CHAPTER 1

ELEMENTS OF THE LINEAR THEORY OF ELASTICITY

1.01 Netation

Rectangular coordinates are designated by x,,x, X or x;, (¢=/,2,3) and
components of displacement, referred to these coordinates, by'q,uycgor ue,
(c=1,2,3) |

The symbols for components of traction, stress and strain aret;,Tg and
5@, respectively, where ¢=42,3 and j-/2,3 &

The summation convention for repeated indices is employed. Thus, if t;
are the components of traction across a surface, at a point where the compo-

nents of the outward-drawn unit normal are y., the relations between the ¢; and

the czompcnents of stress at that point are

!

t_; =7 i = z/,'/';, +7/-‘&7;J +2, 7_;; (1.011)

i.e.y; the terms are summed over the repeated index ¢ .
Differentiation with respect tc space coordinates is indicated by a

comma followed by an index:

l(‘/

1l

’L

[v4
r~>.<

Thus, the relations between components of strain and displacement are expressed

as

Sy =k(u; i) (1.012)

Jat

where it is to be understood that the indices ¢ and j rangs over 1,23, i.e.,

(1.012) represents the nine relations
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Similarly, the components of

R s
w"J A (M‘al

1.02

(1.013)

rotation,anj, are given by

=y C T (ow)

Differentiation with respect to time is indicated by a dot over a

symbol. Thus

are components of acceleration.

The comma and dot notations and the summation convention are all

employed in writing the stress-equations of motion in the form

Lo =p4

where p is the density and the body-force has been omitted.

expansion of (1.015) is

>7,

(1.015)

The scalar

—tb, »—-3?;' .ap 3..7;1 = P _b_:f:f_,
2%, dXa 24y be?
2 T, PYA 2Toy 'ty
—t3 Liaz — —
2K, * 2Ky 2Ky »t? (1.016)
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An abbreviated, indicial notation is also employed. In this, a pair

of indices ranging over the integers 12,3 is replaced by one index ranging

over the integers ;2,345 6 5 ancording to the scheme given in Table 1.011.

Table 1.011
23 31 1z
32 13 21
b 5 6
In the case
T '
T E[ P (1.017)
Te, ixj, prese
Tu = TI- 3 s 731 = 7;
AR A o7 Ty (1.018)
W= T TatT =T

are

- 1
E—Ti + -b—}—-‘— - L": F Y f) E—.gi
bKI bx1 ‘3 A
2l . 0T, 2T - RN 1.019)
2 X, 2k, 244 YT (1.019
27 3 T3 _ o 2%y
-y AR T A TS

In the case of strains the single-index shears ars twice as large as

the double-index shears, but the single- and double-index extensions are the
same 3

i
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S, = =42,3
9 —::{ po L (1.0110)
J iSPJ L'*rj‘, P:‘);éj 6
or
5,25, = 24 2 5,3=25,=5, =2, U
) ] dx, A3 L e K, Bra
- - 22U, - - U, 2.
=5, = 2 =S, = 0y . 24

The notation of the text, for the three-dimensional theory, may be
compared with those employed by Love (1927)%, Timoshenko and Goodier (1951),

Sokolnikoff (1946) and the Institute of Radio Engineers (1949) by referring

to Table 1.012. Notations for the two—dimensional theory of plates are

introduced in Chapter 3.

#* A name followed by the year - Jones (1950) or (Jones, 1950) - irdicates
an entry in the list of references at the end of the monograph.

mﬁ\f(m» v
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Table 1.012

Notations Emploved in the Three-Dimensional Theory

Timoshenko

Text Love and Goodier Sokolnikoff I.R.E.
X,.,Xl)x_, X, 4,2 X4 2 X,"X”XS Xc;Xz.,XJ
U, U,y u v, w u,v,w U, u,, U u,, u,, Hs
S, 502,55 xn, Cyy, €22 &, €, Ea €y, €z, 33 5” 5 S , Si;
S, Si $C42, % S Ll 2 b2y Ca3, 2 513, S5z
‘SJI, 5’3 $Cax, 1% fhx y ffn €y, €3 53:, Sia
5/1) 52' i(‘.’qu ie,x éer.,, ﬁ)’u Ca, €, 5!1, Szl
Wy, Wy W, w, ) w,“ O, Wy, wy, Wa Wy W03, Way -—

- — m— pd b 2
t, ta,ts X,,Y,.Z, X,Y,Z AR —
Y, %,V Lm, n A m, n v,V Y -
T;‘ 7;2.,7.;.5 XX,Y", Za U:(, 071, 0; ", z"zuﬂ:u ", Tzz, 3
7;3,7;:. Zﬁ, Ye- f‘n, [rv Tzsl (P 7;3, T3z
Tn, 7:3 -Xz, zx zn, ,-“ [.n, 7‘75 TJ/, 773
:a; 7:, Yx 'X..' qu, ?‘m [./1, Z.l.l 7;1, T‘:
5“ SA, 3, Crr, Cyu,Can €y, €4, & <,€,,€, 5,S,.5;
> €1 ) Coy fos  Foy & 5
5( C“/ €ra fax, fua e SJ’
S €xq, Cyx {ay, yx < S
'17;,7-3 X.,Y{,,Z; q;, m:,¢-l ﬁf,z\a,hs T,-, 7—1,7;
% Z,,%, Toa oy 2 A
7'} Xr, Zx Z\ﬂ, Fx: ZJ’ (f
72 YX,XV 2:“1, T‘m [6 Tf-
w,‘w‘\'wé D, By, T, Wy, Wy, w0, - -



1.06

1.02 Principle of Conservation of Fnergy

If body-forces and thermal and electromagnetic effects are 'd y
the principle of conservation of energy states that the rate of i f
energy of a body is equal to the rate at which work is done by sw

tractions. In the linear theory of elasticity the statement take: m
[ (&e0)av = [ 1,4;a5

where ¥ and U are the kinetic and internal energy-densities, resps ,
The volume-integral in (1.021) is taken over the volume,V , of the d

the surface-integral over its surface,S.

Now, the kinetic energy-density is, by assumption,
K=14pdd; (1.022)

where Fis the density of the medium. Hence

If we make use of the stress-equations of motion (1.015) (which a: sd
T from the principle of conservation of linear momentum) (1.023) ma; ;ten as
Ko=Typoo = (T dpd, ~ T 4y (1.024)

Now, by the divergence theorem,

/v (T dg), oV = 27yl
(

JS Z‘J-L.IJ'OIS (lo025)

where the last step is based on the definition of stress (1.011).

Inserting (1.022)-(1.025) in (1.021), we find

[ (0-Td)av <0 (1.026)



This relation must hold £

Now, from (1.012) and (1.

Also, from the principle

Th.us’ 72"'

; is symmetric but

Accordingly, the principa

1.03 Hooke'!s Iaw

We assume that the internal energy is a function of the six compornents

of strain:

1.07

of ¥; hence

U=T u. (1.027)

(1.028)

of angular momentum,

T ti (1.029)
3tric; hence
(1.0210)
n of energy takes the form
U=T:5 (1.0211)

¢ j X}

so that U may now be called the strain-energy-density.

U=U(S) , p=h...6 (1.031)
- The components of strain are functions of the time; hence
oU ¢

In the abbreviated notation (1.0211) takes the form



1008

U=T.5, (1.033)

Now, the six components of strain are independent. If, in addition, we assume

that the stress is independent of the strain-rate, the coefficients of 5,, in

(1.032) and (1.033) may be equated, with the result

s, (1,034)

We now assume that the strain-energy is a homogeneous quadratic func-

/
tion of the six components of strain:

: U: écrq‘sf’s‘i ) cPﬁ = CfP (10035)
where the Cpq are the constants of elasticity. Then, from (1.034) we have,

for r=1...., 6

_2 i/, 25 25
"=, = £ (% 5s, 54 * M s, Se) (.036)
Now
2 Sp (0, pEr
0 S - '/ =r
g » P (1.037)
254 [0 %7
‘oS, l' %:'Y
Hence

T = i(c,‘&&x + Cpp 5,_) (1.038)

But p is a dummy index, so it may be changed tog , giving

o= 4 () Sy

(1.039)
= c,%J:S?
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Finally, replacing r with p, we have Hooke's Lew in the familiar form
Te = Cuq 51 (1.0310)
Also, from (1.035) and (1.0310),

U=%TS, (1.0311)

Hooke's law (1.0310) may be wfitten,bin the unabbreviated, indicial

notation, as

S,

T » (1.0312)

i Cijkl
=l .= Cregy = =C.. = e = ., = C '
CCijee = Siine = Sijme = Sy = Siim T Sig = ke ,em)
where the ¢;,, are the same constants as the ¢, when the pairs of indices o

and k¢ are replaced by p and ¢4 , respectively, in accordance with Table 1.011l.

b The form (1.0312) can be obtained from the strain-energy-function

V=4 eue Sy See (1.0313)
through the relation
N, zU
{.j = ‘S—g: (1'63110')

<

' ify in performing the differentiations, it is assumed that

] | T2z (x (1.0315)
bS::
s L

This because, in unabbreviated notation, the analogue of (1.033) is

4 4

=TS T8 TS 22 (5055 T2 50) (1.0316)

(%) ¢ 2vaz 3

U=

k ad)
Ko o

whereas the analdgue of (1.032) is
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YU ¢ U L

A AT 25+ G M 5 s 1.0317
U= ) Q]‘S‘J - WS: t 35;, 5'11.'* bS-U sxg"‘ 35,;513 t 35,,53' + DS,,.S”' ( 3 )
Hence, equating coefficients:
W s
bS‘-J.
T = (1.0318)
LU
F) bstil LSF‘J

Equations (1,0318) may be written in the more convenient form (1.0314) if

the convention (1.0315) is adopted.

1.04 Constants_of Elasticity

We shall have occasion to consider only four types of elastic materials:

triclinic, monoclinic , trigonal and isotropic (Mason, 1950, p. 44).

s

' The elastic properties of a triclinic material are represented by the

full array of 21 constants :

T =, 5, +¢35, #+C3S;5+CeS,+CeSr 46,05,
To= €3S *€3,5;, + €135, + iy Sy +Cas55 +C0 5;
L  FC33 5 4 Gy Syt Gy Se+ Gap Syt %
(1.041)
To= CqiSit €Sy ¢ €43 Sy +Caa Sy +lag Sy +E4,5e

Tem €5,5,% €5y 50 * gy 5y + CyqSq t €555 +C5y 54

To= €5 +¢y 5 +<, Sy v Ce St s St

The stress-strain relation of a monoclinic crystal involves 13 independ-

ent ‘constants of elasticity. When the X -axis is the axis of two-fold symmetry,

Cog €y T Cag = €y, T30 2C3 2C o "C g, =0 (]_,042)
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Then

T =2¢,5 + ¢, S

] 2 * iy S3 v €454

T, <5, 1 €125; * Cay Sy + Gig S
o= €S, *+ €35 + €3, 55 *(5454
(1.043)
7;: CHS. t g, 5, ¢+ 64353 *61454
C_; C\ﬁ’js_(" CJ-‘ 5‘
- Cr 5S¢ * Gt S

In the trigonal system, if X; is a trigonal axis and X, a binary axis,

we have, in addition to (1,042),

CJ+=O/ Cie = —Cis ) Cu = C11 , Ci3 = &3
(1.044)
= L -
Cee=Csy , ST Cie, €3 ((’I "*)
- so that there are six independent constants. Then
T =65 *¢25 +C3S +Cede
ToZ €05, 4 €, S, + €355 =€ 5%
73= c.ilsl, +Cy 51 * Cz.! SJ
(1.045)
T7 G365 * e,
T, = Cop S + Ca 3¢
7. = Ce S5 *é(‘u"‘:z)sf.

In the case of quartz, which belongs to the trigonal system, x,,x,, X,
are the.electrical, mechanical and optical axes, respectively (Mason, 1946,
P. 28). Let us designate these axes as x° X2 X3 4 respectively and the six
constants in (1.045) as c.;,’q, Then, if the stress-strain relation is referred

to a system of axes «,x,,% in which x, coincides with x° and the positive x,-axis

lies in the positive x'-X quadrant, making an angle # with the positive
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x_,""—axis (see Fig. 1.041), the stress-strain relation has the same form as
(1.043)y i.e., the monoclinic case, but the thirteen constants are not

independent. They are related to the r.;%' as follows (Sykes, 19464 p. 247)

v = €
Ga= €t e st ra(rel re3)sict r e scd
Cas= Cf 5%+ Coyc*te2(2ey, +ch)s ¢~ ¢, 5%
Coa® Coat (Ghocy = #€5, = 264 ) 58¢* =263 (A5%)sc
Crez €l Ch v € S +a¢] sC |
G = € 8+ ey et 24, 5¢C
€y = chetr ‘/3 S* T 2cg sc ' (1.046)
€% €35 +chCt + ¢, Sc

o7 Calcts?) + (g, -¢3)s¢c

3= C,‘; (C‘r.S‘) "(C: *(33‘4‘54:)51‘:‘"2'612 (cts5%)sc
tag= a(sem)er s[eet g st (2 rep)(er 9] se
CCaeT g (aem)stelal s g et (e g3) (s M)se

C.rc ;'C,;(cl__,a) t (CL:-(4:-) s¢

where s =3s5/nf , c=cosé.

The values of ¢5 for quartz (Mason, 1950, p. 84) are, in uni
d:me/cmz,
¢ = 86,05 ¢S = 18.25
G = 485 ¢ = 107.1 (
¢ = 10,45 co = 58465
Gp= 40 ke

In the case of an isotropic material (2 constants) the stres

relation reduces to



OPTICAL

Fig. 1.041

Rotated x,~cut of quartz.



T=¢,S v, 9% +¢; 5,

T1: Cl' 5. + c" 51 4 CII. 53

T

T;:

'1:‘_

7=

The relations of the constants ¢,

h i "Clo SI * CAISJ. L N 5.5

1.14

(1.048)

H (‘u'cn) 54.

f (CH - C‘z) 5,"

% (C,, 'Cu) SG

and ¢,, to Lamé's constants (A, /4) and to

Young's modulusy £, and Poisson's ratio,? , are given in Table 1.041.

Table 1.04]. Elastic Constants of Isotropic Materials

w G
Gy Cu
73 S
)\ CIZ
/“ - C,,;Cn

E (ch T2 Cll)((n 'i)

€y €

7} Cia

(TR IPN

A M E,

E (1-2)

AT u {1+2) (+=2V) ‘

E v
A (,nj\(l-l‘l))

A £V

(r#v)(1-27)
E
# alitv)
M3A+24) £
A
A Y

2 (Atu)
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1.05 Unigueness of Solutions

Subject to certain restrictions, initial and boundary conditions,
sufficient to assure a unique solution of the stress-equations of motion,
may be obtained from Neumann's theorem (Love, 1927, p. 176).

In a body occupying a ‘volumeV, bounded by a surface S, consider two
sets of displacements, strains, tractions and stresses and let their respec-
tive differences be designated by starred symbols. Also, let K"and U'be
the kinetic and strain-energy-densities calculated from the difference-
displacements and difference-strains and let £"and U'be the total kinetic
and strain-energies of the body, calculated from the difference-energies and
" reckoned from an initial time t, to a later timet . Then, the total energy
in the body at time t is

R U= £ U + [ ‘;'tv(}?“fv”)dV (1.051)
1o

where £*(t,) and U*(t,) are the initial values of £ andl’.

Now
Sa_ OUT 6 ik ks
U'= bsp* SP =k S’° ‘7211' Uy
- * o % — " .
- (7:./ u; ):/ 72.},4 UJ'*
andy by the divergence theorem,
- - . - % .
/v{’zf a4r). av ’é v Iy ards =/5 v ds (1.052)
Also,
o ¥ D (¥t o o *
K '—'zLP ’SE(MI MJ ) {OHJ MJ
Hence

/V(jf* +U)av =[V ((° &= 7‘?/,7)“: av s él‘;‘dj.’d.f
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If each of the two systems satisfies~the stress-equations of motion,

the difference-system does also, since the equations are linear. Thus
FF SR
pe = Ty =2
and (1.051) reduces to
¢
AT U= B v U + e ety as (1.053)
to s v Y

that is, the total energy of the difference-system is equal to the initial
eneréy plus the work done by the difference-tractions acting through the
difference-displacements,on the surface S, during the interval t-t,.

The argument proceeds in three steps: (1) it is shown that, if R*«{’~0
_the two systems must be identical except for a rigid-body-displacement;
(2) conditions sufficient toAmake R*+U"=0 are established; (3) these results

are converted to conditions for the uniqueness of a solution,

(1) If R*+U™0 y R and U" must vanish separately, since both are positive.

If.R’vanishes,J{*vanishes, since it is positive, and hence the &
vanish since K"is proportional to the sum of the squares of the &'.

Now,'U'ié a homogeneous, quadratic function (of the difference-strains)
which must be positive to secure the stability of the body (Love, 1927, p. 99).
Hence if ugvanishes, U"must vanish and, with it, the difference-strains. If
the latter vanish, so must the difference-stresses (through Hooke's Law) and
the difference-displacements, except for the displacement possible in a rigid
body.

Hence, ir R%U%=0 y the two systems must be identical except, possibly,
for a rigid-body-displacement (independent of the time since the difference-
Vvelocities vanish) and the latter can be eliminated by requiring the initial

displacements to be the same.
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(2) thll*will vanish under conditions sgufficient to make the right hand
side of (1.053) vanish. If the initial displacements of the two systems are

. \ )
the same and the initial velocities are the same, then A'ts) ang U (t.) vanish,
This leaves only the integral in (1.053) which will vanish if one member of
each of the three terms of the product tfég*vanishes at each point of the
surface. Thus, if ns,t are orthogonal directions at any point of the surface,

it is sufficient that Tt or uf and T,; or ufand T, or u} vanish at each point.

(3) Returning, now, to a single system, sufficient conditions for a unique
solution of the stress-equations of motion (subject to the limitations noted
below) are

(a) Specification of the initial displacement and velocity

throughout the body.

(b) Specification, at each and every point of the surface,

of any one of the eight combinations formed by choosing one

member of each of the three products Tan4n, TasUs, Tnt Uy -

[Because of the use of a restricted form of the divergence theorem
in passing from (1.051) to (1.053), these conditions are subject to the lim-
itations as to continuity, single-valuedness, singularities and behavior at
infinity associated with this form of the divergence theorem (Kellogg, 1929,
Chapter IV). Some of the limitations may be removed.

For example, conditions which assure single-valuedness of displacements
may be included in the uniqueness theorem by taking into account the possibil-
ity of surfaces of displacement-discontinuity. In that case (1.052) would
have additional terms of the form‘éﬁqude where the integrations are over
surfaces S’ across which the displacements have discontinuities Aul. Then the

condition au,-'s f du;":O, where the integration is around any closed curve C
c
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leads, by Cesarois and Weingarten‘s theorems, (Love, 1927, p- 222) to (1) the
necessity of the equations of compatibility; (2) their sufficiency in the

case of'simply connected bodies and (3) the requirement of six additional
conditions for each degree of multinlc connectivity. Alternatively, the
possibility Aufto leads to the necessity of specifying (1) the incompatibility
tensor throughout the body; (2) at each point of each surface of discontinuity,
one of the eight combinations formed by choosing one member of each of the
three products T,du, T, 4y T,a4; or, (3) both (1) and (2).

Another example of an extension of the scope of the uniqueness theorem
is given by Sternberg and Eubanks (1955) who included the singularity cor=-
responding to a concentrated force.]

It should be noted that (subject to the limitations mentioned) the
uniqueness conditions are sufficient, rather than necessary, so that there
may be other conditions sufficient for a unique solution. For e%ample, one
or more of the three components of surface-traction may be a function of the
corresponding component of displacement, as in the case of an elastic support.

It should also be noted that the uniqueness theorem applies to an
isolated body.. In theAcase of a pair of bodies in juxtaposition, conditions
relating to the continuity of all six components (T,7,,To U uyu;) must be spec-

)Nty

ified at each point of the interface.

1.06 Variational Equation of Motion

When the form of the strain-energy-function U is known, the displace-

ment-equations of motion may be deduced from Hamilton®s principle (Love,

1927 ). p- 166)..
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Iot
A =[Vz(afv
3 =vadV

bey respectively, the total kinetic and potential energies of the body and
let

$W = [ ¢, 8u; 5 (1.061)

be the work done by the surface-tractions when the displacement undergoes a
variation Sog between fixed values at an initial time ¢ and a final time t, .

Theny by Hamilton's principle,

(4 z,
“z 3{ (A1)t +[ SW gt =0 (1.062)
o £y
Now,
: ¢ [ . ¢, ,
f - §f Aot A a%g{oa(ad-%.)dv:é d% ei; 2(0u) dV

o] "l oé uav
..L f)b{; L{JtudV [, 34‘0%» &5
Since JUJ- vanishes at t, and {, , the first term on the right vanishes. ZEqua-

tion (1.062) then becomes the variational equation of motion

[ (p; 6u; +80) oV = [ 2 64;05 | (1.063)

(Note that, if the variations in (1.063) are replaced by time derivativessy

EE———

the variational eguation of motion is converted to (1.021), i.e., the principle
of conservation of energy.)

Again, with due regard to (1.0315),

22U (5(,4

e 2U N =
¢v asi~55‘~f W‘ “) = 25, i

- (2(5:6 )’ — (bS ) §u;
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and
sU S AU
-—-8w) dar - /-u-wfu.ds
(,( bs‘:{ J’L 5 ‘ bS‘:l' ’j

Hencey the variational equation of motion becomes

ﬂ) - é:e]w.dv +/ t.-ui”—)au.w:a (1.063)
fv[(asc;;,i Prijon 5(J CS

The coefficients of the variations Eq;must vanish separately. Accord-
ingly

UYL sl .06
(b&;),i =4 (1.064)

throughout the body and, on the surface,

W g, :
Yive " t; (1.065)
4
1.07 Displacement-Equations
jubstituted in the stress-
equati
C"'J'he Sﬂf‘t = IOMJ' (19071)
The st lese to the displacement-
equati
Cive (U g0 * Yuc) =RPY (2.072)

} reduces to

"

A+ (Remduy o= pd;



or

/kaJ' . (Aw}.g—i— = ‘ob'(:; (1.074)

where Vs laplace's operator and A is the dilatation:

VAT o S (1.075)

A = %% ; i_c:”%;.*.: (1.076)
J k'

The displacement may be expressed in terms of displacement-potentials ¢

and H; according to

= 2 2, _ 2
! D)(, bX1 ax_}

=
)

vy (1.077)
= 20 2 28
Ys oy T ok v
provided
LTI 1. S -1 (1.078)
bX Xy 2Ky
Then
Vg =a
, . (1.079)
\4 HJ="2LU_;

Thus, 14 is the potential which gives rise to the dilatation and the H; are

the potentials which give rise to the components of rotation. In an isotropic
material, the displacement-equations of motion are satisfied if the four
Potentials satisfy the equations (Love, 1927, p. 304; Poisson, 1829, p. 623)

AR

. - (1.0710)
VI VH; = H;
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where

vV, = W
R (1,0711)
Vo, =
are the velocities of the dilat otation, respectively.
Equations of the simple 10) do not appear to be available
for anisotropic materials excep _ 1 cases of high elastic symmetry

(CArrier, 1946).






