than i/i0 so that the second antisymmetric mode is usually the sec-
ond thickness-shear mode. In any case, the frequency of the second antisym-
metric mode is between?2l2 and 3 times the frequency of the first antisymmet-
ric mode.

In the case of the symmetric modes, the thickness-mode of lowest fre-

quency may be either the first symmetric thickness-stretch mode ( P=1) or the
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first symmetric thickness-shear mode (cz=2) according as b’%l/a « For values
of Poisson's ratio commonly encountered, the frequencies of these two modes

- may be close together,

Coincidence of frequencies of simple thickness-modes occurs when

p* (At 2u) = giu (2.0314)
that isy when
y= 32 (2.0315)
2.(7 A-Pa)

This phenomenon has an important influence on the-character of the frequency
spectrum of more general vibrations (see Section 2.11) and, accordingly, af-

fects the formulations and ranges of usefulness of approximate equations of

high-frequency vibration of plates (see Chapter 5).

2.04 Simple Thickness-Modes in an Infinite, Monoclinic Plate

When the material of the plate has monoclinic symmetry, with X, the

two-fold axis, Cq=q=0. Then the differential equations (2,026) reduce to

b6 L, =f =
2K ott
C .é:(‘_'?- + C iﬂ.ﬂ = .bit’_(i’- (2.041)
Baar T Mo T et
s biq,‘ b‘u;

- s
G T 2O

and, from (2.025), the boundary conditions, on X,=%b, reduce to
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U
Gt ¢ G 2 =y (2.042)

Y, ¢ ouy 0

4 +
14 Yy TR

Thus, the X, -thickness-shear strain is not coupled with the other two
either in the differential equations or.the boundary conditions. Ience the
mode shapes and frequencies of X -thickness-shear are the same as in the iso-
tropic case (Section 2.03) with the exception that/u is replaced by c,.

To find the shapes and frequencies of the remaining modes, consider

solutions of the form
Uy = A sin K €490+ B) cos 9n, @Y je2,3. (2.043)

Substituting in the second and third of (2.041), we find

(Ga~0) A, + € A3 =0
(2.044)
Cah, + (Ca=C)A; =0
and
(Cz;.-c) B, CueBy =0
(2.045)
CuByl 7 (N <) Db =0
where
C = Pw‘/?‘ (2.046)

Thus, modes odd in X, are not coupled with modes even in &, ; but thickness-
stretch and X, -thickness-shear are coupled through the constant ¢z. For a

non-vanishing solution, the determinants of (2.044) and (2.045) must vanish:
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Caa~¢ Cis (2.047)

C;4_ C“‘C

or

RC = Gy v, 2V (C=Ga)* v 4ch (2.048)
Equations (2.044) and (2.045) also yield the amplitude ratios

Ay _ B, - Cie C-Casn_ (2.049)

- -
Ay G, €= Caa e

The equations from which the frequencies are determined are obtained
by substituting (2.043) in the second and third of the boundary conditions

(2.042), with the results

B:=0 AJ’COS'?b:O
or ’ (2.0410)
G, sin 7 b =0

These equations have the roots
m = Nnir/2b (2.0411)

where N is an odd integer for modes odd in X, and an even integer for modes

" even in X, . Hence, from (2.0411) and (2.046), the frequencies are

nm ]/ c
= Db e 2.0412
w2 ol (2.0412)

where the two values of ¢ are given by (2.048).

If the coupling constant ¢, Were zero the two frequencies would be

w:fl fa e AT | G (2.0413)

It may be seen, from (2.048), that the larger of these is raised and the

Smaller is lowered whenc,, 50 .
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As an example, we consider the AT cut of quartz, for which # = 35°15'
(see Fig. 1.041). Then ch)cﬁand Ciq in (2.048) are given by the second, fourth
and eleventh of (1.046), with # = 35°15’, Using Mason's values of c¢, as given

g
10 dyne/ cm2 )

in (1.047), we find, in units of 10
Ciy = 129.9 Cas= 39.06 Ge= —5.82 (2.0414)

Then, from (2.048), the two values, say c,and ¢; y of ¢ are given by

c ¢
VJ- = /,00/ V——’- = 0,995

Cin Cos
Thus, due to the coupling, the higher frequency is raised 0.1l% and the lower
frequency is lowered 0.5%. The mode shapes corresponding to these frequen-
cies may be obtained from (2.043) and (2.049). For example, the modes odd

N

in X, , with n=1, have the shapes

_ ' A
U, = Ay Sin 727:5
= ) mXy
U, = A

—é_z; -/5-7’ C:Cz
AJ

0:064’, C=C_5

Thusy in the mode with the higher frequency, the thickness-stretch predom-
inates; whereas, in the mode with the lower frequency, the thickness-shear
~ predominates. The two mode shapes are illustrated in Fig. 2.041.

As noted above, thickness-stretch odd in X, couples only with thickness-
shear odd in x, . However, the formér is symmetric, whereas the latter is
antisymmetric, with respect to the middle plane of the plate. Hence, in a
monoclinic plate, symmetric thickness-stretch couples with antisymmetric

thickness=-shear. It will be seen, later, that this has an important bearing
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Coupled thickness-stretch andxy-thickness-shear
in a thickness-mode of a monoclinic plate.
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on coupling between extensional and flexural vibrations of plates, inasmuch

as the former are symmetric, and the latter are antisymmetric, with respect

to the middle plane.,

2.05 Simple Thickness~Modes in an Infinite, Triclinic Plate

In the case of a plate of general triclinic material, all six elastic
constants in (2.025) and (2.026) are non-zero, As a result, all three
thickness-strains .are coupled in each mode of vibration. By the same pro-

cedure as in the preceding section, the frequencies are found to be (Koga,

1932)
w= )< (2.051)
2 i p

where there are three values of ¢ 4 given by the roots of the cubic eguation

Ce=¢ =1 as
Cﬁﬁs C,‘;"C Cj". = o (2&052)

"2,06 Plane Strain in an Isotropic Body

Ist
U= d, (x,x,t)
Uy= Uy (%, X, &) (2,061)
Uy 0

Then we may write, from (1.077)



Hence

and

U= 28, 24
X d K,
(2.062)
U, = —M— - _éﬂa
3 X, 3 X

where ¢ and H, are independe

The functions

:quations (1.0710) reduce to

are solutions of (2.063) pr

where prime denotes differe:

(2.063)
&
" (2,064)
(2.065)
to x, 5 and
o«F 482 = wi/vR
Bz r fz = wz/vzz
f=Asindx, + Bcosax,
(2.067)
h=C sinBx; + DcosBx,


http:sin.J.X1
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U= (&f +h’) coséx, eiwt
U= (f"+8h) singx, eiwt
T = B2+ 822 + 280" ] singx, @iwt
T= u[(-p2)f 4280 ] singx etw? (2.068)
T ~AL* 2 singx, € Lt
To= M[REF' +(82p)h] cos by, e ‘w?

Uy= Tpa= Glzo

2.07 Eguivoluminal Modes

In the absence of dilatation (f=0) the solution (2.068) becomes
U, ~hcos £x, ciwt
U,=8h Sin§/<,€‘wt

T:: =—7;Z. 2-2/:“{;”5’.’75‘/(:6{:“’: (2.071)
U= Ty = T T T3 =0
We note that T, vanishes throughout if ¢'=g*, i.e., if
w=12¢ty =128y, (2.072)

. Then the only remaining requirement for traction-free faces of the plate is

h'=0 on X,=tb . For modes symmetric about the middle plane x,=0 ,
h'=Cacospx, (2.073)
and, for antisymmetric modes,

h'==Dp sin px, (2.074)

Hehce, T;1=D on X;=ib if
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6= n/zb - (2.075)

where N is an odd integer for the symmetric modes and an even integer for

the antisymmetric modes. Then, from (2.072), the frequencies are

= hm)2a
W ZbVP (2.076)

The complete solutions are, for the symmetric modes (n odd),

= T =~ RMNITIC o NTX DA oiwt
T= =Ty =~ S sin g cos e ¢
_ nmC nrx, NITX o il
U, = Y <os 20 €os 2b (4
(2.077)
U= nrC sin N4 sin DX e (wt
2 2b 2b 2b
Uy= T3 Ty =T33 = 7= 0
and, for the antisymmetric modes (n even),
e L RunmED . onmh o nTh o lwt
L= =T,= ye Sin—7 §ih =5 c
nD nTX o ARy L Cwt
z - cos sin e
u, Z2h 2b 2b
2.078
U. = nD sin DX oo 0T o Cet ( )
T2 Zb Zb

Uy=T, =Ty ’7-33:77:1:0

It may be seen that all planes £3 = constant are free of traction and
planes X, = constant and £ = constant are traction-free at intervals 2b/n.
Hence the plate breaks up into prisms or plates with traction-free faces.

The lengths of the prisms or thicknesses of the plates (in the x_‘—direction)
are arbitrary since all planes X; = constant are free of traction. The cross-
sections of the prisms (or the outlines of the plates) are squares of dimen-

sion 2b/n. The displacement of each traction-free face is normal to that face.
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The shapes of the first two modes are illustrated in Fig. 2.071.

It may be observed that the frequency of the lowest symmetric’
thickness-stretch mode is higher than that of the lowest symmetric equi-
voluminal mode in the ratio fL&+LM)/Zu]Vi However, the frequency of the
lowest antisymmetric equivoluminal mode is higher than that of the lowest
antisymmetric thickness-mode in the ratio

The equivoluminal modes described in this section were obtained by
Lame (1866, p. 170). Additional solutions may be obtained by cyclical per-~
mutation of the indices. -Iinear combinations of these solutions describe

modes of vibration of a cube (Sommerfeld, 1947).

2.08 Wave-Nature of Eguivoluminal Modes

The vibrations described in the preceding section mey be shown to be
composed of four traveling waves. We consider the antisymmetric modes as an
example.

The displacements

U'= Acosd, sing (X,5(n 6 ~x,Cos 6 ~yt)
ui=Asing sing(x,sin 8- x,¢es6,-%t) (2.081)

u,= 0

constitute a wave of amplitude A and wave-humber ! (= 2m/wave-length) whose
wave-normal lies in the x-x;plane, at an angle §, with the X;axis (see Fig.
2.081), The direction of the displacement also lies in the X-X-plane and is
at right angles to the waveQnormal, i.e.y the wave is a shear wave, or equi~
voluminal wave, It may be verified that the dilatation is zero and the dis-
Placements satisfy the equations of motion.

We find, corresponding to (2.081),
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Equivoluminal modes in an isotropic plate.
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‘;;; = -A,ur sin2g cosy (x,51n8 ~x,co58, ~y,t)

, (2.082)
Tz =AMy 0526, cosy(x,5in8,~x, 038~ 4t)
If §=m/4, 7;; vanishes throughout and, on x,=*b s
14
Top = ~Asy cosy[5(x z 002 -y,t] (2.083) J_
A
Now consider the wave '
w!=~Acosg,siny (X sing,+x,cos6,~,t)
U = Asiné, 5[;6!(;!,55&’1 8, +X,co86,-,t)
Vi
Uy = 0
This is another shear wave in the X-x -plane (see Fig. 2.082) with
amplitude and wave-number as U. If §=1/4 the wave is at right an
Wy the stress T:: vanishes and, on X,zx b
Ty = Ay sing L sVZ - ut] (2.084)
Superposition of the two waves gives,y on x,=zb,
1 o : ﬁ Lo
Tt Ty = £ 2Ry sin 7 Cos ((—ﬁ- -V:1) (2.085)

Hence, the boundaries x&=t b are free of traction if

Thus, if the wave-number satisfies (2.086), the two waves compose

weve which travels along the plate by reflecting back and forth between the
traction-free planes x‘,‘::ib as shown in Fig. 2.083. As there is also no
traction across planes x=i2bm/n (where m=0,1,2,3,. and m<n), the wave

tl"aveling along the plate may, equally well, be interpreted as n waves
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reflectiné between surfaces x,= constant, spaced Zb/n apart. This iz illuz-
trated for n=2 in Fig. 2.083.

Now, add another pair of waves identical with u'and u” but traveling
in the reverse directions. The displacements are the same as u’ and u” with

v,replaced by -4, The sum of all four displacements gives

U= =212 Acos BTX sin 0T ¢o5 vyt

Zb 2hb
. nIT4 X
U= 21ZA Sm"’z’BJ cos-—z—gﬁwsmt (2.087)
U= 0

This is the same motion as (2.078) if the amplitude is adjusted and if it

is observed that, from (2.086)

&’Vz=$—g\/% =w (2.088)

There are no irrotational vibrations analogous to the equivoluminal
vibrations of a plate with free faces. This is because a dilatational wave,
on reflection at a traction-free surfaces always gives rise to an equi-
voluminal wave\(Knott, 1899). Although at most angles of incidence, at a
free surface, the shear wave considered in this Section generates a re-

flected dilatational wave, the angle T/4 is not one of these.

2,09 Infinite, Isotropic Plate Held between Smooth., Rigid Surfaces

(Plane Strain)

From (2.067) and (2.068), we have, for symmetric vibrationss,
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f=Bcos ax; , h=CsinBx,
u,:(Bgcosxxz~+C@cosﬁxb)cosgx,e£”t
U, = (-BASINdX, +CEsinpx,) Sinkx, € (wt
. - (2.091)
oo™ M[B(§2pY) cosax, +2Csp cos BR,) singx, €
Ta= 2B sinux, +C(§3%62) sin BX,) cos Ex, €4t

U, =T,y =0 {
and,y for antisymmetric vibrations,

f=Asinax,, h= Dcos@x,
u,= (Assinak, — D@ sin pr, ) cos ¢x, ewt

U= (AdcoSdX, +D8 cosBk,) sinsX, et

| | (2.092)
= pAE=0™) sinax,-2 D8 @ sinBx,)singx, e*
Tos M[2As«cosaix, + DELp*) cos K] cos s < 1%

u5=‘r;3=0

We see that in both cases, except for the modes discussed in Sections
2.2 and 2.07, the conditions 'l:u=Tm_=0 on x,=*b impose relations between
the dilatational (f) and equivoluminal (h) parts of the solution. That is,
the two modeg of motion are, in general, coupled through the boundary condi-
tions at traction-free surfaces. There are, however, mixed boundary condi-

tions which do not introduce coupling. For example,
u,=0 , To=0 eon X.=2 b (2.093)

i.e.y no normel displacement and no tangential traction. These conditions
may be visualized by imagining the plate to be held between perfectly smooth,
rigidy plane surfaces.  Although the conditions cannot be realized physically,
they are of interest as a starting point for the study of the development of

coupling to the full coupling associated with traction-free boundaries. No


http:M(B(S\t31.)cOSoI.X1
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2422

are conditions which could

(2.091) and (2.092) in (2.093),

symmetric modes, if

(2.094)

(2.095)

latational and equi

'‘ic modes and odd in o
096) yield the freq iy
_v mwf
RT||_*t2u
A e
(2.099)
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in whichjl t=2ﬂ7?)is the wave-length in the X -direction. The reference fre-
quencies w, and w, are the frequencies of the fundamental thickness-stretch
and thickness-shear modes,y respectively, that would be found in a free plate
whose thickness is equal to the distance between nodes along the X -direction
in the plate supported between smooth, rigid planes.

The frequency ratios (2.097) and (2.098) are plotted against 55 (i.e., *
2rb/A)y in Fig. 2,091, for wﬂ/wfVZ,' iy A2,y i.e., Z=1/3 . Curves
M= constant, N = constant give the frequencies of the dilatational and equi~
voluminal modes, respectively; mand N even are for symmetric modes, while ™
and N odd are for antisymmetric modes. Since § (the wave-number in the
X,~direction) appears in both ordinate and abscissa, the curves are best
interpreted by considering that they give the change in frequency as the
thickness (2b) varies, while § is held constant.

Considering, now, the variation of frequency with § , while bk remains
constant, we note, fromv(2.097) and (2.098), that as é6—0, the limiting fre-
quencies are those of the simple thickness-modes given by (2.0312), This

becomes apparent if (2.097) and (2.098) are rewritten as

@w z*f‘}_f_‘aj‘

o c\im = (2.0910)
e t———————O 2 T .

W 2 2§b)1

for the dilatational and equivoluminal mcdes, respectively, where

N A+s _JVZU—V) N
¢ -v =[Gz , (2.0912)
7 1
W = e | [ 200 l
S = 28 P (2,0913)

i.e.y ¢ 1s the ratio of the velocity of dilatational to equivoluminal waves
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in an infinite body and w is the frequency of the lowest, simple thickness-
shear mode.

Equations (2.0910) and (2.0911) are plotted in Fig. 2.092 for thlree
values of Poisson's ratio. The curves n = constant, representing the fre-
quencies of the eqﬁivoluminal modes, remain fixed as Poisson's ratio changes;
but the curves m = constant, representing the dilatational modes, spread up-
wards as Poisson's ratio increases. |

It should be observed that the frequencies of the antisymmetric dil-

atational modes (m=1,35...) approach, in the limit §b=0, the frequencies
of the gymmetric, simple thickness-stretch modes (VJ=!,3,5:...) and the fre-
quencies of the symmetric dilatational modes (m=24§..,) approach the fre-

quencies of the antisymmetric, simple thickness-stretch modes (p=2%6 ...).

On the other hand, the frequencies of the antisymmetric (n=1,3,5,..) and the
symnetric (VI=2J4—,6,) equivoluminal modes approach the frequencies of the
antisymmetric (q=l,3,5',...) and symmetric (cg =2 4,6,...) simple thickness-shear
modes, respectively. This is because the boundary conditions (2.093) for
smoothyrigid surfaces are satisfied by the simple thickness-shear modes but

not by the simple thickness-stretch modes.

2.10 Infinite, Isotropic Plate Held between Smooth, Elastic Surfaces

(Plane Strain)

The effect of a gradual relaxation of the constraint on the faces of
the plate may be studied by considering linearly elastic springs to be uni-
formly distributed between the plate and the rigid surfaces. Then the bound-

ary conditions are

Ta=Fhu, , T,=0 on X,=%b (2.101)
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where R is the spring constant. When the springs are infinitely hard (R=00)
the boundary conditions revert back to (2.093). When the springs are in-
finitely'soft (k=0 ), the faces are traction-free.

From (2.091) and (2.092), the boundary conditions become, for the sym-

metric modes,

M[BE>E)cosab +2Cspcospn] = R (Basinab = (4 sin Bb)

(2.102)
2Brasinab - C(§%pY) sinpb=0
and, for the antisymmetric modes,
MAB-BY sinub -2 DR sinpb] =~k {Adcoseb + D& cospb)
' (2.103)

2Atdcosshk + D= p*)cospb= 0

To obtain these conditions, the frequency and X,-wave-length of the dilata~
tional part must be set equal to the frequency and x,-wave-length of the equi-
VOlumiﬁal party in order for the conditions to hold for all X, andt . It is
apparent, from (2.102) and (2.103) that, if 0¢ k<o and §bx0, the equi~
voluminal and dilatational motions are coupled.

Considering the antisymmetric modes, we observe that (2.103) are sat~

isfied by
CoS ol = 0) Cospb = d (2.104)
Boa it
) £*-p

Recalling (2.095), we see that (2.103) have some roots which give the same
frequencies that were obtained for the case of smooth, rigid surfaces.
~Since, nowy ¢ and w must be the same for both the dilatational and equi-
voluminal parts, these roots determine frequencies and wave-numbers which
fall on the curves in Fig. 2.091 only at the intersections of curves m odd,

Nodd. Inasmuch as the replacement of the rigid surface by an elastic one

Moo
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kis' a relaxation of a constraint, the frequencies between intersection points
gre lower in the latter case. Alsoy for k>0, sinab=0 , sinpb=0 1is not a
- golution of (2.103), hence the frequency curves for the elastically supported
‘.plate do not pass through the intersections of curvesm even, v even in Fig.
7.091. These considerations permit us to sketch the frequency spectrum as
the spring stiffness diminishes. A portion of the spectrum is illustrated

| in Fig. 2.101. The two dashed curves markéd 0< k<o are for successive
:mlues ofAR, the lower curve corresponding to the smaller value. When R=0,
the curve representing the frequencies of the coupled motions passes through
the intersections of m even, n even, in addition to the intersections m odd,
nodd, since sinab=0 and sinPb=0 are then solutions of (2.103).

The situation is very similar for the symmetric coupled modes. It is
only necessary to interchange sine and cosiney odd and even in the preceding
exposition.

Turning, now, to the long wave-length end of the spectrum, we note

thst in the limit, as §o-0,

|

272 5 BETN /(3‘—p‘>=(/*+2/4)’73‘
eerff e

vhere M, and %, are the wave-numbers of the displacements u, and u;, respective-

(2.105)

| ly (see Section 2.03). Then (2.102), for the symmetric modes, becomes

B (A+2u)%, cosnb = Bksinn,b

(2,106)
Csinyb=0
@d (2,103), for the antisymmetric modes, becomes
A(A+2u)n, sin» b = =Ak cos 3,b
®En i (2.107)

Dcos')hb =0



Fig. 2.10L

Effecty, on the frequency spectrum of antisymmetric modes, of
the development of coupling between dilatational and equivolurinal
modes as a result of relaxation of boundary constraint.
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Thus the dilatational and equivoluminal mcdes are no lcnger coupled.
The equivoluminal modes have become identical with the simple

thickness-shear modes (Section 2.03) with

=0 - 8T\
oW zbv;ﬁ"‘ r (2.108)

where n or Q is odd for the antisymmetric modes and even for the symmetric
modes. Since the frequencies are independent of k4 the ordinates, at §b=0 ,
of the curves N = constant, in Fig. 2,092, do not change as R is varied.

The frequencies of the dilatational modes have become

w:ﬁf%ﬂ -’5-%5— (2.109)

where (’?ab) are the roots of

tan(,io) = — (2 bi(:”? ) (2.1010)

for the symmetric modes and

‘cot (%b) :.(."?_3.%%‘1._.7’“) (2.1011)

for the antisymmetric modes. As k-»co, the roots approach

b= (2.1012)
where m is even for the symme and odd for the antisymmetric modes,
The corresponding frequencies by the ordinates, at §€b=0, of the
‘curves M = constant in Fig. 2 -0 y the roots approach

W
%0 = -p-a-_ (2.1013)

vhere p is odd for the symmetric modes and even for the antisymmetric modes.
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The corresponding frequencies are those of the simple thickness-stretch modes
and are given by the points marked p=C}L%,“in Fig. 2.092. As R diminishes
from infinity to zero, the ordinates, at §&=0, drop. For example, referring
to Fig. 2.092(a) the curve for the symmetric mode which starts out as m=2
at R=00, (for which the figure is drawn) descends in the spectrum until its
ordinate, at §b=0¢ , reaches the point marked p=! when k=0 . The whole

curve distorts in the process and ends up as the heavy full line which is

the second from the bottom in Fig. 2.113(a). Similarly, the curve for the
antisymmetric mode, which starts out as m=| in Fig. 2.092, descends in the
spectrun until its ordinate, at $b=0, is zero. Its limiting shape, at R=0 ;s
is given by the lowest.dashed line in Fig. 2.113(a). Meanwhile, the curves
marked N=2 and N=| , while retaining their ordinates at éb=0, shift their
positions to the third, heavy, full line and the second dashed line, respec-
tively, in Fig. 2.113(a).

r During the passage from k=c0 to k=0 the mode-shapes (i.e., the vari-
ation of displacement with X,) do not change, in the case of the equivoluminal
nmodes, when §b=0, since the boundary conditions are independent of k. The
mode-shapes of the dilatational modes, however, depend onk. When ¢b=0,
the dilatational modes involve only the component of displacement U,. This
has nodes or antinodes at X,=tb according as k is infinity or zero. At in-
termediate values of R there are neither nodes or antinodes at the surfaces.

The shape of the lowest antisymmetric mode is of special interest. Here the

displacement is proportional to cosY,b where %0 is the lowest root of (2.1011).

When k=00 5 Mb=TR (i.e.ym=| ) so that the displacement varies as a half-
sine wave through the thickness, with a node at each surface and the maximum
at the center. As kR diminishes, so does the first root of (2.2011). Hence
the nodes spread outward from the surfaces of the plate, leaving a displace-

- ment, inside the plate, which approaches a uniform distribution across the
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£hickness as R approaches zero. Meanwhile the frequency, which is propor-
tional tO‘Kb, has also diminished and is approaching the lowest dashed line
in Fig. 2.113(a). This mode, then, is the one which contributes the uniform
part of the transverse displacement accompanying low-frequency flexural vi-
brations of plates.

It is to be noted that (2.1011) has a root %,6=0 only vhen k=0 . On
the other hand, (2,1010), which governs the frequencies of the symmetric
modes, always has a root #bef. Hence there is always present a mode whose
limiting frequency, at §b=0, is zero. Similarly, there is a zero-root of
the second of (2.106), governing the symmetric thickness-shear modes. This
accounts for the presence of the lowest, heavy, full curve, in Fig. 2.113(a),
despite the fact that the next higher symmetric dilatational mode, which
starts out, at k=00 , as the curve m=2 in Fig. 2.092(a), never falls below

the point p=/ at §b=0.

2.11 Coupled Dilatational and Egquivoluminal Modes in an Infinites, Isoliropic

Plate with Free Faces (Plane Strain)

We come, nowy to the problem of the vibrationss; in a state of plane
strain, of a plate with traction-free faces (Rayleigh, 1889)., The boundary
conditions are obtained from (2.102) and (2.103) by setting k=0, with the

results, for the symmetric modes,

B(£*8%) cosab +2Ctpcospb = 0 .
pree i ' e (2.111)
2Bsk sinab = C (§’—p‘)sin(3b =0
and, for the antisymmetric modes,
A(E-pY) sinab=2D5psinpb = 0
(2.112)

2AkAcosab + D(E-0*)cospb =0



2.33

These equations have the four solutions

? (2.113)

which lead to the simple thickness-modes discussed in Section 2.03. Equa-

tions (2.111) and (2.112) also have the two solutions

B=0, §%=p% cospb=20
A=0, £ sinpb=0

(2.114)

which lead to the equivoluminal modes discussed in Section 2.07. Finally,

(2.111), governing the symmetric motions, have the solution

B _ _ _2kPcesph 2,115
C ™ E*-pYosab ( )
TanBb _ _ 45% (2.116)

Fandb @r- gt

and (2.112), ’governing the antisymmetric motions, have the solution

A _2iBsinbb (2.117)
D (pYsinkb '

tanBh . _ ($67)? (2.118)
tandp 4§28

These solutions, first obtained by Rayleigh in 1889, have been the
subject of extensive study in the ensuing years (see, for example, lLamb,
1917 and Holden, 1951). The frequency spectra determined by (2.116) and
(2.118) are illustrated in Fig. 2.111 for A=Zu, i.e.,, ¥=1/3. The full

lines are for the symrnetric modes and the dashed lines are for the
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antisymmetric modes. We proceed to a detailed analysis of the frequencies.

Now,
LS
A= ¢ %:—l
(2.119)
i
g=§ :}';,"l

where @, and wy are defined by (2.099). In an infinite plate £ must be real.
Hence « is real if wpw and imaginary if w¢w,; @ is real if w>wpand imag-
inary if 2 Recalling that w,>wswe see that there are three ranges of
frequencies
Ww<LLWwy, o and p imaginary
Wy < w<wy, o imaginary, # real

w>wy, oand @real

in which the roots of (2.116) and (2.118) (and also the mode-shapes) will
have different characters since the transcendental functions of o and # will
be trigonometric or hyperbolic according as « and § are real or imaginary.
When « or @ is imaginary we shall let «={w, or B=(f, where«, andf, are real.

In the lowest frequency range (w<wp) s equation (2.116), for the sym-
metric modes, becomes (since tancz=(tanhz )

tanh Gb _ 44,6,
;:h‘o('b = (;%z)z (2.1110)

and equation (2.118), for the antisymmetric modes, becomes

tanhbb - (£*+8%)" (2.1111)
tanhod, b 48,6,

For very short wave-lengths along X, y §b—>co, o,b»>and gb->c. Hence,

both (2.1110) and (2.1111) reduce to



Frequency spectrum of coupled equivoluminal and dilatational modes
of vibration of an infinite, isotropic plate with free faces.
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($5+ 820~ 4¢%,6,=0 (2.1112)
or
Cwwb o _p w8\ W _ (-z)ﬁ)}
wg[w; 8wg+8(3 228) 161 )| < 0 (2.1113)

which is the equation governing the freguency of surface-waves (Rayleigh,
1887). This equation has only one root in the range 0L w <wy. For v=1/3 ,
w/ws=0.932 and, since wn/w‘*:é y W= 0.466 » This is the asymptotic value
of the two lowest curves in Fig. 2.111.

For very long wave-lengths along X,s tb=>0 sob—+0 s fo—>0. At this
limit, equation (2.1110) has no root in the range 04w<luwy. As for (2.,1111),

for the antisymmetric motion, we write

tanha,b = o b(1= $x2b*)

- (2.1114)
ranh g b= G b6(l =% 816)
and find
« - Ll wb 2.1115)

on the supposition that w/wyis small, which is seen to be verified. For
v=1/3 , (2.1115) may be written ey, =¢b/2. This gives the initial slope of

the lowest curve in Fig. 2.111. Equation (2.1115) may be written as

w :g*b\/w (2.1116)

which is the familiar form in the classical theory of flexure of thin plates.
In the intermediate range of frequencies (wf,(w(w,() we write, for the

Sumstric modesy

tanBb_ _ 44,6 .
fanbo(,b {g;__ﬁz)l (201117)
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Equation (2.1117) ha:
Noting that the limit of the

or

wy Wy u wi
For V=1/3 ,Wa/ws=250 that ¢
of the curve for the lowest
may be written as
E
w =
¢ eli-v*)

which is the familiar form
tensional vibrations of thii
The curve for the lo
the boundary between the lo

is found by taking the limi

2 tanho,b= (1-v)od, b

Then the abscissa of the cr

o bY2(1-V)
where &b is the root of (2..

shown in Fig. 2.111.

48°4,B

nges.

(2.1118)

cy in this range as$b—0 .

b0 4 isf/, y we have

(2.1119)

(2.1120)

is is the ordinate, atfb6=2 ,

ig. 2.111. Equation (2.1120)

(2.1121)

the classical theory of ex-

is the only one that crosses

The cross-over point

>0y with the result

(2.1122)

(2.1123)

4,b=2.99 and Eb=3.4

The curves for all the higher modes approach & /wy(= /2 for ¥=1/3 )
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asymptotically as §b-—>o00. That is, except for the first symmetric and first
antisymmetric modes, w->w, as the wave-length approaches zero.
In the highest range of frequencies (w>w,) we use (2.116) and (2.118),

since both « and # are real. Both equations have the special roots
sinab=0, sinfb=0 , cosdb=0, cospb=0

so that the frequency curves for both symmetric and antisymmetric modes pass
through the intersections of curves m oddy n odd and also meven, n even of
Fig. 2.091, in the manner indicated by the curve k=0 in Fig. 2.101 for the
antisymmetric modes. With this information and with the results of the anal-
ysis of limiting cases given above, the frequency spectrum of w/w,vs.§b may
be sketched approximately, following the pattern indicated in Fig. 2.101.

For detailed calculations of intermediate points, it is convenient to
alter the form of the transcendental equations.

Let

a=pg/4 , f=ab (2.1124)

g=\f—7— (2.1125)

sh=plla=c (2.1126)

where ¢=w,/w,. With (2.1124), the equations (2.116) and (2.118), for the

symmetric and antisymmetric modes, respectively, become

tanay _ _ 4alc*-i)ar-c?)
tan ¢ [a?-cr- ai(c? -—f}]z

(2.1127)

- tangy _v[al-c"—o‘*(a“-f)]z

tan g - do(c-i)lo*-d)
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and similar equations hold when o or « and g are imaginary. The procedure
for computation is as follows. Choose Poisson's ratio,? , which fixesc .
Then choose a value of w/w,, so that @ is determined by (2.1125). Equations
(2.1127) then have ¢ as the only variable and a sequence of roots may be com-
puted numerically. To each root y there corresponds a value of ¢b according
to (2.1126). Thus, for the given w/w,we have a set of values offb. The
process is repeated for the same ¢ and for a sufficient number of values of
w/wy to enable curves to be drawn. The results of such a computation for
are shown in Fig. 2.111. The full lines are for the symmetric modes and the
dashed lines are for the antisymmetric modes. The intersection points are the
same as the intersection points in Fig. 2.091. Each such point is identified
in Fig. 2.111 by a pair of numbers the first of which is the value of m and
the second the value of n.

As may be seen, from Fig. 2.101, the nearly horizontal portions of the
curves in Fig. 2.111 are due to the coupling of the equivoluminal modes with
the lowest dilatational mode. This effect becomes more pronounced as §b be-
comes longer; andy in addition, coupling with the higher dilatational modes
produces the terrace-like structure illustrated in Fig. 2.112.

Neither Fig. 2.111, nor the analysis thus far, gives any indication of
the character of the frequency spectrum at high frequencies and long wave-
lengths. From the fact that the simple thickness-modes are solutions of the
differential equations and boundary conditions when the wave-length is infi-
nite, it appears appropriate to examine the Rayleigh solution in the neighbor-
hood of these frequencies and long wave-lengths.

We consider, first, the symmetric modes, whose frequencies are deter-

mined by (2.116), which may be written in the form

44°b ob b sin«b cospb + (3*-p%") sinfb cosstb = 0 (2.1128)



r

where

ab =\ wrb v - §ib

(2.1129)
ob =Y Wb -5 b
We seek solutions in the neighborhood §6<« | end
(pt&)we , p=1,3,5...
w= » P TR el (2.1130)
(qré)ws , g=2,46,..
"where
_ TV, _ TV

Inserting (2.1130) in (2.1129), expanding the radicals and dropping products

and powers of §b and € higher than the second degree, we obtain

z "7 Tpm =38
db=

(fqm mé  crépP -

[3(35. e —-—-;r-> G246,

(2.1132)
moTe Apt

C(%— r_z—_— - IOSWC;‘)’ p: 113451'

Bhb=

Then, to the same approximation, we find, for P=L3 5. %:2,4;6, y

AL
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Terrace-like structure of frequency speetrum.
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1r’~c2(; pﬂc. (g"b" e é)cox prc
2 2

pre 2
smpb =

151 T?’"é—)
: 2
H cosd b= .
}726 C-() i_‘ +(C§zb )SJWS““
8, 2c 2¢

Zbi)
2 6317‘
migred pITc | [§*h* _ 7ee\ . pie

prc 2 2
(—;)%‘(i-— —’%‘3>

On substitution of (2.1132) and (2.1133) in (2.1128) we obtain, to a suf-

icient approximation,.

cos Bb=

2 \
.@ﬁ._‘z.s £ os 4 %-smf’—‘/) ésmf——-e( cosE= +-51 )
'O n\C
: | (2.1134)
Y PR AN LT L4 LU NS
( ?;}Slna(c sin &7 - L cos C) +£-Co:. —¢ (z.c. ini= : cos 2C> Y,

We see that b+ # as ¢—~»0. Hence the supposition (2.1130) is confirmed, i.e.,

the limiting freguencies of the symmetric modes, as §b—(, are the frequencies

of the symmetric, simple thickness-stretch and thickness-shear modes. We
proceed to find the limiting slopes and curvatures of the curves w/w;s vs.§ b

From (2.1130),

'
| w

To-p
C Wy

(2.1135)
w _ ;
ws q
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2443

Hence, for small ¢ , from (2.1134) and (2.1135),

z 3 Z
dep) | P A e ~ " (2.1136)
d&b) 16¢b fgm 4 qir )
' % 3(—”'-“'fa" >
4 g\ 4 ¢ 2C

. Pan3 4 3 2
ok, (2.1137)
T P P
¢ ¢ 2¢
Accordingly, if
. P
sinBE %0 p=i3s..
(2.1138)

]m —
sz X0 5 9=246,..

the slopes at §b=0 are zero and the curvatures are positive or negative

according as

P, 4 o £TC
(7, St 20
(2.1139)
87 _4+ansl 3 0
4 c Ze <
Ify however,
Ere
Sin 72 = 0
cos 3 = P
2c
the corresponding curvatures become infinite and the slopes cannoi -

mined from (2.1136). In this case, from both of (2.1140), we have

22}4' 6,:&0
c=3 {q (2.1141)

P P:‘.l, 3,8 .

Then, inserting (2.1140) and (2.1141) in (2.1134) we find
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6/512/:;5) _— §%’: s gz 246... (2.1142)

Now, the condition (2.1140), or (2.1141), is the criterion for coin-
cidence of the frequency of a simple, symmetric, thickness-stretch mode with
the frequency of a simple, symmetric, thickness-shear mode. Expressed ex-

plicitly in terms of elastic constants, we have

C_;V)\-O-Zﬂ —Yjau-v. _ 3
M [-2v

or
y= 320 (2.1143)
2(q™p*)
For exsmple, ¥=1!/3 when p=1| and g=2 ; or, alternatively, when v=1/3 the
lowest symmetric thickness-stretch mode (Fig. 2.031) has the same frequency
as the lowest symmetric thickness-shear mode (Fig. 2.032).

The character of the coupled modes as v passes from below to above
is illustrated by the heavy, full lines in Fig. 2.113. We shall examine,
in detail, the behavior of the curve corresponding to p=/ as it rises in
the spectrum with increasing Poisson's ratio. When V=0.25, the curve for
the second symmetric mode in Fig. 2.113(a) approaches wws=T3 as ¢ b0,

This is the frequency of the symmetric, simple thickness-stretch mode p=1 .
From the first of (2.1136) the slope is zero at ¢{b=0 and, from the first
of (2.1137), with p=] , the curvature at §b=( is negative. As ¥ ap-
proaches |/3 4 the slope remains zero, the curvature approaches negative
infinity and the frequency approaches w/w;=2, i.e., the frequency of the
symmetric, simple -thickness-shear mode 9= 2. Atv=1/3, the slope, fram
(2.1142), with g=2, is-4/m*. As ¥ exceeds /3 the slope of the curve cor-
Peéponding to }0=1 switches from-4/T* to +4/M* and then to zero slope and

Positive curvature. The curve corresponding to ]o=l has now become the third
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symnetric mode, having passed above the curve corresponding to the symmetric
thickness-shear mode ¢=2Z. This is illustrated, in Fig. 2.113, for Y=040 ,
for whichw/wgis about 2.5 for p=/ and§{b=0. As Poisson's ratio increases
gbove 0.40 4 the curve corresponding to P =/ approaches the curve correspond-
ing to <g=4- (at uo/w5=4). Its slope at {b=0 remains zero, but its curvature
diminishes, passing through zero at ¥=0.46. (This is the second root of

the equation obtained by setting the first of (2.1137) equal to zero. The
first root occurs at ¥=—05,) Then, as V—>7/15 the curvature again approaches
negative infinity and the cycle is repeated as the curve corresponding to p=|
passes the curve corresponding to q:“—° This time, however, the switch of
slope is from -I/M* to+!/M*. The curve corresponding to p=/ passes through
a similar cycle each time ¢/ increases through a value given by (2.1143) with
p:l and cz:2,4l 6,.... This is illustrated in Fig. 2.114 for the first four
cycles. (It is to be noted that the groups of curves in Fig., 2.114 have been
shifted to a common ordinate at §b=0.) A similar phenomenon occurs with

each of the curves corresponding to p=/35,... provided that the value of ¥

given by (2.1143) lies in the range
~14V¢ S (2.1144)

For example, the curve corresponding to p=3 never falls below the curve cor-
responding to g=2 , since, in this case (2.1143) gives v=7/5 . That is, the
simpie thickness-stretch mode p=3 always has a higher frequency than the
simple thickness-shear mode ?‘2 (see Figs. 2.031 and 2.032). However, p=3
passes q=4 at ¥==1/7;g=6 at V=1/3, etc.

Thus far, we have made use of only the first of each of the pairs of
equations (2.1134) to (2.1140). This is because we have fixed attention on
4 single mode corresponding tc p = constant as it passes modes corresponding

to Cz = constant. If we fix attention on a mode corresponding to g = constanty
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the second of each of the pairs of equations shows that a similar phenomenon

occurs when the curve corresponding to cg = constant is psssed by each of the

modes corresponding to p = constant.
We turn, now, to a consideration of the antisymmetric modes, whose fre-

quencies are determined by (2,118) which may be written in the form
4£%p% ab pb sinBb cos ab + (E34- 6" sinw b cos Bh= 0 (2.1145)
This time we seek solutions in the neighborhood §b & | and

+E)w =2,4,6,...
we | PTORsF AN (2.1246)
(% +€)wy %:I, 3,9,..

To the second degree in éb and ¢ we find

T ITe ‘b
(5= ) pezsen
AD=

F 2
1_(.@21. e _ gs_g) » 62035

2 2 gT '
(2.1147)

gb

il
oy
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(_!)g(ffﬁ ﬁj)
, 2 T
sindb = :
(1- féi%l) Si"%ci - (,C%‘T;f‘ _ ..Z’Zé)cm%
C <
CIE - 52)
cosob =
(!— ?:)Cosg (ccj b Zi)sm_;!f
[
| (2.1148)
e o ple _ [ 82 mee),, . BTE
(!- é )Sm > (Pm - )cos >
sinfb= (_~I)3£—'(!_?£§_1)
8
(} ﬁzdzéa)cos pre (§ b FC&)SU,’ pre
2 pITC Z z
cos b= e e
HF (e - )
6877' 2
Then (2.1145) becomes
—?;%b—:(-gsm 4 %cos%}%écosﬁg% {Z smﬂ: pc sp”‘> 0
‘8 : , (2.1149)
Sbi4 1 T T NPU: L S i T 4 ndT\=
31173( cosﬁL +3_Sm.‘3.-) € Sin 32 € (2: cos%__c +q’sm ?.c;j 0
frc;m which
léc?b(ﬂ_f_ “nﬂ_g)
dfw/ws prmil 4 < 2
dlét) b - (2.2250)
1638 (g 4 & cot A7
CgmlE e 2
(16c [T _ & P”‘)
z(w/ws) PKTT-"(‘?' ranz
| e )
L ¢
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pccordinglyy if

pIre
cos—— %0, p=2446..

(2.1152)
5;(]‘32—?'::: : O 3 %:11315'"

the slopes at §b==0‘are zero and the curvatures are positive or negative

according as

4 3 2
. (2.1153)
7 4 ot 3]
+ c.onCZO
If, however,
cosﬁgf-:O
(2.1154)
AT -
Sin 2= =0
s0 that
,%23)5:."
c= 3 (2.1155)
P )0:234-‘6,!‘“
the curvatures are infinite and the slopes, from (2.1149) are
dlwofo) _, & 35... (2.1156)

S T

Thus, the behavior of the antisymmetric modes is similar to that of the sym-
' metric modes, but with one important exception. It will be observed that
(2.1154)-(2.1156) do not hold for C3=,' This is because ¥ is limited to the
Tange

-1V 3

So that
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%<C(0°

Hence, even the smallest value of p (i.e., p=2) does not bring ¢ within the
allowable range. This is to say thatthe frequency of the lowest, antisym-
metric, simple thickness-stretch mode (Fig. 2.031, p==2) is always higher
than the frequency of the lowest antisymmetric, simple thickness-shear mode
(Fig. 2.032, cg=/). Hence the coupled mode corresponding to cz:/ never goes
through the cycle of change of sign of curvature. This is illustrated by the
dashed curves in Fig. 2.113. The second antisymmetric mode always has the
same character while Poisson's ratio varies. The third antisymmetric mode,
however, does go through the cycle, since the frequency of the lowest;
antisymmetric, simple thickness-stretch mode is lower than the frequency of
the second antisymmetric thickness-shear mode (Fig. 2.032,¢3=3) if Y<i/io.
In Fig. 2.113 the lowest value of Poisson's ratio for which the spectrum is
illustrated is ¥=0.25, so that in (a) the curve corresponding to p=2 (the
fourth antisymmetric mode) is already above that corresponding to %::3. Its
ordinate at §b=0 is2ﬂ§, i.e.y about 3.5 . The next value above ¥=1/10 for
which coincidence occurs is ¥ =/7/42 (obtained from (2.1143) with p=2 gc3=5').
This is slightly above V=240 , for which Fig. 2.113(c) is plotted. Hence

the fourth and fifth antisymmetric modes are shown just prior to their meeting

point at w/ws=5.

2.12 Three-Dimensional Coupled Dilatational and Equivoluminal Modes in an

Infinite Isotropic Plate with Free Faces

The solution given in Section 2.11 may be extended to include phase
reversals in the x,-direction.

In (1.077) we take, for the potentials of the dilatation and rotation,



2.52

= Flh)sing  gx, et
H= hlx) sing x, cos €x, et¢
ot (2.121)
H= h,(x) coskx coslx e’
H,= hy(k;) cos £x,sind x, €49F .
sfy the eguations of | £ (1.078) and (1.0710) are satisfied,
i.€.9 1T ‘ i
'+t =0 (2.122)
14 .
h vt =0, j= 12,3
where
°(2+ é.a +(1 - wz/v‘z
(2.123
pr ot Lt = iy ’
Tﬂus,
= Asinax, + Bcos«x,
(2.124)

h;= C; sin Bx,+D;eos BX, 4 j=1,2,3.

1dy for the components of displacement and for the components of

>lanes X, = constant,

u,= (e£+ hy * thz) costx, sinlr, et
U= (f'-¢h,+Eh,) sinéx, sinfx, e™° (2.125)

U= (6f-kh,~h/) sintx, costx, e’

= pleregr-p3s v 2(6ny ~4h) N sinkx, sin gz, ™F
= u[20f'-(¢Fh, ~Eh, +EC ] sinEx, costx, e’ (2.126)
= ul2tf'-tgn rgh, +(E* 890 costy, sindx,et°

e symmetric modes we take, from (2.124),

i



2.53

f=Bcoskx h,= <, sin By
h,= D, cos px, (2.127)

Then, the first of (2.122) and the boundary conditions T,,=T,,=T,=0 on x,=tb

require
§¢ ~pDh GG =0
(£+4*-p*)Beosab  ~2¢BC cospb +2§pCcospb =0 (2.128)
-26« Bsinkb =(£%p2)C singb +£BD, sinBb +84C sinpb=0
-2¢aBsinab -84 singb ~£BD, sinpb +(§- ) Cysingb =0
When the determinant of (2.128) is set equal to zero we obtain
tan b =-= Auf (82 0" (2.129)
ranab (§+¢43-8%)"
Similarlyy for the antisymmetric modes, we obtain
tansb _ _ ($*+62-pB) (2.1210)

fanab 4« pE™eY)?

It will be observed that (2.129) and (2.1210) are the same as (2.116)
and (2.118) except that §™+¢* takes the place of ¢*. (This was pointed out by
Rayleigh, 1889.) Hence, all the results obtained for the problem of plane
strainy,; treated in Section 2.11, hold for the three-dimensional case if the
wave—number,§ 9 in Section 2.11, is replaced by\/?’;g—z. In particular, the
frequency spectra, depicted in all the Figures in Section 2.11, apply to the

present case if this substitution is made in the coordinates.
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2:}3 Solutions in Cylindrical Coordinates
/

The solutions given in Sections 2.07 and 2.11 have their counterparts
in cylindrical coordinates (Gopdman, 1951). We refer the plate to the cylin-
drical coordinate system ¥, 9,'2 and take the faces at z=1+b . The vector
potential (H,JHhHs) is resolved into cylindrical components (H,H,H) and we
consider the axially symmetric case, in which H=H,=0 and H, and @ are
independent of 8. Then (1.077) become, in eylindrical coordinates,

yo= 28 _ 2

r r dE

Ug= 0 (2.131)
e 2L M b

3z or

end (1.0710) become

ViV =
RN (2.132)
V;\V Hg—r Hg}:’Hg
~ Equations (2.13/’) have solutions
¢ =f@)J,¢r) " : )
. 2.133
H,= h(@), (Er) €'“°
+ where J, and U are Bessel functions and, as before,
fl+uf=0
h' +g*h=0
(2.134)

L gh= W

prrg = Yy

Then
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U= - () T (sr) e
Uy = (F+En) T (5r) eft
o= AA+2a ¥ = u[(8-g0F +2¢ )T (5r) €F
| ; . (2.135)
T (3 )= — 2 pe 4 (6761 T, () €°°
Since the quantities in brackets in the expressions for T;, and T,, are
the same as those in T, and T, in (2.068), and since «,8,¢ and w are related
in the same way as before, all the conclusions regarding frequencies of vibra-
tion, which were reached in the case of rectangular coordinates, apply also to
the case of cylindrical coordinates. Figs. 2.091 and 2.092 give the frequency
spectra for a plate held between smooth, rigid faces and Figs. 2.111, 2.112
and 2.113 give the frequency spectra for a plate with free faces.
Fquivoluminal modes also exist, as may be seen by setting f=0, §%= f°
and h'(tb)=0 in (2.135). 1In this case Tyr is proportional to J}'(E ¥) and
hence the plate breaks up into traction-free rings bounded by cylindrical sur-
faces CH%fr)=0 . As before, planes 2 = constant are free of traction at
intervals 2b/n .
Three—dimensional solutions in cylindrical coordinates, analogous to
those in Sectign 2.12, may bes obtained by retaining H, and H; and setting all

functions proportional to cosnb or sinnf .

2.14 Additional Boundaries

In Sections 2.11 and 2.124 dealing with coupled dilatational and equi-
voluminal modes in isotropic plates with free faces, we saw that, for either
the symmetric or antisymmetric case, there is an infinite number of modes of
vibration for each ratio of thickness to wave-length. Each of these modes can

exist, in an infinite plate, independently of all the others. This is the
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analogue of the independence of dilatational and equivoluminal modes in a

pody with all its dimensions infinite. Now, considering, for example, a
single symmetric mode in a plate with free faces, we find that at intervals
/& aloﬁg X, (at every crest and trough) boundary conditions u, =T,=T,=0are
satisfied. This is the analogue of the case of smooth rigid boundaries
(U:Ty=T,= 0 on X,=tb ) treated in Section 2.09. In that case we saw that
relaxation of the condition u,=0 to T,;=0 resulted in coupling of equi-
voluminal and dilatational modes. In an analogous manner the relaxation of
the boundary conditions u=0 to T,=0 , on planes X, = constant, of a plate
with free faces X;=tb y results in the coupling of the infinity of modes of
the type described in Section 2,11 or 2.12, Hence, with the exception of
modes of the type treated in Section 2.07, the modes of vibration of a plate,
with more free boundaries than the free faces, are not expressible in closed
form. This leads to major computational difficulties because the equations
which then determine the frequencies and mode-shapes, analogous to (2.115)
and (2.116), contain an infinite number of terms. The same difficulty occurs,
of course, with crystal plates; and in these there are the additional compli-
‘cations that, in general, the relation between wave-number and frequency,
analogous to (2.066), is determined by a cubic equation and symmetric and
antisymmetric motions are coupled. Thus,; for both isotropic and crystal plates
it is convenient to have available approximate equations which contain only a
finite number of mcdes of the type encountered in Sections 2.11 and 2.12.
Such approximations are made, of course, at the expense of limiting the ap-
plicability of the equations to certain classes of modes and ranges of fre-

quencies and wave-lengths.





