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. , 
In this chapter we consider solutions of the three-dimensional equa­

tions that describe, in closed form, the free vibrations of plates. The aim 

is to exhibit solutions of the equations for plates with traction-free sur­

faces; but other boundary conditions are employed, in certain cases, as pre­

liminary steps. Most of the solutions pertain to infinite plates. Those 

that apply to plates having more than one finite dimension are limited to 

specific sequences of dimensional ratios. No solutions in closed form have 

been obtained for unrestricted dimensional ratios of plates with traction­

free faces and sides; and none appear to be possible. It is this circum­

stance which has led to renewed interest in a method of approximation which 

is the subject of the remaining chapters. 

2.02 Thickness-Modes in an Infinite Plate 

The plate is bounded by the pair of parallel planes Xν -:: ± b which are 

t@rmed "faces". Simple thickness-modes are defined as those modes of free 

vibration in which the faces are traction-free and the components of dis­

placement are independent of the coordinates in the plane of the plate. Thus 

Tɱ .: T4:: 16 = 0 Of) J<ɲ = .:t b (2.021 ) 

u./ "" uJ (iit-, t ) (2 . 022 ) 



" 

T, 

/) 
J 

2.02 

In view of (2.022) the strain-displacement 

5 ::; 0, 

5 :: 0.$ 

A simple thickness-strain (as distinguished 

is defined as one which is independent of the 

are two types: thickness-stretch (5,) and 

two are identified by the designations X,

andľ-simple-thickness-shear (i. e., S4 ). The 

characterized by displacements normal to the 

simple thickness-shears by displacements parallel 

' 
(As will be seen (Sections 2.04 and 2.05) a 

more than one simple thickness-strain. 

When the strains are independent cif XI 

Hence the stress-equations of motion 

modes, reduce to 

'b - f '(;-'1..(, a Xl - 0 tl.. 

o 1;. :: ()ɯI..(ɰ 
()h, tltl. 

and the components of stress, appearing in 

the displacements, according to (1. 041) and 

relations reduce to 

from a thickness-strain )
coordinates X, and X,3. There 

thickness-shear (ћI$.). The latter 

-simple-thickness-shear (Le 0, $10 )
simple thickness-stretch is 

faces of the plate and the 

to the faces of the plate. 

simple thickness-mode may contain 

and XJ, so are the stresses. 

(1.019), governing simple thickness-

these equations, are related to 

(2.023) , by 
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C. di.(l. c>UlT= +b l' 'H
ɫ Xl. 
 '1X1 
O(..{ɭ 
7)h 

OX ... 

.. "
C,,+ I bx2 
= CΆ11 'bi<2.
Tɩ (2.025) 


c alAI
'H њ;.+.... b'f.'1..

C +h= 
 ɮX. 

Substituting (2.025) in (2.024) we find the differential equations 

governing the simple thickness-modes: 

2.03 Thickness-Modes in an Plate 

When the materj l of the plate is isotropic, 

(2.031) 

and the equations of motion governing the simple thickness-modes (2.026) 

reduce to 

(2.032) 

where 

c,=c,J /) 

Assuming ΅ time-factor eiμJ , omitted in the sequel, we find 
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where 

The solutions of (2.034) are 

in which A, and are constants. . J 

2.04 

The boundary conditions (2.021) reduce, in the isotropic 

or 

± +- B· i' sin =0J J J 

The solutions of (2.038) are 

and 

Hence 

A, = DJ I 

A ' r'ilUJ::' J SIn '(. b . I r odd 

r λVc!Vl 

and the corresponding frequencies are, froID (2.035), 

(2.035) 

(2.036 ) 

case, to 

(2.038 ) 

(2.039 ) 

(2.0310 ) 

(2.03ll) 

(2.0312 ) 
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For convenience, we 

for the thickness-shear modes. 

ignate vibrations symmetric 

the even orders of 

respect to the middle plane. 

shear are the antisymmetric 

quencies are given by 

w = VAZb f 

The shapes of the 

shown i-n Fig. 2.031 for 

thickness-shear. It will 

nodal planes parallel to the 

The antisymmetric 

shear mode і=f. The next 

first antisymmetric 

thickness-shear mode 

two modes have the same 

i΂ greater than 1/10 so that 

ond thickness-shear mode. 

metric mode is between liz 
ric mode. 

In the case of the 

quency may be either the 

2.05 

let r= r for the thickness-stretch modes and r=- q 
Then the odd orders of thickness-stretch des­

with respect to the middle plane of the plate and 

thickness-stretch designate vibrations antisymmetric with 

Conversely the odd and even orders of thickness­

and symmetric modes, respectively. Thus the fre­

[ p = /,  3,  ,C ..... , (symmetric thickness-stretch)
P = κ +:,... (antisymmetric thickness-stretch)I J 

{ (antisymmetric thickness-shear )ѕ ': " 3, r .. , 

q =Z,"'i '" " '" (symmetric thickness-shear ) 


first few modes and the associated frequencies are 

simple thickness-stretch and in Fig. 2.032 for simple 

be observed that p or є identifies the number of 

faces of the p late. 

mode of lowest frequency is always the thickness­

higher anti symmetric frequency may be that of the 

thickness-stretch mode (pїј) or the second antisymmetric 

(љ:J), depending on the value of Poisson's ratio. These 

frequency when 7J-=- 1/10. Generally, Poisson1s ratio 

the second antisymmetric mode is usually the sec-

In any case, the frequency of the second antisym­

and J times the frequency of the first antisymmet­

symmetric modes, the thickness-mode of lowest fre­

first symmetric thickness-stretch mode (P.:.I) or the 
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first symmetric thickness-shear mode (1' =2) according as V ѓ 1/3 0 For values 

of Poisson's ratio commonly encountered, the frequencies of these two modes 

may be close together. 

Coincidence of frequencies of simple thickness-modes occurs when 

(2.0314) 

that is, when 

(2.0315) 

This phenomenon has an important influence on the-character of the frequency 

spectrum of more general vibrations (see Section 2.11) and, accordingly, af­

fects the formulations and ranges of usefulness of approximate equations of 

high-frequency vibration of plates (see Chapter 5). 

2.04 Thickness-Modes in an Monoclinic Plate 

'When the material of the plate has monoclinic symmetry, with X, the 

two-fold axis, ,Ϳ΀΁,;O. Then the differential equations (2t026) reduce to
; /., 

(2.041)  

and, from (2.025), the boundary conditions, on 1<1=:1: b, reduce to 
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Simple thickness-stretch modes. 
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Simple thickness-shear modes. 




; 

2.08 

: 0 a Xl. 
ηU.l.

cɧɨ -- t ( 1l1J... =0 (2.042 ) ζ xɤ 
14- b XJ, 

,ɥ+ 
olh t C+4 ε = 001.1 ɦXlo. 

Thus, the K -thickness-shear strain is not coupled with the other twot

either in the differential equations or the boundary conditions. lIence the 

mode shapes and frequencies of x -thickness-shear are the same as in the iso­, 

tropic case (Section 200]) with the exception that;« is replaced by c.". 

To find the shapes and frequencies of the remaining modes, consider 

solutions of the form 

Substituting in the second and third of (2.041) we find , 

(cё:l. - c.) A J. t' '.l.1l- A3 .:: () 
(2.044) 

and 

(e:l.). -c) B .. 	 :: 0 

= 0 

whe re 

(2.046 ) 

Thus, modes odd in xl. are not coupled with modes even in xl. ; but thickness­

stretch and ͽ -thickness-shear are coupled through the constant '.1.4$ For a 

non-vanishing solution, the determinants of (2.044) and (2.045) must vanish: 



-V('�J.-(44? 

or 

These 

where 

even 

where 

It 

Cu. - C '.1.4 
== 0 

Cɡ4 (44 -c 

Zc. 0; Cɣl+C44 :: '\" 4C.aѐ 
(2.044) and (20045) also yield the 

from which the frequencies are 

the second and third of 

results 

B· = 0J / J 

A· =0 8,/ SIrl1 b =0 J I 

the roots 

AJ' (. oS (b = 0 

integer for modes odd in XL and an 

from (2.0411) and (2.046), the 

of c are given by {2.048)g 

constant ,δ were zero the two 

(2 . 047) 

Equations amplitude ratios 

(2.049) 

The equations determined are obtained 

by substituting (2. 043) in the boundary conditions 

(2.042) , with the 

(2.0410)or 

equations have 

(2.0411) 

n is an odd even integer for modes 

inxĹ. Hence, frequencies are 

(2.0412) 

the two values 

If the coupling frequencies would be 

(200413 ) 

may be seen, from (2.048), that the larger of these is raised and the 

smaller is lowered when Cɢ4 ͼ 0 • 
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As an example, we consider the AT cut of quartz, for which g = 35°15' 

(see Fig. 1 .  041) . Thenc'-).i
, and '.l.4 in (2.048) are given by the second, fourth « 

and eleventh of (1.046) , with 9 = 351115' * Using Mason's values of eft as given 

10 2 
in (1.047) , we 	 find, in units of 10 dyne/cm , 

= 129.9 C.14 = -5. 82 (2.0414) 

Then, from (2.048) , the two value s, say C ɠ and cJ , of c are given by 

Thus, due to the coupling, the higher frequency is raised 0 . 1% and the lower 

frequency is lowered 0.5%. The mode shapes corresponding to these frequen-

cies may be obtained from (20043) and (2.049) . For example, the modes odd 
in X2.' with n = I , have the shapes 

A1. = �- If. 7 I C = Cl 

• J ! 

Thus, in the mode with the higher frequency, the thickness-stretch predom-

inates; \oThereas, in the mode with the lower frequency, the thickness-shear 

predominates. The two mode shapes are illustrated in Fig. 2.041. 

As noted above, thickness-stretch odd in x®couples only with thickness-

shear odd in X2,. . However, the former is symmetric, whereas the latter is 

antisymrnetric, with respect to the middle plane of the plate. Hence, in a 

monoclinic plate, symmetric thickness-stretch couples with anti symmetric 

thickness-shear. It will be seen, later, that this has an important bearing 
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Fig. 2.041 
Coupled thickness-stretch andx1-thickness-shear 
in a thickness-mode of a monoclinic plate. 
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on coupling between extensional and flexural vibrations of plates, in asmuch 

as the former are symme tric , and the latter are antisymmetric, with respect 

to the middle planeL 

Thickness-Modes in an Triclinic 

In the case of a plate of general triclinic material, all six elastic 

constants in (2"025) and (2.026) are non-zero, As a result, all three 

thickness-strains.are coupled in each mode of vibration. M the same pro­

cedure as in the preceding section, the frequencies are fotmd to be (Koga, 

1932) 

(2.051) 

where there are three values of c , given by the roots of the cubic equation 

c" - c 

(2.052) 

'44 -, 

2.06 Plane Strain in an 

let 

(2.061)(..(2: Ua (XII �I t) 

(J3: 0 

Then we may write, from (1.077) 
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(2.062 ) 

where cp and Hs are independent of x3 • The wave equations (1.0710) reduce to 

VI').. VI"J.ip = � 
V: V.юH3 ΰ H3 (2.063) 

ы 2. )} αβ= )'1-,2. + OX24 

The functions 

cp = e i.wt f (x.1) sin gx, 
H3= h(xz.) cos sX, e'w . t

are solutions of (2.063) provided 

fl/+r:J,ͻf=O 
h" to {3z h = 0 

where prime denotes differentiation with respect to xl.' and 

(2.066 ) 

Hence 

f -= A sin.J.X1. + B (OS OO:Xz. 
67 ) 

h=- C sin ͺX2 -I- D cos ьxэ (2.0

and 

http:sin.J.X1


Equivoluminal 

=-Zj"iJ../sinl-x )"" .:1 ɟ ,  

ŀ 

2.14 

UI = (Sf ... In (oS tx, elwt 
U.1,= (f'+5h) siv)sx,eiwt 

T.I = -.I,"o[(e::!+!х-zo(·)f + 2цh'] sing)(, e,wt 
t͹= "..u[(f�·-ч2)f +Zфh/J sl'nSx, eLwt 

T.3ί:::: -,A,(d,'-t.!::!)f sitl Ͷ XI e Lwt 
уz.= )-{[шSf'·dtщpъ)h]Gosjx,e"wt

tA,3 : "1;.3 = 7;/ = 0 

2.07 Modes 

(2.068 ) 

In the absence of dilatation (f=O) 

L1l.=tt, siVltx,elwt 

T. =-T. 1/ .04 

T,"l. = /A (t "'-͸l.) h Cos ,5')(, e i wt 

U;I -= Ez.3 = r;I = Tj3 :. 0 
We note that ʹ͵ vanishes throughout if !2=Ŀ

. Then the only remaining requirement for 

hl-:.O on xl.= t b .  For modes symmetric about 

and, for anti symmetric modes, 

Hehce, 7;1;: 0 on Xl =:t b if 

the solution (2.068) becomes 

e,wt (2.071) 

, i.e., if 

traction-free faces of the 

the middle plane x).:. 0, 

plate is 

(2.073 ) 
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nrrx. 

I J ¸ 
ɜɝ · 

2·. 15 

p = n Tr /2 b 

where n is an odd integer for the symmetric modes and an even integer for 

the antisyrnmetric modes. Then, from (2.072), the frequencies are 

.!21I..
2 b Y ?. (2 . 076) w::. P 

The complete solutions are, for the symmetric modes Cn odd), 

tA = nrrrC cosή cos e ɞwtI e.b тb zb 
(2.077)

t w t 
- !!.1I.f. s· n ..0J!..' s/n.!J.!!.!:Zb j Zb Zb 

anÏ, for the antisymmetric modes (n even ) , 

(2.078) 

It may be seen that all planes X3 = constant are free of traction and 

planes XI = constant and X4= constant are traction-free at intervals Zb/no
Hence the plate breaks up into prisms or plates with traction-free faceso 

The lengths of the prisms or thicknesses of the plates (in thexJ-direction )
are arbitrary since all planes я =  constant are free of traction. The cross­

sections of the prisms (or the outlines of the plates ) are squares of dimen­

sion lb/n. The displacement of each traction-free face is normal to that faceo 
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The shapes of the first two modes are illustrated in Fig. 2.071. 

It may be observed that the frequency of the lowest symmetric' 

thickness-stretch mode is higher than that of the lowest symmetric equi­

voluminal mode in the ratio [( A+2.jA. )/2,JA 11/t.• However, the frequency of the 

lowest antisymmetric equiv9luminal mode is higher than that of the lowest 

antisyn´etric thickness-mode in the rati o 

The equivoluminal modes described in this section were obtained by 
/

lame (1866, p. 170). Addi tional solutions may be obtained by cyclical per­

mutation of the indices. Linear combinations of these solutions describµ 

modes of vibration of a cube (Sommerfeld, 1947). 

2.08 Wave-Nature of Modes 

The vibrations described in the preceding section may be shown to be 

composed of four traveling waves. We consider the antisymmetl'ic modes as an 

example. 

The displacements 

(..i,';:: AcosfJ, s,'nr(X,Sifl8, -x,Los9.-vzt) 
L-iͳ;::: A Sine, :>ir'l((XI5ifl 8.- xzJ_Ds9,-v1.t) (2.081) 

vi':: 0 '3 

constitute a wave of amplitude A and wave-humber r (= 2rr/wave-length ) whose 

wave-normal lies in the X '- Xl.-plane, at an angle 8, with the Xl-axis (see Fig. 

2.081). The direction of the displacement also lies in the x,-xi"plane and is 

at right angles to the wave-normal, i.e., the wave is a shear wave, or equi­

voluminal wave. It may be verified that the dilatation is zero and the dis-

Placements satisfy the equations of motion. 

We find, co rresponding to (2.081), 
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Equivo1umina1 modes in an isotropic plate. 




1;,� ::: -A)Ar sinZfJ, cosr(,xls/nm -Xl(,O:sIJ,-Ot) 

r,; = 
(2.082 ) 

-A)A(ws281 ,os!(x,sifllJ,-xz('OJ(}j-v...t) 

If e, -=rr/4 ,r;; vanishes throughout and, on x@ =;t b , 

(2.083) 

Now consider the wave 

lA/I = -A CO,5 8Y siV}((x, sin &2. +x,'os Ox -N t) 

f.A; = A sin Bz. sin ¥ (Xi sil'! BX + xZ cos &1 -V,.t t) 

'-'lit 3 "'" 0

This is another shear wave in the X fX -plane (see Fig. with ' 4 2.082) the same 

amplitude and wave-number as d. If l =-rr/4 the wave is at right angles to 

1).', the stress r;�' vanishes and, on X,. "'.:!:. b ? 

Superposi tion of the two waves gives, on xA = .± b, 

Hence, the boundaries xl. = ± b are free of traction if 

n even (2.086) 

Thus, if the wave-number satisfies (2.086), the two waves compose into a 

wave which travels along the plate by reflecting back and forth between the 

traction-free planes xl. =..tb as shown in Fig. 2.083. As there is also no 

traction across planes X4::.±Zbm/n (where m=Oil.Zi[, ... andm<.n), the wave 


traveling along the plate may, equally well, be interpreted as ? Waves 
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Shear wave u". 
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reflecting 

trated for 

between surfaces Xt= constant, spaced 2b/n apart. This is illus­

V')=2 in Fig. 2.083. 

Now, add another pair of waves identical with u' and ɛi1 but traveling 

in the reverse directions. The displacements are the same as u' and u" with 

vÐreplaced by -'4. The sum of all four displacements gives 

- A sin cos (osyll, tZb 2.10 t. 

motion as (2.078) if the amplitudeThis is the same is adjusted and if it 

is observed that, from (2.086) 

(2.088 ) 

There are no irrotational vibrations analogous to the equivoluminal 

vibrations of a plate with free faces. This is because a dilatational wave, 

on reflection at a traction-free surface1 always gives rise to an equi­

voluminal wave (Knott, 1899). Although at most angles of incidence, at a 

free surface, the shear wave considered in this Section generates a re­

flected dilatational wave, the angle 11/4 is not one of these. 

2.09 Plate Held between Surfaces 

From (2.067) and (2.068), we have, for symmetric vibrations1 



ɕ $/Vl,:>XI 

D'''' X. f I .. 

t..\ ɔ = 1';3 = 0 

2. 21 

f :: B cos ol.X;t , h = C :.in(3xz. 

'I' 

I . tu1 = (Bs (OS D\ x,. -+ C(3 cos (3Xz.) (05ͱ)( eəw 

tAl.;: (- BcA sin O(Xɗ + cg .s in кh) stn $ XI e i,w't 
(2. 091)

• c..lt'rn= ;M(B(S\t31.)cOSoI.X1 +2CJ{3cos(3xl.]siVlSX, e'" 

T,7,.::: .;U [-2. B ͯ cI. 5 iVl"()(Ͳ -+- C (g ¶- (Jl.) sin (3xt.1 (..05 ͮXI eLwt 

l.i3 = T23 = 0 

and, for antisymmetric vibrations, 

U1::: (AJ.5 inrAXл- D{3 sin ͰX2 ) cos SX ei.ɚt:I 
.(ArJ..co5J.X%,+ t CIJs(3xJ.) Lt;Jtuɘ::: D e 

(2.092)
T(.2,= о[A(s"-tJ'l.) s"I"l.l.п2.-Z.Ds(3 sin{3xJ],siI'lSx\ e':wt 

T.1.:: ;-<[ZA 5<1\ (0,50()(l. + D (S- έ f' -a) (0 ɖ �xzJ 'os S XI c: lwt; 

We see that in both cases, except for the modes discussed in Sections 

2. 02 and 2. 07, the conditions м1.=-r;н=O on X.. =±b impose relations between 

the dilatational (f) and equivoluminal (h) parts of the solution. That is, 

the two modes of motion are, in general, coupled through the boundary condi­

tions at traction-free surfaces. There are, however, mixed boundary condi­

tions which do not introduce coupling. For example, 

U '1.-- 0 , T..1'2. -- 0 = :t b (2. 093) 

i.e., no normal displacement and no tangential traction. These conditions 

may be visualized by imagining the plate to be held between perfectly smooth, 

rigid, plane surfaces. Although the conditions cannot be realized physicallY7 

they are of interest as a starting point for the study of the development of 

coupling to the full coupling associated with traction-free boundaries. No 

http:M(B(S\t31.)cOSoI.X1


pOĽlal traction and no tangential disp lacement are conditions which could 

also be used for this purposeo 

On substituting the appropriate ones of (2.091) and (2.092) in (2.093)9 

we find that the latter are satisfied, for the symmetric modes, if 

(=0, sir1c1.h=O 
or 

B = 0, sin p b :: 0 

and, for the antisymmetric modes, if 

0::.0 , COSoI.P-=()
or 

A ::. 0, ' os f3 b = () 

Thus, for both types of symmetry, the dilatational and equivoluminal 

motions can exist independently if 

(3= nrr/lb (2.096) 

wherern and n are even integers for the symmetric modes and odd integers for 

the antisymmetric modes. Then, (2.066) and (2.096) yield the frequencies of 

vibration of the dilatational modes: 

I 1"" 
(

25 
mrr

b 
);I. (2.097) 

and the equivoluminal modesg 

n rr 
1+ 

( 
Zgb 

)t.
(2.098) 

where 

Wg\ ::. S VI :: Z; V A + :t; и 
(2.099 ) 

W p-Ϋ- I! V. ά -- '2«Yf -
A P 
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quencies wei, and wf3 are 

211'hP0, in Fig. 

nn= constant, 

and n odd are 

thickness 

constant, we 

quencies are 

becomes apparent if 

i.e., c 

while b remains 

note, from (2.097) and (2.098), that as 5b-+O, the limiting fre-

those of the simple thickness-ITlodes given by (2.0312). This 

in whichA (=2.1'(/t) is the wave-length in the X,-direction. The reference fre-

the frequencies of the fundamental thickness-stretch 

and thickness-shear modes, respectively, that would be found in a free plate 

whose thickness is equal to the distance between nodes along thex,-direction 

in the plate supported between smooth, rigid planes. 

The frequency ratios (2.097) and (2.098) are plotted against £0 (i.e., 

2 .. 091, for W,./w.J. 'l:: VI?, i. e. , A == 2./A ,i.e <>, ]..).::: 1/3. Curves 

n= constant give the frequencies of the dilatational and equi-

volumina1 modes, respectively; m and n even are for symmetric modes, while m 

for antisym.metric modes. Since S (the wave-number in the 

X.-direction) appears in both ordinate and abscissa, the curves are best 

interpreted by considering that they give the change in frequency as the 

(2 b) varies, while t is held constant. 

Considering, now, the variation of frequency with! 

(2.097) and (2.098) are rewritten as 

(2.0910) 

(2.0911) 

for the dilatational and equivoluminal modes, respectively, where 

(200913 ) 

is the ratio of the velocity of dilatational to equivoluminal waves 

'I' 
!' 
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in an infinite body andwsis the frequency of the lowest, simple thickness­

shear mode. 

Equations (2.0910) and (2.0911) are plotted in Fig. 2 . 092 for three 

values of Poisson's ratio. The curves ɓ = constant, representing the fre­

quencies of the equivoluminal modes, remain fixed as Poisson's ratio changes; 

but the curves Yn = constant, representing the dilatational modes, spread up­

wards as Poisson's ratio increases. 

It should be observed that the frequencies of the dil­

atational modes (m=I/2>,5; ... ) approach, in the limit Sb::O, the frequencies 

of the simple thickness-stretch modes (jO = jI3Jж" . ) and the fre­

quencies of the dilatational modes (m ;2ͭ4A ... ) approach the fre­

quencies of the anti , simple thickness-stretch modes <r:::2/1; ͬ  ... ) .
On the other hand, the frequencies of the antisyrmnetric (n=I/3,S: ... ) and the 

symmetric (Y1=Z 4з''') equivoluminal modes approach the frequencies of theJ J
antisymmetric ('l=IAS; ... ) and symmetric (cr=2.,4;,6, ... ) simple thickness-shear 

modes, respectively. This is because the boundary conditions (2. 093) for 

smooth,rigid surfaces are satisfied by the simple thickness-Shear modes but 

not by the simple thickness-stretch modes. 

2.10 Plate Held between Elastic 

The effect of a gradual relaxation of the constraint on the faces of 

the plate may be studied by considering l·nearly elastic springs to be uni­

formly distributed between the plate and the rigid surfaces. Then the bound­

ary conditions are 

Of) Xz. =-:t b (2.101) 
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Fig. 2.091 

Frequen cy spectrum of uncoupled dilatational and equivoluminal 
modes of vibration of an i nfinite, isotropic plate held beh:een 
smooth, rigid surfaces. (Poisson's ratio = 

0.1 

;0- n .o,--=6>. ?. .OB---t9.nO IOO 

1/3) 
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where I( is the spring constant. When the springs are infinitely hard (č:::= (0) 
the boÖ×dary conditions revert back to (2.093). When the springs are in­

' 
finitely soft (Ø=O), the faces are traction-free. 

From (2.091) and (2.092), the boundary conditions become, for the sym­

metric modes, 

,M[B{!ēĔ"),os.t.b + 2CS(t.(.r)s(Jb] = Æ (80{ st'n ct.£) - C s SiV1/3b) 
(2.102) 

2B Í rA sl'n G\b - C (Sl.Đt>l) sin/3b= 0 

and, for the antisymmetric modes, 

p[A($l-l3đ .sin!i b - Ì D.sČ sinďt>J ::;: - k (AoI.LOSQ(b +- DS '()jĎb) 
(2.103 ) 

2.AÈ"'cos ",to -I- D(f"'(Y'),osĒb= 0 

To obtain these conditions, the frequency andxl-wave-Iength of the dilata­

tional part must be set equal to the frequency andxl-wave-length of the equi­

voluminal part, in order for the conditions to hold for all XI and t. It is 

apparent, from (2.102) and (2.103) that, if O('k<(')OandsbÙO, the equi­

voluminal and dilatational motions are coupled. 

Considering the antisymmetric modes, we observe that (2.10.3) are sat­

isfied by 

cosctb=Oj (o,spb=O 
A=:t 

s").-Ç").D 

Recalling (2.095), we see that (2.103) have some roots wh ich give the same 

frequencies that were obtained for the Case of smooth, rigid surfaces. 

Since, now, S and. w must be the same for both the dilatational and equi­

Vo1aÚnal parts, these roots determine frequencies and wave-numbers which 

fall on the curves in Fig. 2.091 only at the intersections of curves � odd, 

nodd. Inasmuch as the replacement of the rigid surface by an elastic one 
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Influence of Poisson's ratio on frequencies of uncoupled dilatational and equ;voluminal 
modes of vibration of an infinite, isotropic plate held between smooth, rigid surfaces. 
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the curve representing the frequencies of the coupled motions passes through 

the intersections of m even, n even, in addition to the intersections m odd, 

tl odd, since sirial.,b=O and .sinÅb=O are then solutions of (2.103). 

The situation is very similar for the symmetric coupled modes. It is 

only necessary to interchange sine and cosine, odd and even in the preceding 

exposi ti on. 

Turning, now, to the long wave-length end of the spectrum, we note 

that in the limit, as S 0..... 0 , 

<A,,:)Ć , ć='�t. , ,JA(Ja_pċ)=(A+Z.;M)'1a.'1.. 

w= , 

vhere ÄI and Ą2. are the wave-numbers of the displacements U I and lA,u respective­

ly (see Section 2.03). 'lben (2.102), for the symmet ric modes, becomes 

B (1\"2.Ċ)"'a c.o, 'i?.tb:= 6/tt sin 'lab 
(2.106)

Csin'l,b=O 

and (2.103), for the antisymmetric modes, becomes 

A (II +2Ĉ).,,ĉ sln '?2.b = -AI( '(>5 ąi.b 
(2.107) 

Dc 03 "I. b :::: 0 
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Fig. 2.101 

Effect, on the frequency spectrum of antisyrrnetric modes, of 
the development of coupling bet1tIeen dilatational and equivolur.:inal 
modes as a result of relaxation of boundary constraint. 
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Thus the dilatational and equivoluminal mcdes are no lcnger coupled. 

The equivoluminal modes have become identical with the simple 

thiokness-shear modes ( Section 2.03 ) with 

) 

where n 

(2.108 

or q is 

n = 

odd for the antisymmetric modes and even for 

modes. Since the frequencies are independent of R, the ordinates, 

of the curves constant, in Fig. 20092, do not change as R 

the symmetric 

at �b:::O , 

is varied. 

The frequencies of the dilatational modes have become 

(2.109 ) 

where (Ɣƕb) are the roots of 

(2.1010) 

for the symmetric modes and 

(2.1011 ) 

for the antisymmetric modes. As �-+ 00, the roots approach 

where W'l is even for the symmetric modes and odd for the antis

The corresponding frequencies are given by the ordinates, at �b: 0, 

(2.1012 ) 

yrrunetric 

of 

curves m 

modeso 

the 

= constant in Fig. 2.092. As R,-+O, the roots approach 

(2.1013 ) 

�here p is odd for the symmetric modes and ĸ for the antisymmetrio modes. 
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The corresponding frequencies are those of the simple thickness-stretch modes 

and are given by the points marked P = q I, Z; .,' in Fig. 2.092. As R diminishe s 

from infinity to zero, the ordinates, at $0=0, drop_ For example, referring 

to Fig. 2 .092 (a) the curve for the symmetric mode which starts out as Ķķl 

at R -=0::>, (for which the figure is drawn) descends in the spectrum until its 

ordinate, atSb:.O, reaches the point marked p=1 when R:.O" The whole 

curve distorts in the process and ends up as the heavy full line which is 

the second from the bottom in Fig. 2.1l3 ( a). Similarly, the curve for the 

an tisymmetric mode, which starts out as m = I in Fig. 2" 092, de scends in the 

spectrum until its ordinate, at!b=O, is zero. Its limiting shape, at It=D, 
is given by the lowest.dashed line in Fig. 2.11J (a). Meanwhile, the curves 

marked r1'" 2. and (1= I , while retaining their ordinates at !b= 0, shift their 

positions to the third, heavy, full line and the second dashed line, respec­

tively, in Fig. 2.ll3(a). 

During the passage from R=OO to ĵ -= 0 the mode-shapes (i. e., the vari­

ation of displacement withXŧ) do not change, in the case of the equivoluminal 

modes, when S b -::. 0 _ since the boundary conditions are independent of R. • The 

mode-shapes of the dilatational modes, however, depend on k.. wben g b:. (), 
the dilatational modes involve only the component of displacement Uz.. This 

has nodes or antinodes at X1.=:J; b according as k. is infinity or zero. At in­

termediate values of � there are neither nodes or antinodes at the surfacesŨ 

The shape of the lowest anti symmetric mode is of special inteũesto Here the 

displacement is proportional to c:.os'1:zb where f2,b is the lowest root of (2 .1011). 

When It= 00 '''1Ɠb=1T;Z ( i.e", i'YI:: I ) so that the displacement varies as a half­

sine wave through the thickness, with a node at each surface and the :maximum 

at the center. As R diminishes, so does the first root of (2.1011). Hence 

. the nodes spread outward from the surfaces of the plate, leaving a displace­

ment, inside the plate, which approaches a uniform distribution across the 



Coupled Eguivoluminal Infinite, Isotropic 

(Plane Strain) 

thiclcness as }t approaches zero. Meanwhile the frequency, which is propor­

tional to\b, has also diminished and is approaching the lowest dashed line 

in Fig. 2.113 (a). This mode, then, is the one which contributes the uniform 

part of the transverse displacement accompanying low-frequency flexural vi­

brations of plates. 

It is to be noted that (2.1011) has a root '1.2.b:::.O only \-lhen ft.: O. On 

the other hand, (201010) , which governs the frequencies of the symmetric 

modes, always has a root '?a.b .. O. Hence there is always present a mode whose 

limiting frequency, at tbQ.O, is zero. Similarly, there is a zero-root of 

the second of (2.106), governing the symmetric thickness-shear modes. This 

accounts for the presence of the lowest, heavy, full curve, in Fig. 2.113 (a), 

despite the fact that the next higher symmetric dilatational mode, which 

starts out, at k=oo , as the curve 1'Yl:.2 in Fig. 2.092(a), never falls below 

the point p = I at! b ::. D • 

2.11 Dilatational and Modes in an 

Plate with Free Faces 

We comeŃ now, to the problem of the vibrationsń in a state of plane 

strain, of a plate with traction-free faces (Rayleigh, 1889). The boundary 

conditions are obtained from (2.102) and (2. 103) by setting kͫO, with Ņņe 

results, for the S)lnruetric modes, 

B(t\.-Ю1.) c.oΪ",b rZCsЯc.oS(bb = 0 .. 
(2.111)

2.B sͪ s iVl 01 b - C (!:'fJЬ sin ͩ b -= 0 

and, for the anti symmetric modes, 

A (S"-Э1.) siYlo!.b - 2D 5 (& sin [jb ':: 0 
(2.112)

2.A!Ql.u>so/,.b + D(а'"-f!})C05t3b = 0 
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W""O, 

These equations have the four solutions 

B:O . ) sin jJb -:; 0 

C=D ) 5 =0 .) cOSd..b = 0 
(2.113 ) 

A""O , 5:::0, cos (Sb;;:; 0 

0=0 ') 5 = D, <5/n cAb == 0 

jhich lead to the simple thickness-.modes discussed in Section 200J. Equa-

tions (2.111) and (2.112) also have the tjo solutions 

B=O, 5:l::::
\ cosfJh=:!} 
(2.114) 

A-=- 0 i sln Ub::;. 0fl.:;. r·) 

which lead to the equivollmnal modes discussed in Section 2.07. Finally, 

(2.111), governing the symmetric motions, have the solution 

(2.115 ) 

(2.116) 
rem.;.,/) - (5).- {JV"l. 

and (2.112), governing the antisymmetric motions, have the solution 

A-:;:. (2.117 ) 
D (S'l...(!;?)sin.;.,p 

tan/36 
tay)r:Ab - '1Jkd.t3 

These solutions, first obtained by Rayleigh in 1889, have been the 

subject of extensive study in the ensuing years (see, for example, Lamb, 

1917 and Holden, 1951). The frequency spectra determined by (2.116) and 

(2.118) are illustrated in Fig. 2.111 for A=X, i.e., v:: 1/3. The full 

lines are for the symmetric modes and the dashed lines are for the 
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antisymmetric modes. We proceed to a detailed analysis of the frequencies. 

Now, 

(2.119) 

where <A)ol and wp are defined by (2.099). . In an infinite plate S must be real. 

Hence 0( is real if w> wg( and imaginary if we( wo(; (3 is real if w>wΩ and imag­

inary if W(Wp. Recalling that lUg(> wl3 we see that there are three ranges of 

frequencies 

w < wΨ, 0( and Χ imaginary 

wp < w < wrJ." d.. imaginary, ͨ real 

w > woI. ɏ rJ.. and Х real 

in which the roots of (2.116) and (2.118) (and also the mode-shapes) will 

have different characters since the transcendental functions of c:I.. and ͧ will 

be trigonometric or hyperbolic according as ɐ and Ц are real or imaginary. 

When QI., or Ч is imaginary we shall let ri.. = l c( I or ЩЪ iШ, where r:J.1 and ĺ I are real. 

In the lowest frequency range (w( c...>Ы), equation (2.116), for the sym­

metric modes, becomes (since tQn ,'ɒ = i tanh ɑ ) 

(2.1110) 


and equation (2.118), for the antisymmetric modes, becomes 

(2.1111) 

For very short wave-lengths along X, , Ļb-"'oo, o<,bļcoand (3,6-00. Hence, 

tanht3,b
tanhtl)' = 

4.f\j, I P, 

both (2.1110) and (2.1111) reduce to 
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Frequency spectrum of coupled equivoluminal and dilatational nodes 
of vibration of an infinite, isotropic plate with free faceso 
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(2. 1112) 

or 

(2. 1113 ) 

which is the equation governing the frequency of surface -wave s (Rayleigh , 

1887 ) .  This equation has only one root in the range 0< W <we. For v ;:.  1/3 , 

w/wr, = O.932 and , s ince W�/�::: t , W!w",,,,,, O. 466 . This i s  the asymptotic value 

of the two lowest curves in Fig . 2.111. 

For very long wave -lengths along X, , Sb...". O , rib .... O , Ƒb....".O .  At this 

limit , equation (2.1110) has no root in the range o < w < wp .  As for (2. 1111)  , 

for the antisymmetric motion , we write 

tanh al.. ,b  ! ct., b ( l- tr.X 12b'1.) 
(2. 1114 ) 

rCtl"lh /31 b ^ /3, b (J -f f3/ b') 

and find 

(2.1115 ) 


on the supposition that w/W� is small , which is seen to be verified . For 

V-:. I /3 , (2.1115 )  may be written wjw,( -=gb/Z .  This gives the initial slope of 

Ĵe lowe st curve in Fig o 2. 111. Equation (2. 1115 ) may be written as 

(2. 1116 ) 


which is the familiar form in the c lassical theory of flexure of thin plates .  

In the intermediate range o f  frequencies (wƒ .(w<wo() we write , for the 

S_etric mcxie s  , 

(2.1117 ) . 



2 . 37 

and , for the antisymmetric modes , 

tcm bb - - (2 .1113 ) 
tanh rJ. ,b 

Equation (2 . 1117 ) has a limiting frequency in this range as }b -O • 

Noting that the limit of the left hand side , as b-+- 0 , is t3/Cl( , , we have 

(2 .1119 ) 

or 

(2 . 1120 ) 

For v =  

of the 

1/
curve 

3 , wJ..I{J)ǩ =2. s o  that w/curl.=Y3/Z:= O. 866 . This is the ordinate ,  at tb -=- f)  , 

for the lowe st symmetric mode in Fig . 2 . 111 . Equation (2 . 1120)  

may be written as 

(2 .1121 ) 

which is the familiar form for the frequency in the classical theory of ex-

tensional vibrations of thin plates o  

The curve for the lowest symmetric mode is the only one that crosses 

the boundary between the lower two frequency ranges .  The cross-over point 

is found by taking the limit of (2 . 1117 ) as ͦb-.>O , with the result 

(2 01122 ) 

Then the abscissa of the cross-over point is 

sb ::::. 
where ..{ \ b  is the root of (2 . 1122 ) .  

oI.,
For 

bYZ( /
p= 

-V) 
.. 2 . 99 and sb= .3,46 , as 

shown in Fig. 2 .111 . 

1/3 , o(\ b  

The curves for all the higher modes approach й/w"" (= I I?. for .,) Ǫ  1/3 ) 



• 

asymptotically as s b � oo .  That is , except for the first symmetric and first 

antisymmetric mode s ,  6J-7Wĳ as the wave-length approaches zero. 

In the highe st range of freque ncies (w >wƏ ) we use (2. 116 ) and (2 .118 ) ,  

since both 0( and (3 are real . Both equations have the special roots 

so that the frequency curves for both symme tric and antisymrnetric modes pas s 

through the intersections of curves m odd , n odd and also m even , n even of 

Fig . 2.091 ,  in the manner indicated by the curve R ""  0 in Fig. 2.101 for the 

antisymmet,ric mode s .  With this information and with the results o f  th e  anal-

ysis of limiting case s given above , the frequency spectrum of w/w", vs . S b may 

be sketched approximately , following the pattern indicated in Fig . 2.101. 
For detailed calculations of intermediate points , it i s  c onvenient to 

alter the form of the trans cendental equations . 

Let 

Then 

(2.1125) 

(2 .. 1126 ) 

where c =wrl./wƐ . With (2. 1124 ) ,  the equations (2 . 116 ) and (2 .118 ) ,  for the 

symmetric and anti symmetric mode s  , respectively , became 

(2. 1127 ) 
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and similar equations hold when cJ.. or c:{ and (3 are imaginary . The procedure 

for computation is as follow s .  Choose Poi sson ' s  ratio , -z) , which fixe s c. 0 

Then choose a value of w/̈ © , so that a is determined by (2 .1125 ) .  Equations 

(2 . 1127 ) then have f as the only variable and a sequence of roots may be com­

puted numerically. To each root ( there c orresponds a value of 5 b  according 

to (2 .1126 ) .  Thus , for the given w/wr/.. we have a set of value s of ! b  . The 

proc e s s  i s  repeated f or the same c and for a sufficient number of value s of 

V;/Wd., to enable curves to be drawn . The results of such a c omputation for 

are shown in Fi g .  2 . 111. The full lines are for the symmetric modes and the 

dashed line s are for the antisymmetric mode s . The inters e ction points are the 

same as the intersection points in Fig . 2.091. Each such point is identified 

in Fig . 2 Q lll by a pair of numbers the first of which is the value of m and 

the se cond the value of n • 
As may be seen , from Fig . 2 . 101 , the nearly horiz ontal portions of the 

curve s in Fig . 2 . 111 are due to the coupling of the equivoluminal modes with 

the lowest dilatational mode . This effect become s more pronounced as g b  be­

comes longer ;  and , in addition , c oupling with the higher dilatational modes 

produce s the terrace -like structure illustrated in Fig. 2 . 112 . 

Neither Fig .  2 . 111 , nor the analysis thus far , give s any indication of 

the character of the frequency spectrum at high frequencies and long wave­

lengths . From the fact that the simple thickne s s -mode s are solutions of the 

differential equations and boundary conditions YJhen the wave-length is infi­

nite , it appears appropriate to examine the Rayleigh s olution in the neighbor­

hood of these frequencies and l ong wave-lengths . 

We c onsider , first , the synunetric mode s ,  J..Jhose frequencie s are deter­

mined by (2.116 ) ,  which may be written in the form 

(2 . 1128 ) 


, 1' 1i , 1 ,  



where 

d b  =V w:>' b1 v,-2. _ Φ l.b" 

::::y 
(2 . 1129 

ͣb w 4b'l..V; 2. - S ͥbl. ) 


We seek solutions in the neighborhood 5 b «  I and 

(2.1130) 

where 

..... • .  1 t -_ iTV, - , ? (2.11.31)b 


Inserting (2 . 1130) in (2 . 1129) , expanding the radicals and dropping products 

and powers of g b and E higher than the second degree , we obtain 

(2 . 11.32 ) 

{3 b :::: (on- 7f t:  
..i- 1" - - -- , q = .2  4, b" 2. 2 

s lo b
ͤ TT  

), )  
I • • •  

Then , to the same approximation , we find , for P= /,3.£; . . .  , 't':Z,4j 6, ... , 

1: 1 1 ), I, 



Fig .  2 . 112 

Terrace-like structure of frequency spectrum . 



On substitution of (2 . 1132 ) and (2.1133 ) in (2.1128 ) we obtain , to a suf-

ficient approximation ,. 


 \ 8 � 4b" (.± (,0.$ f!!!5.. + £!!:. sin E.!!E) _ 6 51'n £!!£.. 
f' 

_ 6-rt P'{C n 
• 2. " 

(!!.f.
Z 
C.05 + .±.  siP PTTC)

a
\ = 0 

n> c> W 
(2.1134) 

j l B5"'1/17'J> �('±' .s i Yi  £ _ '6 ""= ()S �1T) + t- CO> j!!. -
C. tz.c. rr siVl.i!!. - i. '-0 � �) = 0

1o C.  4- '-, 2." 
ef 

i?.c. L 2. c.  

We see that 5 b ...-, O as 6 -",  0 .  Hence the supposition (2 . 1130 )  is c onfirmed , i . e .  , 

the limiting frequencies of the symmetrio mode s  , as S b M O  , are the frequenoies 

of the symmetric , s imple thicknes s -stretch and thiokness -shear modes .  We 

proceed to find the limiting slopes and curvatures of the curves w /ws vs f S b 
, 

• 

From (2 . 1l30)  , 

I w 
- -c - pWs 

to 
(2 .1135 )

W,s - - q  
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He for small E: 

3 

nce , , from (2 . 1134) and ( 2 0 113 5  ) -  

(2 . 1136 ) 

(2 .1137) 

Accordingly, if 

( 
.5 1 11  2. ı 0 ] p :;:.  I, 

c.o' .s � -u: 'Ĳ Tr :l\= 0 

3.1 S; • ,.  
(2 . 1138 )  

' Q_- 2.,4A .. .  

the slopes at gb ::. 0 are zero and the curvature s are positive or negative 

acc ording as 

( p =- ); ( 4-
4-

rr + 
c3 

CDt£!!.f. 

If ,  

an 0
c. l..

2. 

c. "  

'" 0

ƍ - '±' t Ǝ ) 

h owever , 

5 1 (1 =- 0  

( , . s  , 

-

p7T� Zc (. "'" 0
(2 . 1140 ) 

the c orresponding curvat

In 

ures become infinite and the slopes cannot be deter-

mined from (2 . 1136 ) .  this case , from both of (2 . 1140), we have 

Then , 

(2. 1141 ) 

inserting (2 . 1140 ) and (2 . 1141 ) in (201134 )  we find 



(2 . 1142 ) 

Now , the condition (2 . 1140 ) ,  or (2 . 1141) , is the criterion for coin-

cidence of the frequency of a simple , symmetric , thicknes s-stretch mode with 

the frequency of a simple , symmetric , thickne ss-shear mode . Expressed ex-

plicitly in terms of elastic constants , we have 

or 

(2.1143 ) 


For example , ,) ':;. 1/.3 when p =:  I and q= 2 ; or , al terna ti vely , when v = 1 /3 the 

lowest symmetric thickness-stretch mode (Fig. 2 . 031)  has the same frequency 

as '  the lowest symmetric thickness -shear mode (Fig . 2 . 032 ) .  

The character of the coupled mode s as v passes from below to above 

is illustrated by the heavy , full lines in Fig .  2 . 113 . We shall exaITǧne , 

in detail , the behavior of the curve corre sponding to p = 1  as it rises in 

the spectrum with increasing Poisson 1 s  ratio .  When v =  0, 2 5  , the curve for 

the second symmetric mode in Fig. 2 . 113 (a ) approaches w/ws :::fj as <5 b Υ O  . 

This is the frequency of the symmetric , simple thicknes s-stretch mode p =  / • 

From the first of (2 . 113 6 )  the slope is zero at ͢ b = {)  and , from the first 

of (2.ll37 )  , with r = i , the curvature at s b -;.  0 is negative . As 7J ap-

proaches 1 /3 , the slope remains zero , the curvature approaches negative 

infinity and the frequency approaches w/ws ";. 2 , i . e .  , the frequency of the 

symmetric , simple thickness-shear mode Ф 0:: 2 .  At 7J == 1 /3 ,  the slope , from 

(2 .1142 ) , with q ::.  2 , is -4Irr2 . As -z) exceeds 1/.3 the slope of the curve cor-

reǨponding to 'f = / swi tehe s from - 4lIT... to + 41rr 'l. and then to zero slope and 

Positive curvature . The curve corre sponding to f = 1  has now be c ome the third 
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symmetric mode , having passed above the curve corre sponding t o  the sümlýetric 

thi ckness -shear mode Cj =  2 .  This i s  illustrated , in Fig . 2 . 113 for -rJ= 0 .40 7 , 

for which w/ws is about 2 .5 for p =. /  and S b = O  . As lJoi s s on l s  ratio increase s 

above 0. 4 0  , the curve c orre sponding to r =- 1  approaches the curve c orre spond­

ing to q = 4 (a t w/ws::: 4- ) • Its slope at $ b =- 0 remains zero , but its curvature 

diminishe s  , pass ing through zero at v = 0. 4 6  • (This is the second root of 

the equati on obtained by setting the first of (2 01137 ) equal to zero . The 

first root occurs at -z) :::- O.S. ) Then , a s  v - 7/15 the curvature again approache s 

negative infinity and the cycle is repeated a s  the curve corresponding to · p = 1  

pas ses the curve c orre sponding to q = 4 .  This time , however , the sl-li tch of 

slope is from - 1/rr2 to +- tjITi. . The curve corresponding to p '"  I pas s e s  through 

similar cycle each t ime v increases through a value given by (2 . 1143 ) with 

p = 1  and q::  2, 4, 6, . . . . This is illustrated in Fig . 2 .  114 for the first four 

cycles .  ( It is to be noted that the groups of curve s in Fig .  2 . 114 have been 

shifted to a common ordinate at $ b ::  0 .) A similar phenomenon occurs with 

each of the curve s c orresponding to p = /, 3, S"" " provided that the value of v 

given by (2 . 1143 ) lie s in the range 

For example , the curve c orre sponding to p =3 never falls below the curve cor­

resp�nding to '$=2  , s ince , in this case (2 . 1143 ) give s v -::: 7/5 .  That is , the 

simple thickness-stretch mode p=3 always has a higher frequency than the 

Simple thickne ss-shear mode q=-2 (s e e  Fig s .  2 . 031 and 2 . 032 ) .  Hm<1ever , p :. 3  

passes q=4- at 7,).= - 1/7 ; 9:. 6 at v= 1/3 , etc o 

Thus far , we have made use of only the first of each of the pairs of 

equations (2 . 1134 )  to (2 . 1140) . This is because we have fixed attention on 

Single mode c orresponding to p = c onstant as it passes mode s corre sponding 

to С = c on stant . If we fix attention on a mode corre sponding to Т = constant , 
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the se cond of each of the pairs of equations shows that a similar phenomenon 

occurs when the curve c orresponding to c onstant i s  passed by each of the 

mode s  c orresponding t o  = 
П = 

p c onstant . 

9e turn , now , to a consideration of the antisymmetric modes , whose fre-

quencies are determined by (2 .118) which may be written in the form 

'!his time we seek soluti ons in the neighborhood S b « I and 

(2 .1146 )  

To the second degree in f b and Ɏ we find 
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8e 2C 2c ) 2c. 
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) cos1!! +-
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ITf) sin.3'..!! 
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(2.ll48 ) 


Then (2 . 1145 ) becomes 

8 r'l:J' fp"'n3 \c3 4- $ \fl .e!f  _ + Ê 2 e2T rrreZ ) cos enc 
4-

cos 2 _ f « rn:  2. 5/n E!!! 2. - !cos P e.!!i2. )= 0

f8'(+ SII) e-(rr 
(2 .1149 ) 

8 c os..:i!r t Slf sin .32!: 1: s it')  
<: 2. "  4 7.c. - 6 siV'l $! 2 c.  - (.os 1K': 0,tr(3 2c z.c + 'b 't..c) 

from which 

/6 , f b' (E!!. _ .f tanp a. rrJ È cl 
enc) 

2 
(2. 1150 )

I 6! 
āl. rr3 f?.(3J!. +- ± , ot 4- c. 

9J![) 
2 c.. 

Jk ±. ran r ÉTT3 
(.e..n:

4-
_ C3 

prr
2-
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(2 .1151 ) 
J...L Ăa1T3 (iE:' + 4- .±. C cot  jI)V :  



Accordingly , if' 

p :=  2,4, b, • • •  
(2 0 1152 ) 


q -= I, 3, S; ... 

the slopes at S b ;.  0 are zero and the curvatures are positive or negative 

according as 

E!!.. prrc Â 0
4- - c3 ±. tan 2. ....... 

(2 . 1153 ) 
:3..!!:. -I- ±. ,"ot3!! :e. 0

4- c. Zc. 

If ,  however , ['-05 p;c 
= 0 
(2 . 1154 ) 

. 2t a rr  
sm -:: 0 

so that 

(2. 1155 )  

the curvatures are infinite and the slopes , f'ro.t'll (2 .1149 )  are 

(2 .1156 ) 

Thus , the behavior of the antisymmetric modes is similar to that of the sym-

metric modes , but with one important exception. It will be observed that 

(2 .1154)-(2.1156 ) do not hold for <1 = 1 .  This is because 7J is limited to the 

range 

So that 
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Hence , even the smalle st value of p (i .  e .  , p = 2 )  doe s not bring c 1,olithin the 

allowable range . This is to say that the frequency of the lowe st , antisym­

metric , simple thickness-stretch mode (Fig . 2 . 031 , p = 2 )  is always higher 

than the frequency of the lowest antisymmetric , simple thickness-shear mode 

(Fig .  2 . 032 , q ::. /  ) .  Hence the coupled mode corresponding to '1 = I never goes 

through the cycle of change of sign of curvature .  This i s  illustrated by the 

dashed curve s in Fig .  2 . 113 . The second anti symmetric mode always has the 

same character while Poisson ' s  ratio varies .  The third anti symmetric mode , 

however , does go through the cycle , since the frequency of the lowest , 

antisymmetric , simple thickness-stretch mode is lower than the frequency of 

the second anti symmetric thickness-shear mode (Fig . 2 . 032 , Н = 3  ) if v <  1/1 0  • 

In Fig. 2 . 113 the lowe st value 'of Poisson ' s  ratio for which the spectrum is 

illustrated is 71 =  0. 25", so that in (a ) the curve corresponding to p=2. (the 

fourth antisymmetric mode ) is already above that corresponding to О =3 .  Its 

ordinate at s b = O  is 2f3 , L e .  , about 3 .S . The next value above -;) =-- I /I D  for 

which coincidence occurs is V = 17/42. (obtained from (2 .1143 ) with p= 2. , q = S ) .  
This is  slightly above 7J: o.  4() , for which Fig . 2 . 113 (0 ) is plotted . Hence 

the fourth and fifth antisyrnmetric modes are shown j ust prior to  their meeting 

point at w/ws-::' S .  

2.12 	 Three-Dimensional Dilatati onal and Modes in an 

Infinite Plate with Free 

The solution given in Section 2 . 11 may be extended to include phase 

reversals in the X,3 -direction. 

In (1. 077 ) we take , for the poteǬtials of the dilatation and rotation , 
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( X \  e 

H3::' h3(X2.) c os , sin x} 

,we 121 ) 

5X < e , wt ,

(2.

These satisfy the equations on 

if 

$ hi 

of moti if (1.078) and (1. 0710) are satisfied , 

i . e .  , 

+ Ƃ
til 
a .,. ſ h) ::; 0 

+ c:J..:l.f =- 0 

where 

rJ..,?" + S a  + ( ", :::. wYv,2. 

(31. + {2. + Ɓ 2. =- w'fv

Thus , 

f o.5  o<

t 

= A s i() cl. x1 ... B ,  x 2  

xĹ = 

hj = Cj ,5 i n  t3x2.+ Dj cos  ƌ X;t , j =  I , 4, 3 . 

We find , for the components of displacement and for the components of 

traction on planes constant , 

uį

l-I, 

= 

::' (sf' + r<� t ( h2,) w s  ƄX I  s in ƅx, e i. w t  

(f '- (h ,  + s  Yl2)) s in t x ,  s In ƃx) e i wt 

Tll = � 

25 
= 

(X

(2.1 ) 
lA} (�f - � h:l.- h /  ) 

e twt 

7;3 := /-A-

s in S- X , C05 ( xƋ etwt 

,M [({'l.+ �'I.-� l)f + Z (ƈ hƉ -�h: )] S r'fI s X ,  s iYl 

[2 �f '_ (':..p2.)h, -{h: + {�h 2>1 s in S XI (OSƊx:J� £wt (2. 126) 

T,'2, ::' ';« [ 2.g f l_ t � h , + �h� + (Ɔ 'I.- �)hJ ()5 5 X, s ir1 � x, e iwt  

For the symmetric modes we take , from (2.124) , 
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h , =  ( , s in Љx).. 
(2 . 127 ) h2.= Dl, c. os {!lX͙ 

h':l = (3 S'IVl PXl. 

Then, the first of (2 . 122 ) and the boundary conditions tl.. =TЌЍ = "Gl. ': 0 on )(l. = ±  b 

require 

= 0  

(З2+ C-И\) 6 c05 c1.b - Z Ј (3 (I cos Вb + 2 ͓ ͔ CΣ cos ͕b :::: 0 
(2 .128 ) 

-2Ћɍ B sin o( b _«(2_(32) (. s inГb + s͞ D, s ifi ͟b + S Ў (3 s tn ͚b = 0 

-2. s Q, B sin d.b - S ((I s i n͛b - (͜ D2 5 1'n͝ b + (Йl_ Кa) (Л s i n М b =  0 

When the determinant of (2 . 128 ) is set equal to zero we obtain 

(2 .129 )tan ::: (Џ А+ 
lran rJ. b  (C+( Д_Е t 

Similarly, for the antisymmetric mode s, we obtain 

tan (3b 
tcm d. b  -

4-Τ l3(sЖ+ Њ'f (2 . 1210) 

-

It will be observed that (2 . 129 ) and (2 . 1210 ) are the same as (2. 116 ) 

and (2 . 118 ) except that s l..;.. (""  takes the place of C. (T'nis was pointed out by 

Rayleigh, 1889 . )  Hence, all the results obtained for the problem of plane 

strain, treated in Section 2 . 11 ,  hold for the three-dimensional case if the 

wave-number, S ' in Section 2 . 11 ,  is replaced by -Vs Ň+Ї '/.. . In particular, the 

frequency spectra, depicted in all the Figures in Section 2 . 11 ,  apply to the 

present case if this substitution is made in the coordinates. 

I " 
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Sections 2Ɩ07 and 2 . 11 nave their counterpa.rts 

cylindrical coordinate s  (Go , 1951 ) .  We refer the plate t o  the cy11n-

co
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ica

ider 

l coordinate system take 

in 

the 

which 

fac

Hr= 

e s  at i! = .±  b .  The vector 

potential (H" 

of 

H2,)H3

8 .  

) is 

Then 

resolved into cylindrical c omponent and we 

the axially symmetric Hi! :; 0 

s (Hr"
case , and 11& 

H.,f1z) 
and £f are 

independent (1. 077 ) become , in cylindrical coordinates ,  

vt 9 =  0 

LA .. '" :: .2..!L a t  0 

(2 . 131)  


and 

+ ..0it  ;. l:k 
r r 

(1. 0710) bec ome 

v,2. 

Equations 

V'<p = � 
(2 . 132 ) 


V2.2. (\i' 2He - r-l! H&) :::: H& 

(2 . 13; ) have s olutions 

ż =  f (l)Jo (Sr) e Įw t  

H(l = 
(2. 133 ) 


h (r)J; (Ž r) e iwt 

 where Ż and J; are Bessel functions and , as before , 

Then 

•



�� 

��r 

) 
J. (h) e tvt 

(2 . 13 5 ) 

r) C iw t  

2 . 5 5 

are 

(2 . 068 ) , 	 and since <I.,, Ð, ͐ and w are related 

conclusions regarding frequencie s of vibra­

of rectangular c oordinates ,  apply also to 

Figs . 2 . 091 and 2 . 092 give the frequency 

plate held betÓeen smooth , rigid faces and Figs . 2 . 111 , 2.112 

and 2 . 113 give the frequency spectra for a plate with free faces o  

Fquivoluminal modes also exist , a s  may be seen by setting f :.  0 , 05 2.= (3'1 
and h'(± b) '; O  in (2 . 13 5 ) . In this case Trr is proportional to J;'(s 'f) and 

hence the plate breaks up into traction-free rings bounded by cylindrical sur­

faces J,'(t r) = O .  As before , planes ɋ = constant are free of traction at 

intervals 2b/n • 

Three-dLÔensional solutions in cylindrical coordinate s ,  analogous to 

those in Section 2 . 12 ,  may be obtained by retaining Hr and Hi! and setting all 

functions proportional to C. 05 n e  or s i n  'fl9 0 

2 .14 Additi onal Boundaries  

In Sections 2 .11 and 2 . 12 , dealing with coupled dilatational and equi­

vo1uminal modes in isotropic plates Òith free faces  , Òe saÒ that , for either 

the symmetric or antisymmetric case , there is an infinite number of mode s of 

vibration for each ratio of thickness to Òave -length . Each of the se modes can 

eXist , in an infinite plate , independently of all the others . This is the 

V1r = - (U + h/ ) J," (І 
UɌ = (f I + .f h ) .Io ( f r-) e c: w t 

Єi! = At.. + 2f4  = )A [( ͑1-͒4)f  + ZS'hi] Jo (h e i.wt

Tr~ =.)A( -t }) = -..-u [2 H ' + ( $ Ѕ_ Pl.)] 

Since the quantities in brackets in the expressions for rLi! and r,.Ï 

the same as those in "1;2. and Ѓ'l.. in 

in the same Òay as before , all the 

tion , Ñhich Òere reached in the case 

the case of cylindrical coordinate s .  

spectra for a 
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analogue of the independence of dilatational and equivoluminal mode s in a 

body with all its dimensions infinite . Now , c onsidering , for example , a 

single symmetric mode in a plate with free face s ,  we find that at intervals 

rr/У along XI (a t every crest and trough ) boundary conditions !AI = ͷ, -=- »1 ::Oare 

sati'sfied . Thi s i s  the analogue of the case of smooth rigid boundaries 

(LA =t ::.T ::. 0 on -= ±  b ) treated in Se ction 2 . 09.  In that case we saw thatl. lɉ IɊ 

relaxation of the conditi on lAl.:: O to G.l= O  resulted in c oupling of equi­

voluminal and dilatational modes . In an analogous manner the relaxation of 

the boundary conditions u l :  0 to 1";1 =- 0 , on plane s X I == c onstant , of a plate 

with free face s  X.l ==.± b , results in the coupling of the infinity of modes of 

the type described in Section 2 . 11 or 2 .12 . Hence , with the exception of 

modes of the type treated in Section 2 . 07 ,  the mode s of vibration of a plate , 

with more free b oundarie s than the free faces ,  are not expre s sible in closed 

form. This leads t o  maj or computati onal difficultie s because the equations 

which then determine the frequencies and mode-shapes ,  analogous t o  (2 .115 )  

and (2 . 116 ) ,  contain an infinite number of terms . The same difficulty occurs , 

of course , with crystal plate s ;  and in the se there are the addi tional c ompli­

cations that , in general , the relation between wave-number and frequency , 

analogous to (2 . 066 ) , is determined by a cubic equation and symmetric and 

antisymmetric motions are coupled . Thus ,  for both isotropic and crystal plates 

it is convenient to have available approximate equations which contain only a 

finite number of node s of the type enc ountered in Sections 2 . 11 and 2 . 12 .  

Such approximations are made , of c ourse , at the expense of limiting the ap­

plicability of the equations to certain classe s  of mode s and range s of fre ­

quenci e s  and wave-lengths . 




