Chapter 4

Transversal Filters

4.1 INTRODUCTION

We are all familiar with the simple low-pass, high-pass, and bandpass filtecs formed
out of resistances, capacitances, and inductances. Such filters are convenient for
eliminating signals at unwanted frequencies, and for choosing signals in a desired
frequency range, such as those used for television or radio.

As radar and communication techniques have developed, far more sophis-
ticated applications of filtering techniques have become of interest. These can
now be realized with transversal filters, which are basically tapped delay lines with
each tap connected to a common input or output line. If we want to detect a
signal that is weaker or lower in amplitude than an interfering noise signal, it is a
great advantage to know the nature of the signal we want to find beforehand. For
instance, a narrowband filter selects a particular narrowband signal and increases
its amplitude relative to noise while eliminating interfering signals, thus improving
the signal-to-noise ratio. This filter is a familiar example of one that operates in
the frequency domain. If, instead, the signal is a digital code, a time-domain filter
matched to this code, known as a correlation filter, will improve the signal-to-noise
ratio. In general, such filters enable us to insert a long code into a matched
transversal filter and obtain a narrow output pulse. Since the output signal contains
the same amount of energy as the input signal, the peak amplitude of the pulse
will be much higher than that of the input signal. Noise is treated differently
because the filter is not matched to it; thus the signal-to-noise ratio is improved.

Another type of transversal filter removes distortion. If a television signal,
for instance, suffers from ghost echoes because of reflections from buildings, it is
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possible to construct an inverse filter to reverse the distortion process and remove
the unwanted echo. In a linear system, if the filter removes an unwanted echo
from a known signal, such as the synchronizing pulse of a television signal, it will
also remove unwanted echoes from an unknown television signal that has been
distorted in the same way.

There are many more interesting examples. We will devote much attention
to frequency-modulated chirps (FM chirps), which are signals of approximately
constant amplitude whose frequency varies linearly with time over a limited fre-
quency range. We can construct a matched filter for such signals to produce a
narrow output pulse in the same way as we described for digital codes. Thus a
filter can be used to emphasize the wanted chirp signal relative to noise, thereby
improving the signal-to-noise ratio.

FM chirp filters have far more general applications. We shall show, for
instance, that when a modulated chirp signal is injected into such a filter, its output
is an instantaneous Fourier transform of the modulation. Thus such filters are
very powerful tools for carrying out real-time Fourier transforms. This process in
turn leads to a wide range of devices that can carry out Fourier transforms for
various types of filtering operations, such as eliminating unwanted frequency com-
ponents while retaining desirable ones.

One reason FM chirps are widely used in radar systems is because it is easy
to produce a chirp signal of relatively long duration with the same amount of energy
as a short, intense pulse. Another reason is that Doppler shift changes the fre-
quency of the chirp. This change in frequency, which can be measured instan-
taneously with a chirp filter, indicates the target’s velocity [1].

Sophisticated pseudorandom digital codes are similarly used in spread-spec-
trum communication systems. The very long code of a matched filter can improve
the signal-to-noise ratio by many orders of magnitude, and because so many long
codes are possible, intercepting an unknown code becomes extremely difficult.

It is impractical, of course, to design such sophisticated filters using only
lumped circuits, for a sophisticated code consisting of many chips could require
almost as many lumped elements for its construction. Such filters require a simpler
construction technique, preferably one employing the photolithographic methods
now common in integrated circuits. Fortunately, filters suitable for both analog
and digital signal processing have become available in the last few years. The
original transversal filters of this type were first demonstrated in the form of surface
acoustic wave devices (SAW devices), which typically operate in the frequency
range 10 MHz to 1 GHz (2, 3].

More recently, the same principles have been applied to the charge-coupled
device (CCD) [4-6], the single transfer device (STD) [7], a type of switched ca-
pacitor filter, and the bucket brigade device (BBD) [8]. Other types of transversal
filters using acousto-optic interactions have also been demonstrated. Research is
under way on transversal filters that employ tapped fiber-optic delay lines [9-11]
and tapped superconducting lines [12]; these systems should lead to devices with
bandwidths of several gigahertz.

The switched capacitor filter is a related device [7]. In its original form it is
not a transversal filter, and so is outside the scope of this book; however, the STD,
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a development of the switched capacitor filter, can be regarded as a type of trans-
versal filter and will be described together with the CCD, BBD, and SAW devices.

For completeness, we shall give here a short description of the operation of
the conventional form of the switched capacitor filter, which works on the principle
that a capacitor switched rapidly on and off, as shown in Fig. 4.1.1, can simulate
a resistor. Suppose that the capacitor in Fig. 4.1.1(a) is rapidly switched to the
right. The charge flowing from V, is Q = C(V, — V,). If the switch is switched
back and forth at a clock rate f., the current flowing is / = Qf.. Hence the
switched capacitor circuit behaves like a series resistor of value R = 1/Cf,. Pro-
vided that the clock frequency is much higher than the signal frequency, we can
use a circuit with two MOSFETs (metal-oxide semiconductor field-effect transis-
tors), shown in Fig. 4.1.1(b), to synthesize the resistor. We can easily construct
such a circuit by using a silicon integrated-circuit technology, together with oper-
ational amplifiers which are used as fundamental components for analog low-pass,
high-pass, and bandpass filters at frequencies usually below 50 kHz.

In this section we briefly review some of the operating principles of transversal
filters. Later we describe the various types of devices and their applications in
more detail. We concentrate our attention on transversal filter types that either
are now or will ultimately be suitable for radar or communication applications at
frequencies above 100 kHz. We will also cover examples of lower-frequency signal
processing applications that illustrate the state of the art as it stands at the time of
this writing. We start with SAW devices for our illustrations because of their basic
simplicity and flexibility, and because many applications of transversal filters were
first demonstrated with SAW devices. Later we show the connection between
these devices and the wide range of analog devices based on silicon technology
that are now beginning to be widely employed. We will also briefly discuss some
concepts for tapped fiber-optic and superconducting delay lines, on which research
is now being conducted [9-12].

Figure 4.1.1 (a) Capacitor circuit
I switched to simulate a resistor.
i (b) MOS implementation of this
(b) circuit driven by a square-wave clock.
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Surface acoustic waves provide a means for storage, delay, and complex
parallel processing of long-duration wideband signals. It is possible to operate
them at frequencies up to 500 MHz quite easily, and, with some care, up to 2 GHzg,
with bandwidths of as much as 30 to 40% of the center frequency. The corre-
sponding data rates are as high as several hundred megabits per second. Certain
types of these devices will store signals for as much as a second, and it is easy to
construct tapped delay lines for surface acoustic waves. By arranging the spacing
and the strength or weight of the taps correctly, it is possible to design broadband
and narrowband filters, digital filters, and analog filters that recognize or generate
particular signals. With further refinements, it is also possible to make program-
mable filters whose characteristics can be altered at will.

Analogous devices that can be constructed on silicon, such as CCDs, BBDs,
and STDs, are at present more suitable for lower-frequency applications; with the
development of gallium arsenide CCDs, however, the operating frequency is mov-
ing into the UHF range (100 MHz to 1 GHz). Silicon devices can carry out most
of the signal processing functions provided by SAW devices, but in frequency ranges
typically below S MHz, with correspondingly longer time delays. A major ad-
vantage of this technology is that the rate at which signals can be read into and
out of these devices can be varied, so it is possible to expand or contract a given
signal entering the device by reading it out at a different rate from that at which
it was read in.

Interactions between two types of input signals are sometimes employed.
For instance, because any semiconductor device can be made sensitive to light, it
is possible to construct a light-sensitive CCD where a signal corresponding to the
light intensity along the length of the device can be read out as one line of ar
optical image. By employing interactions of surface acoustic waves with semi-
conductors, it is possible to carry out Fourier transforms and other signal processing
functions on the optical image.

Nonlinear interactions between two surface acoustic waves in SAW devices
can lead to real-time processing functions in which the convolution or correlation
of the two surface acoustic waves is obtained. Thus one signal can be used as a
reference, instead of using a transversal filter with fixed properties. In this manner
a transversal filter whose properties can be varied at will can be constructed merely
by changing a reference code. A very similar device can also be constructed by
using two tapped CCD delay lines connected to each other. One delay line controls
the outputs from the taps of the other line; thus signals passed into one line act as
a reference for signals passing through the other line [4].

Alternatively, we can utilize the interaction between a light beam and an
acoustic wave to deflect the light beam, since the acoustic wave forms a type of
optical diffraction grating. Such techniques have made it possible to devise devices
that can carry out Fourier transforms or can correlate acoustic signals, either with
each other or with a signal used to modulate a light beam. The basic principle of
this device can also be used for deflecting a light beam to form a multiple-address
system or an optical beam deflection system suitable for projection television sys-
tems.
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The common feature of all these devices is the transversal filter, a delay line
on which an acoustic or electrical signal propagates and then is accessed electrically,
optically, or acoustically, at different points along it. These points form delay-
line “taps.” If we use a light beam or acoustic beam to tap the system, we can
regard the taps as almost continuous; if we use electrical taps instead, we are
essentially sampling the wave propagating along its surface. In either case, we
can choose the amplitude and the phase weighting of the taps to perform a wide
variety of signal processing functions.

4.2 LINEAR PASSIVE SURFACE WAVE DEVICES
4.2.1 Interdigital Transducer

The SAW filter has the advantage of being constructed by depositing thin films of
metal on a piezoelectric substrate; thus the technology required is identical to that
used for integrated circuits. This makes it possible to design filters with desirable
characteristics that need none of the adjustments required by inductive or capacitive
filters; these filters exhibit excellent characteristics over very long lifetimes and are
also relatively simple and economical to manufacture.

These filters (whose basic structure is described here and in Sec. 4.2.2) employ
a substrate of a piezoelectric material, such as quartz or lithium niobate, on which
an interdigital transducer is deposited, as illustrated in Fig. 4.2.1. This transducer
excites a surface acoustic wave whose fields fall off exponentially into the interior
of the substrate, with a penetration depth on the order of one wavelength. At
40 MHz, with a wave velocity of approximately 3 km/s, the penetration depth of
the waves is of the order of 75 pm. The interdigital transducer has neighboring
fingers connected to the two bus bars (the input or output lines). Normally, the
finger pair spacing (center-to-center spacing between pairs of fingers) is approxi-
mately one wavelength; for example, a 40-MHz television intermediate frequency
(IF) filter has a finger pair spacing of 75 pm. Typical finger widths are approxi-
mately one-fourth of this value, or in this case 20 pm, so the devices can easily be
manufactured by standard integrated-circuit technology.

As we shall see, devices of this kind can be tailored to yield a given amplitude
and phase response over the frequency range of interest. They can also be designed
to yield a given time-domain response, or even to respond to special analog or
digital codes. Such devices can be made for operation anywhere in the range from
10 MHz to 2 GHz.

Digitally coded devices. It is very easy to forecast the time-domain re-
sponse of a SAW transducer from simple geometrical considerations, and once the
time-domain response of a filter is known, it is again easy to determine its frequency
response by Fourier transform techniques. Thus we can construct transversal filters
with a given frequency response quite simply, once we know the equivalent time-
domain response.

We first consider physically the simple example of a digitally coded filter,

322 Transversal Filters Chap. 4



TRANSDUCERS

B = |
INPUT COUSTIC BEAM OUTPUT
SIGNAL SIGNAL
{a)
VOLTAGE
la i
T "
APPLIED SIGNAL
TIME sl
{b)
TRANSDUCERS
ineut ACOUSTIC BEAM , OUTPUT
SIGNAL —— SIGNAL

{c)

Figure 4.2.1 Excitation and detection of Rayleigh waves can be accomplished by using a
simple wansducer consisting of two metal electrodes deposited on a piezoelectric crystal (a).
When a sinusoidal electric signal (b), which repeats itself in time 7, is applied to the input
electrodes, the alternating electric field sets up alternating vibrations in the piezoelectric
material that give rise to Rayleigh waves. When the waves reach the output electrodes, they
generate an alternating voltage between the two metal fingers. If the input electrodes have
a uniform interdigital pattern (c), the separate waves excited by each pair of fingers will
reinforce one another if the time required for the Rayleigh wave to travel between electrode
pairs corresponds to the frequency of the electrical signal. If the output electrodes have the
same spacing as the input electrodes, they will be “tuned” to receive the passing acoustic
waves. (After Kino and Shaw [13].)

used both to produce given digital codes and as a matched receiver for a particular
digital code. We then demonstrate mathematically that the geometry of the trans-
ducer is directly related to the time domain response of the filter.
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Consider the interdigital transducer illustrated in Fig. 4.2.2. Metal fingers
are laid down on a piezoelectric substrate and are connected to one of two input
bus bars. A simple two-finger pair receiving transducer is laid down on the same
substrate. When a voltage is applied across the two input bus bars, charges of
opposite sign are induced on the two fingers. These charges, in turn, excite surface
acoustic waves in the piezoelectric material because of the electric fields associated
with them. We expect the amplitude of the surface acoustic wave signal excited
by a metal finger to be proportional to the charge on the finger, or to the normal
component of electric field at the surface of the finger.

In the configuration shown, the first pair of fingers on the right-hand side of
the transmitting transducer may be regarded as positively polarized, and each finger
pair may be regarded as a capacitor. Thus when a voltage is applied to the
transducer, the charge on the finger will be proportional to the applied voltage.
The charge on the first finger excites a positive acoustic pulse, followed by a negative
pulse excited by the charge of opposite sign on the second finger. We note that
the second pair of fingers is connected to the bus bars of opposite sign from the
first pair. The first RF acoustic pulse travels down the delay line in the form of
a single-cycle tone burst; it is followed by a second similar pulse of opposite sign,
excited by the second pair of fingers, whose polarity is reversed from the first pair.
In turn, each pair of fingers excites an RF pulse, so that a coded series of pulses,
determined by the geometry and connections of the fingers, is excited on the SAW
delay line. This digitally coded series of RF pulses may be detected at the receiving
transducer, and the transversal filter yields a particular coded output, + — + + —,
determined by its geometrical configuration. This is known as a biphase digital
code. Each element of the code, an RF pulse or tone burst, is called a chip.

The same device can be used as a coded receiver. In this case the charge
excited on a finger of the output transducer is proportional to the amplitude of the
acoustic signal passing underneath it, and the voltage output from the transducer
is proportional to this charge. When an electrical signal — + + — +, corresponding
to the time-reversed version of this digital code, is inserted into the left-hand
transducer, as illustrated in Fig. 4.2.2, the first element of the code emitted from
the left-hand pair of fingers will be a negative RF electrical pulse injected into a
transducer of negative sign; thus it will produce a positive RF acoustic pulse. It
reaches the receiving transducer at the same time the second element of the code
is received from the second finger pair. As the input code matches the transducer
code, all elements of the code reach the corresponding parts of the receiving
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transducer simultaneously and yield signals of the same sign. These signals add
to give a pulse five times the amplitude of an individual RF pulse from a single-
finger pair.

If a different signal, having a different sequence of positive and negative RF
pulses, is introduced into the delay line, there will be no instant at which it will
match the polarities of all the tapping transducers. In other words, there is very
little correlation between the signal and the filter response; therefore, the peak
output signal will be reduced. This is a simple example of the ability of transversal
filters to perform pattern recognition and to select a signal with a given code from
all other signals. A so-called orthogonal set of codes is defined as one for which
the output is of unit amplitude when the codes are not matched, and of N units
for matched codes N chips long.

More generally, it will be seen that the minimum output pulse width 7 is
determined by the bandwidth B of the system, and is approximately T = 1/B. If
T is the length of the coded pulse train, 7 will be the length of one chip, or of the
pulse of minimum length (in our example, this is the pulse corresponding to the
signal from one finger pair or one chip). The ratio of the length of the input pulse
to that of the output pulse is then T/r, or approximately TB. This is the product
of the bandwidth and the time delay of the filter, the time—bandwidth product, or,
equivalently, a parameter known as the pulse compression ratio. The magnitude
of the output pulse is increased over that of the input pulse by the same ratio (see
Prob. 5); this is referred to as the processing gain. We note that for a digital code,
the pulse compression ratio is N times the number of chips in the code, and N =
TB.

A useful way of looking at this idea of pulse compression is to consider a
digitally coded input signal N chips long, each of value +1, to a matched filter in
the presence of a random code (noise). The output from the matched filter will
only be one chip of time 7 long. Thus its amplitude will be increased by a factor
N and the peak output power by a factor of N2. A very long random noise signal—
an uncorrelated digital code, for instance—will not be correlated with the matched
filter response, and the amplitudes of the individual chips will not necessarily add.
On the other hand, the noise power output will still be N times as large as the
power output from a single chip of a purely random code or noise signal, because
it is being received by an N-chip-long filter and the powers are added at the
individual elements of the filter. Thus the average noise power output from the
random code will be increased by a factor N over that from a single chip, which
will increase the peak signal-to-noise power ratio at the output by a factor N/N,
or by the compression ratio N = T/r. More rigorous proofs of this property of
matched filters are given in Secs. 4.4.2 and 4.4.3.

Experimental input and output signals from a tapped delay line of this type
are shown in Fig. 4.2.3. This delay line has 127 taps, spanning a time delay of
25.4 ps, and the pulse compression ratio is approximately 127. In this system we
produce a digital code by sending a short pulse into a coded delay line. The
receiver delay line must have a time-reversed response to that of the input delay
line. Therefore, it is usually called the conjugate filter.
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Mathematical model of the transducer. We now consider the response
of an interdigital transducer using a simple mathematical formulation that is often
called the impulse model [15]. As we shall see, this model applies in an almost
unchanged form to CCD analog delay line filters. We shall use the symbols ¢ and
z’ to apply to the source, and ¢ and z to apply to the observation point.

Suppose that at time ', a voltage V(¢') is applied to an electroded region
between z' and z' + dz’ on the surface of the piezoelectric substrate, as shown in
Fig. 4.2.4. Because of the capacity of this element to other electrodes or ground,
the input voltage will induce a charge o(¢’, z) dz' proportional to the voltage V(¢')
applied to this element. We might also expect the charge o(¢’, z') to be propor-
tional to the width w(z') in the x direction of the electroded region. The acoustic
wave signal at the plane z at time ¢ is defined as having an amplitude a(t, z), where
the power of the acoustic wave is P = |a]>. This signal reaches the plane z from
the element between z’' and z’' + dz’ after a delay time (z — z')/Vg, where Vi is
the Rayleigh wave velocity. In a linear medium, the acoustic amplitude a(z, z)
must be proportional to the excitation charge o(z’, z'). The total acoustic signal
at the plane z, a(z, z), must therefore be of the form

< Z — zl
a t’ — z p— . ! !
(1 2) =« f_x 0( v 2 ) dz

o Jx o(t, 2') dz’

—x

(4.2.1)

where a is a coupling constant independent of the value of o(¢’, z'), t' = ¢ —
(z = 2")/Vg, and o', 2’) is the charge density induced at the plane z’ at a time
.
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If we take o(f’ 2') = o(z’) o(t’ — t,), which corresponds to a very short
input voltage pulse at ' = t,, we find that

af a(z')8<t P-4 ; 2 ) dz’ (4.2.2)
* R

a(t, z)

and
a(t, z) = aolz = Vit — )] (4.2.3)

where we have assumed that o(z’) = 0 for z* > z, and (¢) is the Dirac delta
function. Thus the impulse response a(t, z) of the transducer is proportional to
the charge distribution o( — Vit + constant) along it, where z* = z — V(¢ — ;).
Note that as ¢ is increased, the value of z’ decreases; in fact, the impulse response
a(t, z) depends directly on a(—2z").

This property is very useful because it enables us to design a transducer for
a given frequency response merely by spacing or shaping its fingers to give a certain
impulse response. We now have only a problem of simple geometrical design.

We shall assume, for simplicity, that the charge distribution is uniform over
each finger, although it is fairly easy to modify this assumption to account for a
charge distribution closer to reality, like the electrostatic charge distribution of a
periodic array of strips. We shall define a(z’) to be finite only where there are
metal fingers.

More generally, if the finger width or position is altered, and the input voltage
is V(¢'), we can write

o(t', 2') = pV(t')w(z') (4.2.4)

where p is a constant.

ott’, 2')dz olt,2)
2! z

——l-dz'

?

(o)

n--»f'
a{z’l=Q/8,;

-“II//" Py
w1 HHD L,

z

it

!

e
182 Figure 4.2.4 Notation used (a) to esti-
‘—!4 £=glg&ESGPA!R mate the response of a transducer. and
(b) for the finger pair spacing and
{b) width.
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We shall call w(z’) the finger weighting. Typically, w(z') is proportional to
the finger width w, but changes sign depending on how the finger is connected to
the external source.

It follows from Egs. (4.2.1) and (4.2.4) that

at, z) = f v(: S )w(z') dz' (4.2.5)
where k = ap is a constant. The respon 1ort pulse at time ¢ = 0, which
may be represented as V(¢') = 3('), is

h(t) = xf 5(: - —— w(z) dz’ 4.2.6

®=x)__ e (4.2.6)
or

h(t) = kw(z — Vgi) (4.2.7)

If we put ¢’ =t — (z — z')/Vg in Egs. (4.2.5) and (4.2.7), it follows that

a(t, z) = Vg f V(t)wlz = Vr(t — 1) ar’ (4.2.8)
= VRJ V(t')h(t — ¢') dt’

We may compare Eq. (4.2.5) or (4.2.8) with the usual forms for correlation and
convolution:

Correlation:  s(t) = f gt + 7)f(r) dr = g@) = f(r) (4.2.9)

Convolution: s(f) = f st — 7)f(r) dr = g() = f(2)

It will be seen that the signal induced in the acoustic delay line is either the
correlation of the transducer weighting in the +z direction with the input signal,
or the convolution of the transducer weighting in the —z direction with the input
signal. This property makes the SAW device a powerful tool for signal processing.
To understand it in more physical terms, the reader is referred to the example of
digitally encoded transducers discussed earlier in this section.

The frequency response of the transducer is the Fourier transform of its time-
domain response. Thus we can write

A(w, 2) = Fla@t, 2)] = J':ca(t, z)e~ ¥ 4y (4.2.10)

where the symbol & denotes the Fourier transform, and f = w/27 is the frequency.

The frequency response A(w, z) of the excited acoustic signal will be the
product of the frequency response of the input signal V(w) and the frequency
response of the transducer H(w):

A(w, z) = V(o)H(w) (4.2.11)
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It will be seen from Eq. (4.2.7) that H(w) is given by the relation
H(w) = « fl e 'w(z — Vi) dt (4.2.12)
Putting ¢t = (z — z')/Vg, it follows that
H(w, z) = ye jws/VR f_: e VrRy(z') dz’ (4.2.13)

where v = —«/V;. We have now obtained the important relation that the fre-
quency response of the transducer is the Fourier transform of the finger weighting.t
For a more direct derivation of this relation, see Sec. 2.5.

4.2.2 Bandpass Filter

Uniform transducer. We shall consider the example of a standard uniform
transducer (Fig. 4.2.1) with constant finger length and uniform finger pair spacing,
and derive how its response varies with frequency. Suppose that the fingers have
a pair spacing of / and a finger width /,, and that the charge on every other finger
is Q and — Q, respectively. We shall assume that /, is very small (i.e., kI, << 1),
where k = w/Vz = 2%/\ and A is the wavelength of the acoustic wave. Thus each
finger is taken to be very narrow in comparison to a wavelength. We shall also
assume, for simplicity, that o is uniform over a finger, so that o/, = = Q. With
the correct normalization, since we are only interested in the relative amplitude
of the response as a function of frequency, we can put w(z’) = =1/l,. It follows
from Eq. (4.2.13) that the contribution to the response H(w) by a pair of fingers
spaced l/2 apart, with the center of the pair at z’ = nl, and the centers of the
fingers at z’ = nl + l/4 and 2’ = nl — l/4, respectively, is

nl— U4+ 112 nl+ 04+ 112
f ek dz' + j e’k dz') (4.2.14)

nl—=l1da—hr2 nl+1U4-4h12

o =3

or

sin (Kb/2)

H(w) = y(ek® — g-ikia) s
1

(4.2.15)

where we have omitted the exp (—jwz/Vyg) term. This is equivalent to defining
the response at the plane z = 0. When &/, << 1, it follows that

H(w) = 2jv sin -Ii-{ e/knl (4.2.16)

1This is actually the inverse Fourier transform of w(z). However, it is the Fourier transform
of w(—~2), or the finger weighting in the direction of decreasing z.

Sec. 4.2 Linear Passive Surface Wave Devices 329



The contribution from the N-finger pair of the transducer is therefore the sum of
the contributions from the individual finger pairs, or

N-1

2 e iknl
0

= 2jy sin () SR (kNE2) |
=AY ST ) sin (k2)

_ . sin (kNIR2) .
=Y "cos (kl/4)

The parameter H(w) is the Fourier transform of the charge distribution on the
fingers.

The center frequency of the transducer w = w,, k = kg is where k/ = 2%
and the wavelength is A = /. Using I'Hospital’s rule on Eq. (4.2.17), it follows
that |H(wp)] — 2Nvy. The response is zero where kI = 2w[1 = (1/N)]; thus the
bandwidth is narrowed as N increases. The bandwidth between the zeros in the
response is given by the relation

An(zero) 2

—

Wy N

R |
H(w) = 2jv sin 7
RN = 1)ir2 (4.2.17)

He(N—1)12

(4.2.18)

It is convenient to normalize Eq. (4.2.17) in terms of &N/, so that in the normalized
form all transducers have the same response and have a maximum response when
the normalized parameter is zero. We write

Y= Na(k — ko)  Nu(o — o)

ko Wy

(4.2.19)

In this case, if o — wg] << wy, We can see that when x/N << 1, cos kl/4 — —x/2N

and
sin x

|H(x)| = 2yN

(4.2.20)

Thus all transducers have the same normalized response. It follows that the total

bandwidth to the 4-dB points (x = *m/2} is

Aw(4dB) 1

L0 N

The 3-dB points occur where Aw(3 dB)/w, = 0.89/N. This behavior is illustrated
in Fig. 4.2.5.

(4.2.21)

Apodized transducer. It is apparent that if we taper the length of the
fingers and their spacing, we can tailor the response to any given characteristic.
Such variation of the finger length is called apodization. For example, with a
uniform finger spacing, but the finger lengths varying as |sin pz’/pz’| and the finger
polarity depending on the sign of sin pz’, the total charge on the finger will vary
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Figure 4.2.5 Plots of |(sin x)/x| in decibels.

as sin pz’'/pz’. The transducer output will be the Fourier transform of the finger
excitation, and the result will be a square-topped frequency response. The dif-
ficulty, of course, is that the transducer length L must theoretically be infinite.
Furthermore, the fingers at each end of the transducer must be progressively shorter
in length, and acoustic wave diffraction effects then become dominant.

An illustration of how filters with such a configuration are constructed is given
in Fig. 4.2.6(a) and (b). The simple apodized transducer shown in Fig. 4.2.6(a)
can yield a distorted response, for the velocity of a surface acoustic wave passing
under a metal finger will be slightly different from the velocity in an unmetalized
region of the piezoelectric delay line; this causes the acoustic beam to have phase
distortion across its width. One way to eliminate this distortion is to place dummy
fingers in the gap that are connected to the bus of the same polarity as the neigh-
boring fingers. Then all parts of the acoustic beam suffer the same phase delay,

Figure 4.2.6 (a) Nondispersive band-
pass filter configuration: one transducer
is unapodized and one transducer is
apodized with a sin x/x variation;

(b) similar filter corrected with
“dummy” electrodes to produce
straight-crested surface waves (i.e.,
waves with no phase distortion across
their width due to the presence of fin-
gers); (c) electrode configuration of
apodized dispersive transducer with un-
corrected comb; (d) electrode configu-
ration of apodized dispersive transducer
with corrected comb.
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and we obtain a beam with straight wavefronts, a straight-crested wave. A dis-
persive filter with variable finger spacing is shown in Fig. 4.2.6(c) and (d). This
approach, taking into account such modifications as the charge distribution over a
finger, diffraction, and weak reflections from the fingers, is the basis of design for
interdigital transducer filters.

4.2.3 FM Chirp Analog Filter

Another important example of signal processing within an SAW delay line is one
that uses an analog signal of the type illustrated in Fig. 4.2.7. The signal shown
i1s an FM chirp signal whose amplitude is constant, but whose instantaneous fre-
quency varies linearly with time. The finger spacing of the transducer array is
varied along its length to match the frequency variation across the chirp (i.e., to
correlate withit). The left-hand end of the array responds to the higher frequencies
and the right-hand end to the lower frequencies. At the instant shown, the chirp
signal, which is traveling to the right, registers exactly with the array, much as we
have observed for the digital filter. An intense output pulse is obtained at the
right-hand terminals. This is a dispersive filter in which the low-frequency end of
the signal is delayed more than the high-frequency end, allowing the trailing edge
of the long input pulse to catch up with the leading edge, thus collapsing the pulse.

Pulse compression techniques of this type are of great importance in a variety
of systems. Perhaps the best known examples are radar systems using pulse
compression in which the signal transmitted from the radar is an FM chirp; after
returning from a target, it is passed through a pulse compression filter which
compresses it into a short pulse [1]. In this way, it is possible to use a long pulse
containing large amounts of energy for long-distance ranging, and compress it in
a receiver into a short intense pulse for accurate timing and range resolution.

In secure radar and communications systems, an FM chirp represents one
way of coding a signal. The listener needs to know the code (i.e., the chirp rate)
and needs to have a chirp compression filter which operates at this rate in order
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Figure 4.2.7 FM chirp pulse compression filter: (a) chirp frequency variation as
a function of time; (b) schematic representation of the SAW filter.

332 Transversal Filters Chap. 4



to receive the signal. Indeed, the signal can be below the thermal or background
noise level and, when received by a compressive receiver containing a filter matched
to its chirp rate, can still be extracted from the background noise level because of
the improvement in signal-to-noise ratio resulting from pulse compression. On
the other hand, an ordinary receiver would not be able to detect the presence of
the signal. '

Surface acoustic waves fit naturally into this picture in applications requiring
high chirp rates (i.e., a high rate of change of frequency versus time across the
chirp), together with a large total frequency excursion (bandwidth). Compression
ratios in the range 1000 to 10,000 can be reached with SAW systems [2]. SAW
pulse compression filters have been built with bandwidths exceeding S00 MHz and
with time delays (chirp lengths) of the order of a microsecond. The range reso-
lution of a radar system is the inverse of its bandwidth, and this bandwidth (500 MHz)
corresponds to a target range resolution capability of 1 ft (0.31 m). Far larger
time delays have been achieved (more than 100 ps) at smaller bandwidths.

Fourier transform chirp filters are also applicable to nonscanning real-time
spectrum analyzers. In fact, they are capable of calculating the complete complex
Fourier transform of an arbitrary incoming analog signal. Consider the chirp signal
illustrated in Fig. 4.2.8, whose frequency is ® = w, + pt, and thus varies linearly
with time. Suppose now that the chirp is modulated by a sinusoidal signal sin €.
This will introduce two sidebands of frequencies ® = w, + wt = (), in addition
to the carrier of frequency ® = wy + pt. Thus the system behaves as if there are
three identical chirps delayed from each other by times (Y. When these chirps
are inserted into the correct matched dispersive delay line, three output pulses will
be obtained. The differences in their time delays will indicate their frequency
differences. More generally, an arbitrarily modulated chirp, when inserted into
a chirp filter matched to the carrier, gives an output that is the Fourier transform
of the modulated signal.

wo+.Q.+y.1

Q/u D/

t
(a) (b)

Figure 4.2.8 (a) Chirp modulated by a sinusoidal signal; (b) output from the
matched filter.
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4.2.4 Resonators

The conducting electrodes used to form interdigital arrays cause small reflections
of surface waves which can lead to spurious low-level signals. In designing long
filters, these reflections must be limited to specified levels. On the other hand,
it is possible to use the reflection phenomenon constructively, by forming an SAW
resonator from an array of reflectors [16, 17]. These are useful for electronic
circuits, where it is advantageous to have very small, inexpensive, accurate, and
pretuned resonators that can be mass-produced by photolithographic methods.
Arrays of isolated parallel conducting strips deposited on the surface, as shown in
Fig. 4.2.9, can behave as efficient reflectors for surface waves if a large number
of strips (typically hundreds) are used, and if they are spaced so that the reflected
waves from individual strips reinforce each other. As shown in Fig. 4.2.9(b), this
occurs when the strips are A/2 apart, for the waves reflected from two neighboring
strips will trace distances differing by A, and will therefore be in phase. Thus all
the waves reflected from the strips will be in phase when the strips are spaced A/
2 apart.

In a surface wave resonator, the surface waves are trapped between the two
reflectors of Fig. 4.2.9(a), making multiple transits between them and creating a
standing wave, like electromagnetic waves in a cavity resonator or optical waves
in a Fabry-Perot interferometer. Interdigital transducers are used to couple this
resonant standing wave to an external electrical circuit. Grooves etched into the
substrate can also be used effectively to form the reflective gratings.

Values of resonant Q(Q = fo/Af, where f, is the resonant frequency and Af
is the 3-dB bandwidth) as high as 20,000 have been achieved, with such resonators
operating at frequencies in the range from 50 MHz to several gigahertz. The
maximum Q is limited by the finite reflectivity of the arrays, for the propagation
loss on quartz substrates (at least in the lower-frequency part of the range) is small
enough to allow approximately one more order-of-magnitude increase in Q. As
we might expect, these resonators can also be used as circuit elements to build
ladder networks and other types of classical filter networks.

i
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Figure 4.2.9 (a) SAW resonator; (b) waves reflected from neighboring fingers.
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4.2.5 RAC Filters

The reflective array compressor (RAC) is closely related in its principle of operation
to the surface wave resonator [18—20]. This device is an alternative form of
transversal filter in which arrays of reflecting parallel grooves or metal strips on
the delay-line surface perform the function of tapping, which is normally performed
by interdigital electrode arrays. Just as with the resonator, we take advantage of
the reflections resulting from the grooves or strips, instead of regarding them as a
difficulty to be eliminated. The key idea is that a groove acts as a tap for the
surface acoustic wave, because the portion of the surface acoustic wave reflected
from the groove can be collected elsewhere by an interdigital transducer. The
basic system is shown in Fig. 4.2.10: a surface acoustic wave is excited by transducer
A and reflected by the two sets of grooves back to transducer D.

We can understand the operation of such devices by considering two extreme
surface acoustic wave paths. A signal from the interdigital transducer 4 will be
partially reflected into a surface acoustic wave traveling from B to C, where it will
again be partially reflected and travel to interdigital transducer D. If rays reflected
from the two sets of neighboring grooves in the two reflective arrays have a total
difference in path length of A, the acoustic wavelength, the effect will be strong.
In this case, the rays traveling from B to C are in phase. The total time delay for
this signal will be proportional to the path length ABCD. Thus if the spacing
between the grooves is tapered, high-frequency signals will be reflected strongly
from the front region of the grating array. However, a signal of lower frequency
will follow the path AEFD and experience a longer time delay. Thus this device
has the same type of dispersion characteristic, with time delay as a function of
frequency, as the FM chirp interdigital structure of Fig. 4.2.7, and can be used to
perform the same functions. The folded paths in Fig. 4.2.10, however, give twice
the time delay for a given substrate length, and chirp pulse compression filters with
time delays exceeding 100 us can be achieved.

Reflective arrays are less defect sensitive than interdigital arrays. They have
an additional advantage for very high frequency operation, because the grooves in
reflective arrays are generally spaced by the order of a half wavelength, compared
to the quarter-wavelength spacing, which is more characteristic of split-finger,
nonreflecting, interdigital arrays (see Prob. 3), the dimensional requirements are
less stringent; furthermore, internal reflections no longer present a problem, so
very long arrays may be made. This system has a major advantage over one using
a very long interdigital transducer, because the many small reflections inherent in
such transducers tend to build up and make itimpossible to obtain the characteristics

A 8 E
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| 5 // Figure 4.2.10 Reflective array com-
< F pressor.
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predicted by theory. RAC delay lines have been made with compression ratios
of as much as 10,000 to 1 [18-20]; these results are probably a factor of 10 better
than those obtained by any interdigital array system.

4.2.6 Stabilized SAW Oscillators

Another device of great importance is the SAW oscillator, which consists of a
standard amplifier whose output is fed back to its input through a surface wave
delay line, as illustrated in Fig. 4.2.11. This forms an oscillator operating in the
UHF range (100 to 1000 MHz), whose frequency and frequency stability are de-
termined by the properties of the SAW delay line crystal. This oscillator is simpler
and cheaper to make than alternative approaches producing highly stable signals
in this frequency range, such as relatively low frequency quartz crystal—-controlled
oscillators followed by multiplier chains.

The key point is that the delay line can be thousands of wavelengths long
between the input and output transducers because of the very low propagation
velocity of acoustic waves. As is well known, the frequency of an oscillator with
an external feedback loop adjusts itself so that the phase shift around the loop is
2N, where N is an integral number. The larger the value of N, the better the
short-term stability of the oscillation frequency. Both the basic frequency selec-
tivity associated with the length of the delay-line path and the frequency-filtering
characteristics of interdigital transducers can be brought into play. The stability
of the delay-line crystal gives high stability for any of a number of different lon-
gitudinal modes (different values of N) with different center frequencies, and the
interdigital transducers are used to select one oscillation mode from the ertire set
possible.

Methods of compensating for those phase shifts within the oscillator that
result from voltage and temperature variations have been demonstrated. These
methods make it possible to come very close to the ultimate frequency stability of
the delay line itself. Techniques have also been devised to tune the voltage of the
oscillator frequency over a small range by changing the phase in the external loop,
for use in tracking or frequency modulation applications. Frequency synthesizers,
which can be programmed to operate at any of a number of equally spaced fre-
quencies with high short-term stability, have been demonstrated as well [22, 23].

At the time of writing, stable oscillators operating in the frequency range 100
MHz to 4 GHz have been demonstrated. Another class of SAW oscillators employs
the SAW resonator; this form of oscillator, with an internal feedback loop, can be
as useful as one with an external feedback loop.

AMPLIFIER
, N
o INTERDIGITAL
' / TRANSDUCER
F == === ] Figure 4.2.11 SAW oscillator with an
external feedback loop. (From Crabb
SAW DELAY LINE et al. [21]))
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PROBLEM SET 4.2

1. (a) Work out the response of an NV-finger-pair interdigital transducer with fingers of finite

width /, (k/, finite) and finger pair spacing /. Assume that the charge distribution
on the fingers is uniform. The result should be a slightly more general version of
Eq. (4.2.17).

(b) Show that if /, = //4, the response at the third harmonic w = 3w, is zero.

Note: 1In practice the charge density on the fingers is not uniform, so the third
harmonic response is finite.

. An acoustic resonator uses N equally spaced strips as reflectors. Let each strip be of
width d and their spacing be I. Suppose that we take the reflected wave from the nth
strip to be of amplitude b and the incident wave, of amplitude a. Suppose also that
each strip is of negligible width d (kd << 1), and that the reflection coefficient of each
strip is ' = b/a. Assuming, for simplicity, that a,,,, = a, exp (—jkl), where k = w/Vj
(i.e., the forward wave is unperturbed, with a similar phase delay for the reflected waves).
Find the total reflection coefficient from N strips. At what freqeuncy is this N['? Your
result should be similar in form to Eq. (4.2.17). By using the same arguments as given
after Eq. (4.2.17), find the 4-dB bandwidth of the reflected wave.

. (a) Following the analysis of Prob. 2, modify the theory to take account of fingers of
finite width d. Assume that k is unchanged, both under the fingers and in the region
in between. Assume that the reflection coefficient of the wave from the back edge
of the finger is I' and from the front edge, —I' (this assumption can be justified from
transmission-line analogs, where the region under the strip is taken to have an imped-
ance different from that between the strips).

(b) At what frequency is the total reflected wave amplitude identically zero?

(c) Note that an interdigital transducer is normally operated with a finger spacing of
approximately A\/2, where the reflection from the fingers is maximum. Suggest a
configuration in which each finger is split down its middle with a gap between its two
halves (both connected to the same bus bar) and which eliminates the reflection
problem.

. An SAW oscillator is made with the configuration shown below. Two transducers with
M and N finger pairs, respectively, each with a finger pair spacing /, are used. The
centers of the two transducers are a distance L apart, as shown in the figure. The
amplifier should be taken to be an inverter that gives a « phase shift.

v 7 10

N
£ 2
L] N

L —]

(a) If the M-finger transducer is excited with a voltage V exp (jwt), find an expression

for the frequency response of the output signal from the N-finger transducer when
the switch to the amplifier is open. Assume that the signal induced on a finger
whose center is at the plane z is proportional to a(z, t), and that the wave velocity
on the substrate is V.

Hint: By reciprocity, the response of a receiving transducer is the same as a trans-
mitting transducer.

Sec. 4.2 Linear Passive Surface Wave Devices 337



(b) Suppose that M = N. Show how to choose the length L so that the phase delay
from the input to the output of the delay line at the center frequency is 2R + 1)7,
where R is an integer. This causes the device to oscillate when the switch is closed.
If the response of the delay line is known at the center frequency, work out an
expression for the response when the phase delay changes to (2R — 1)w.

(c) With M = N, suggest a choice for M that will make the loss very large at all other
possible oscillation frequencies so as to avoid oscillations at these spurious frequen-
cies.

. A 7-bit Barker code has the form + + + — — + —. A matched SAW receiving filter is
made up for this code. Show that the correlation output of this filter to the code consists
of a single peak of amplitude 7 and subsidiary pulses of amplitudes —1 or 0. How many
subsidiary pulses are there?

. A radar system uses an FM chirp signal of length T and frequency w = w, + pt. Itis
used to detect a target traveling with a velocity V away from the radar. The velocity of
electromagnetic waves in air is ¢, and ¢ >> V. Find the delay time to the target which
is at a distance R = R, + Vi. Then find the delay time of the return echo from the
transmitter back to the receiver.

(a) If the signal emitted by the radar is f(¢), find the form of the return echo signal.
Assume that V << ¢ and the bandwidth of the signal is much smaller than its center
frequency. Use the formula for a Fourier transform to show that there is a simple
linear Doppler shift of frequency proportional to V/c (keep only terms linear in
Vic).

Hint: asignal f(r) after travelling a distance 2R has the form f(r — 2R/c). Consider
the effect of R varying with time.

(b) Now suppose that a chirp signal of length T is inserted into a matched filter of length
T. Estimate how the output falls off with target velocity. Show that for 7 = 2 ms,
fo = 10 GHz, a bandwidth B = 2 MHz, and a velocity V of 100 m/s, there is essentially
no change in the output peak pulse amplitude. Thus we cannot differentiate between
a change in range and a change in velocity of the target.

Hint: The output is proportional to the number of active taps in the filter (i.e., the
taps that respond to their corresponding frequencies). If there is a large frequency
shift in the chirp, some taps in the filter are not excited.

(c) Consider a V-FM chirp waveform of the type shown in the figure below.

4
w

If this signal of length 2T is inserted into a matched filter of length 27T, it will give a
simple pulse output. Show that by using this waveform, it should be relatively easy
to distinguish a target with a small velocity V << ¢, as well as its range (the time
width of a peak of a correlated FM chirp signal is approximately + = 1/B, corre-
sponding to a frequency change in the input signal of B, where B = pT/2w. Take
T=1ms, V =200ms, B=500kHz andf, = 10 GHz. This example is a simple
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illustration of the use of the ambiguity function of radar processing. The problem
is to obtain good range definition as well as good velocity or Doppler resolution.

Note: The numbers given here are more appropriate for a CCD filter than for an
SAW filter.

4.3 CHARGE-TRANSFER DEVICES
4.3.1 Introduction

Here we describe the principles of three types of charge-transfer devices (CTDs),
which can be employed to process analog signals in much the same manner as the
SAW devices discussed in Secs. 4.1 and 4.2. These devices employ the principle
that a free electron or charge can be stored in a metal-oxide semiconductor (MOS)
capacitor or in a PN diode capacitor. In the charge-coupled device (CCD) [4, 5]
and the bucker brigade device (BBD) [8], the charge is transferred along a chain
of capacitors; in the single transfer device (STD) [24], which is basically a switched
capacitor system [7], the charge is read into a capacitor and then read out from
the same capacitor at a later time.

In all these devices, the charge read into the system can be made to be linearly
proportional to an input signal voltage, and the output signal can similarly be made
proportional to the charge arriving at the output register. Because only a finite
number of registers exists in such systems, all these devices must basically be
sampled data signal processing devices (i.e., they store several samples dnring one
RF cycle of the analog signal). Sampled data signal processing devices have been
developed for use with digital signal processing. Here, however, because the
charge can be made proportional to the input and output voltages, these devices
can be used as analog sampled data systems. Thus CCDs, BBDs, and STDs offer
the possibility of performing many sampled data filtering functions in the analog
domain. While these devices combine some of the best features of digital and
analog techniques, they also encounter some of the same difficulties. Like digital
filters, CTDs are controlled by a master oscillator, but the need for analog-to-
digital conversion is eliminated and all functions are performed in the analog
domain. Furthermore, analog devices are usually much smaller and consume less
power than those required for the equivalent digital signal processing systems. For
instance, a digital device must use eight separate stages for an 8-bit system, while
the equivalent sampled analog system requires only one stage. One advantage of
analog devices is that they can be used as image sensors for television line scans,
because light can generate charge within the registers or in neighboring registers.
On the other hand, digital devices can be made with greater accuracy, and far more
flexibility and programmability, than analog devices.

The analog signal processing functions that can be implemented with these
devices are very similar to those made available by SAW devices. The nature of
silicon technology gives us much more flexibility, albeit at a somewhat lower fre-
quency range. A disadvantage, however, is the need to provide power, for these
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are “‘active’ rather than ‘“passive” devices. A further disadvantage is that the
“clock™ signal used to control the transfer of charge from one register to another,
or from input to output, can give rise to interference with the signals passing through
the device. This is not a problem in digital devices, although the clock signals
used in them can interfere with analog signals.

There are five broad applications of interest:

1. Analog delay, where the input waveform is sampled at a sampling frequency
f; and delayed by a time 7.

2. Multiplexing, where a number of inputs are loaded in parallel into a register
and clocked out serially. The complementary function of demultiplexing is
also important, as is a combined multiplexer and demultiplexer, as used in
the STD.

3. Transversal filtering, where the CTD device is nondestructively tapped at a
number of points and the outputs are weighted and summed together.

4. Recursive filtering, where the CTD is tapped as in a transversal filter and the
weighted outputs are fed back to the CTD input.

5. Correlation or convolution, in which two analog waveforms are multiplied
and integrated together to form an output signal that is the correlation or
convolution of these two signals.

Because these analog devices can easily be operated at lower frequencies than
SAW devices, they are in a class by themselves for use at frequencies below 10
MHz. Furthermore, because the time delay through these devices can be varied
at will, they can perform functions that would be impossible with surface acoustic
waves. For many possible applications, there is an overlap between the two types
of delay devices, so that either could be used. Relative cost of technological
development and production determines which one shall be used; so do trade-offs
in detailed performance characteristics important to the designer.

Some examples of simple delay-line applications are:

1. Line delays for the PAL and SECAM TV systems. In these systems the
signals from neighboring lines are compared to assure perfect color repro-
duction. Fused quartz bulk wave acoustic wave delay lines have been em-
ployed for this purpose because of their low cost, but CCD and BBD delay
lines are now being used in the same application.

2. Ghost suppression in television. Signals result from multipath interference
(i.e., from signals reflected from buildings which arrive with a time delay 7).
The signal passing through this delay line is reversed in sign, and its amplitude
is changed appropriately and added to the original signal. Thus it will cancel
out the ghost, leaving a still weaker signal at a time 27. The signal produced
by this process will normally be weak enough not to be noticed. Thus the
use of a variable time-delay line with appropriate circuitry and possibly more
complex algorithms with microprocessor control can, in principle, lead to a
simple ghost eliminator. SAW delay lines have also been used for this purpose.
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3. Time-delay beam-forming in sonar and acoustic imaging applications. By
combining the appropriately delayed return signals from an array of acoustic
transducers, a high-resolution beam can be formed in any direction [25].
Sonar and radar applications have been described by Jack et al. [26].

4. Audio delay lines for artificial reverberation and for changing the speed of
taped speech without changing its frequency.

5. Devices for time stretching or compression. If a signal at one frequency is
clocked into the delay line and then clocked out at a different rate, an input
signal can be changed in frequency and total time length so as to reproduce
it faithfully at either a higher or lower frequency. This allows us to inject
high-frequency signals or fast transients into low-frequency devices, such as
a computer. Alternatively, it enables us to take very low frequency signals
and display them rapidly.

6. Time axis equalization in a videotape playback unit. If we monitor a constant-
frequency tone recorded on tape, we can correct variation (resulting from
stretching of the tape or of motor speed) by passing the video through a delay
line whose clock frequency is controlled to keep a pilot tone at a constant
frequency.

7. Analog memories for electronic counter measures. There are also closely
related delay-line functions, such as rejection of clutter (i.e., interference from
stationary ground targets) in moving target indicator (MTI) radar. The re-
quired operations can be performed with recursive filtering or transversal
filters and will be discussed more fully when we deal with applications.

4.3.2 Bucket Brigade Devices

A schematic of the BBD configuration is shown in Fig. 4.3.1. In the integrated-
circuit version illustrated in Fig. 4.3.1(b), it consists of a chain of field-effect tran-
sistors (FETs). Charge is transferred through this chain of FETs, which are con-
nected source to drain—drain to source, by applying a clock signal to the gates.
The system is arranged so that when an FET is cut off by a voltage on its gate
electrode, the charge is stored at the drain in the so-called overlap capacity between
the drain and the gate. As illustrated in Fig. 4.3.1(a), the input signal is applied
at the first source and taken out at a last drain. In the configuration shown in
Fig. 4.3.1(b), a layer of silicon dioxide is laid down over the silicon and extends
over the n+ islands and the p-type channel regions that separate them. The only
contacts that need to be made are to the first and last n+ islands; generally, these
islands act as both source and drain.

We may understand the operation of the device by referring again to Fig.
4.3.1(b). We suppose that the clock signals V, and V, are square waves of opposite
phase. Thus V, is positive when V, is negative, and vice versa. We take |V,| =
[Va|. The gates themselves are supplied with a dc potential V, in addition to the
clock signal.

We suppose that the input and output are both held positive. If V, is suf-
ficiently positive, an n-type channel (inversion layer) under the odd numbered
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gates will be induced (i.e., the odd channels will be conducting). At the same
time, the n-type islands to the right of the odd-numbered gates will be driven
positive because of the overlap capacity C, while the even-numbered gates are
driven negative. Thus their overlap capacity with the n islands on the right will
drive the islands more negative than those on the right-hand side of the odd-
numbered gates. The more negative n-type islands therefore act as sources, and
the more positive islands, as drains.

Referring now to Fig. 4.3.1(a), it will be seen that when the first FET is
switched on, current can flow from the drain; thus the charge stored in its source
capacitor moves from the source to the drain capacitor. When the next FET is
turned on, the first is turned off, and the charge flows through it from its source
(the drain of the first FET) to the capacitor at its drain.

We call a device of this kind a bucket brigade device (BBD) because the
individual capacitors can be regarded as buckets that store the charge and the
device transfers charge from bucket to bucket.

Suppose that V1 is the threshold voltage between the gate and the source for
a conducting channel to form. Charge is injected into the conducting channel
when the input is pulsed more negative than V, + V;, — V; during the time that
V, is positive. Thus the clock pulses sample the input waveform and the charge
transfers along the system. The quantity of charge induced at the input FET is
proportional to the potential V, — V, — V.. At the output the charge is detected
as a momentary voltage drop across the output load. Provided that there are at
least two output current pulses per RF input cycle, Nyquist’s sampling theorem
indicates that the input signal can be reproduced. This implies the use of a clock
frequency at least twice that of the maximum input frequency.

Performance limitation of the BBD. We now consider the performance
limitations of the BBD. We consider the BBD to be operated at a clock frequency
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fe- The maximum time for each transfer is therefore

1
2fe

There will always be a finite amount of charge left behind after a time 7, and the
charge left behind at each register will be cumulative. Ultimately, the signal passing
through the registers becomes unacceptably degraded, and a limitation on either
the number of registers or the clock frequency will result. It is apparent that the
higher the clock frequency, the worse the degradation of the signal.

To provide an understanding of some of the basic concepts of CTDs, let us
carry out a mathematical treatment of the performance of this device. We first
consider the situation when no charge is transferred along the system. If there is
no charge on a drain just before the clock voltages switch from one polarity to the
other, the potential on the new source V; just after switching is

(4.3.1)

1'=

VS = VO e Vl (4.3.2)

However, assuming current saturation, the current that flows in an FET channel
(the inversion layer) can be shown to be of the form

1=B\Ve -V, - Vy (4.3.3)
=B(Vo+ Vi = Vr = V)

where Vs = V, + V, is the gate voltage, B = pk,ZCo,/L, p is the mobility of
the charge carriers, k, is a constant ~0.5, Z is the width of the channel (inversion
layer), Co, is the capacity per unit area of the oxide, and L is the length of the
channel. It will be apparent that the current is zero if

“/_s = VO + Vl - VT (4.3.4)

It therefore follows from Eqs. (4.3.2) and (4.3.4) that there is no charge on
the source initially, and no charge flows from source to drain if the clock voltage
is such that

v, = 1’21 (4.3.5)

We now consider what occurs when charge is inserted at the input of this
FET, and we keep V, = V;/2. The charge on a source whose voltage is V| is

Q=-CVo—-V,—-Vy (4.3.6)
= -C(Vo+V, - Vr=V)

where C is the capacity between the gate and the source. It follows that the current
flowing from source to drain is

—dQ

I'= dt

(4.3.7)
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Equations (4.3.3), (4.3.6), and (4.3.7) yield the following relation for Q:

a9 _ -B@?
— = (4.3.8)

This expression can be integrated to obtain the following formula for the charge
as a function of time:

_ Oo
Q= 1+ BO.IC (4.3.9)
Thus at a time T = 1/2f,, the charge remaining on the source is
-1
BQo
o(r) = Qo(l + 27.C (4.3.10)

where Q, is the initial charge on the source.

We assume that (BQ,/2f.C?) >> 1 [1e., O(7) << Q). Thus most of the
charge is transferred from source to drain in time 7. Using a Taylor expansion in
the parameter 2f.C?/BQ,, it follows that

2£.C? 2r.c?\ "’
O(r) = L= <1 + )
B B/ (4.3.11)
_ye (f_Qf) 1
B B/ Qo

Remember that Q(7) is the charge left behind on the source. The first term is a
constant charge that depends on the frequency (i.e., the average charge left behind
because a finite time is used for transfer of charge). The second term is dependent
on the initial charge on the source Q,.

Note that if we use a different clock voltage, V, > V;/2, the charge transferred
along the system will still be given by Eq. (4.3.9). The only difference will be
that the source will assume an average dc level corresponding to a nontransferable
charge QOp, for which the current in the channel is zero, and V; is given by Eq.
(4.3.4).

We consider the results of Eq. (4.3.11). When we take representative values
of 8 = 10-34/V2, Q, = 1pC, C = 0.5 pF, and f, = 1 MHz, the remaining charge
QO(s) will be approximately 0.05 pC; this is mainly due to the first term. Thus 5%
of the charge remains. On the other hand, with O, = 2.5 pC and Q(7) = 0.05
pC, as before, only 2% of the charge remains because there is an approximate
linear relation between Q(7) and f.. Thus after 20 transitions, 36% of the charge
would be transmitted in the first case and 67% in the second, and the BBD would
not be useful.

The basic problem is that the source charge cannot easily be reduced to zero;
this would take a very long time. Instead, it is better to work with what is called
a “fat zero.” Suppose that we do not require the charge to be reduced to zero,
and consider instead what occurs if we work with a finite minimum level of charge.
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If the injected charge is Q,, the corresponding remaining charge will be

2f.C? 4(f€C2) 1

0y(7) = 8 5 ) O (4.3.12)
If the injected charge is changed t
2f.C? (fcc'Z)2 1
= —4 S
O,(7) 8 5 ) 0. (4.3.13)

If we regard the charge O, as the minimum charge, the dc level, or the fat zero,
we now need only consider AQ = 0,(t) — 0O,(7) as the remaining difference
charge. Thus our criteria for efficiency will now be based on a parameter ¢, defined
by the relation

e = 0,(t) = O:(1)

4.3.14
) 4319
We wish to have € as small as possible. We see that
ch2)< 1 1 )
T) — T =4 = - = 4.3.15
Q2(1) — Ou(7) (B 0. o ( )
Hence
- 4<ch2\2 1 (l _ i)
o O (4.3.16)
=4
( B/ 0.0,
Originally, a similar criterion was
2f.C?
g = —— 4.3.17
g QOB ( )

Now, with the use of a fat zero, ¢ ~ €3. For example, with O, = 2.5pC, @, =
1 pC, and the same parameters as before, € = 0.094%, where ¢, = 5% and 2%,
for Qo = 1pCand 2.5 pC, respectively. Thus the difference charge passed through
the register is 0.99906 of the difference charge entering it, and the signal is trans-
mitted faithfully. After N transfers, the signal charge transferred through the
system will be

(AQ)y = AQ(1 — e)¥ = AQe~Me (4.3.18)

Thus AQ has dropped to 98% of its original value after 20 transfers. Note, how-
ever, that € now varies as f2. Thus if we increase the frequency to 2 MHz, ¢ =
0.37%, we can only allow five transfers for a 2% degradation. We can make
further improvements by using shaped clock waveforms and far shorter gates.

In real BBD devices, the configuration is somewhat more complicated, as
shown in Fig. 4.3.2. In the device shown in Fig. 4.3.2(a), the input signal usually
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Figure 4.3.2 BBD structure used by Reticon: (a) input circuit; (b) method of
tapping. (From Reticon Corporation [24].)

consists of a band-limited analog signal which varies around a dc bias level. This
automatically introduces a fat zero and gives better incremental transfer efficiency.
A further change in the configuration in Fig. 4.3.2(a) can be made by using tetrode
rather than triode type FETs (i.e., intermediate FETs with fixed voltages on the
gates). This isolates the drain capacitor from the source capacitor, eliminating
the Miller effect (i.e., the feedback between output and input).

As we shall see, the CCD may be simpler to make in principle but a great
deal more difficult in practice. In certain forms, however, it does lend itself to
higher-speed operation. BBD devices have an advantage over CCDs because they
are easily employed for making externally tapped devices. The configuration used
by Reticon in their tapped device is shown in Fig. 4.3.2(b). The output is taken
from a pair of balanced source followers at the tap, giving an output that is the
difference between the charges on two neighboring registers (i.e., between the
source and the drain). Thus the fat zero is removed from the output on these
taps. This means it is possible to construct a tapped delay line with individual
taps that have adjustable weights. Typical tapped delay lines have 32 or more
taps.

_ A similar system can be constructed in the BBD configuration to give an
input, instead of an output, at each tap, so that the output can be taken out of the
delay line with parallel inputs. This configuration was used by Reticon and is
shown in Fig. 4.3.3. In this device, two parallel BBD lines are used to provide
isolation between adjacent even and odd inputs. In both delay lines, each signal
sample is isolated on either side by a reference sample. The two parallel bucket
brigade delay lines are driven from two-phase complementary clocks. The delay
line receives the input signal charges in parallel, from corresponding even or odd
input storage capacitors that have previously stored samples of the input signal.
These new input signal charges are transferred into the bucket brigade capacitor
storage sites under alternate V; and V, gates. The even-numbered input taps
transfer signal samples to nodes under alternate even-numbered V', gates of the
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Figured4.3.3 Equivalent circuit of Reticon tapped BBD. (From Reticon Corporation [27].)

even bucket brigade, while the odd-numbered taps transfer this sample to nodes
of the odd-numbered gates of the odd bucket brigade.

The sampling to odd and even stages permits the outputs of the two bucket
brigades to be multiplexed (i.e., switched alternately into a single channel) and
yields a serial stream of pulses at the output. The combined signal channel output
appears at two successive storage sites. It has the advantage of giving a balanced
output, and multiplexing makes it possible to use fewer stages in a series for a
given number of registers. This implies that the clock frequency can be reduced
by a factor of 2, so that the requirements of high-frequency operation are reduced
by such multiplexing schemes. Thus the multiplexing arrangement is useful not
only for tapped systems, but for any system where high-frequency operation is a
problem.

4.3.3 Charge-Coupled Devices

The CCD is even simpler in concept than the BBD. The essence of its operation
is to store minority carriers in a spatially defined depletion region (defined by the
clock potentials) at the surface of a semiconductor, and to move this charge about
by moving the potential well in which the charges are stored. The charge can be
injected at one end of the device, moved along it, and detected at the output.
Alternatively, charge can be injected electrically through taps at points along the
device, or by incident light, which generates charge. This makes it possible to
construct a camera that can detect one line of an image and then read out the
information sequentially from the output of the storage device [4, S, 28].

To understand the storage mechanism, let us first consider a single metal
insulator semiconductor (MIS) structure on an p-type semiconductor. We could,
for instance, consider one element of a system like that shown in Fig. 4.3.4, in
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Figure 4.3.4 Cutaway of a CCD in the
storage condition. The dashed line
p-TYPE SILICON represents both the edge of the deple-
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tion. Voltages are typical. (From Se-
quin and Tompsett [5].)
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which the center electrode is kept at a potential more positive than that of the two
surrounding electrodes, thus forming a potential well. Normally, in thermal equi-
librium, an inversion layer or surface charge of electrons is generated and forms
just under the silicon dioxide. Such a layer may take seconds to form. Under
nonequilibrium conditions, when there is no charge present in this inversion layer,
the surface is depleted of minority charge, a potential well that is available to accept
electrons. If we now suppose that charge (in this case, electrons) is introduced
into the depletion region, the presence of electrons will cause the surface to assume
a more negative potential and the depletion layer will reduce in width. At a time
7 = o after thermal equilibrium has been reached by generating electrons from
surface taps, the interference potential reaches its equilibrium value. Any further
introduction of electrons, which will make the interface potential still more neg-
ative, will eventually lead to injection of electrons into the bulk; in other words,
we cannot store more charges than would possibly be formed in the inversion layer
in thermal equilibrium.

We now consider the three-phase charge-coupled device shown in Figs. 4.3.4,
4.3.5, and 4.3.6. In this type of device, every third electrode is connected to a
common conductor. Each of these common conductors is a separate clock line
and forms a three-phase clocking system. Initially, a voltage V, is applied to
electrodes 1, 4, 7, and so on, and a voltage V,, |V,| > |V,| is applied to the other
electrodes. The semiconductor is held at zero potential.

V,=5V V,=10V V=15V

p-TYPE SILICON

Figure 4.3.5 Cutaway of a CCD in the
transfer condition. (From Sequin and
Tompsett [5].)

M
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(b)

(c)

It is assumed that |V,| > |V;{, where V1 is the threshold voltage for inversion
under thermal equilibrium conditions. Under conditions shown in Figs. 4.3.4 and
4.3.6(a), and those that we have described, charge can be stored in the potential
well so that electrons which have been introduced into this region will be stored
at the oxide interface. We now suppose that a voltage V is applied to electrodes
2, 5, 8, and so on. As shown in Figs. 4.3.5 and 4.3.6(b), V5 > V,. The charge
will now transfer from electrode 1 to the potential minimum under electrode 2,
and so on. The voltages are changed to those shown in Fig. 4.3.6(c). Charge is
stored under electrodes 2, 5, 8, and so on, and the process is repeated once more
to transfer charge along the system.

In this discussion, it is of course assumed that charge is transferred along the
system in times much shorter than the storage time or generation time 7,, where
1, = QI is the time for generation of the charge Q by the thermally generated
current I, in the depletion layer and the surface states. In carefully constructed
devices with high-quality bulk material and a small number of surface states, such
times can be of the order of several seconds, for the main source of generated
current is due to surface states.

So far, we have discussed devices with a three-phase clock. The disadvan-
tages of such a system are apparent. For one thing, the minimum clock frequency
must be three times the maximum frequency of the signal passed through the device,
which puts more stringent criteria on the storage time in the device and the highest
frequencies used. When the devices were first developed, another difficulty re-
sulted from bringing three clock lines to the electrodes: one of the clock lines had
to cross over another, which meant that a more complicated multiple-layer tech-
nology was needed. However, this technology is now routinely accomplished.

The problem with a two-phase system is that when the system is symmetrical,
charge can pass equally well in either direction. Therefore, if a two-phase system
is used, an asymmetry must be built into it. One method of doing this is illustrated
in Fig. 4.3.7. Here, by depositing the electrodes on top of layers of silicon dioxide
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Faphpuher —— eginiend] tration of its operation.
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with appropriate windows, an asymmetry is built into the electrodes themselves,
and a two-phase system moves carriers to the right. Other techniques involve ion
implantation at one end of the electrode, so as to produce a built-in surface charge
and to provide a bias that is built in at one end of the electrode. All in all, the
two-phase system still tends to be as complex to manufacture as three-phase sys-
tems.

The signal carriers basically move between electrodes by diffusion, somewhat
aided by their own space-charge fields and the fields between the electrodes, as
discussed in Appendix J. If there were a large gap between the electrodes, the
transfer would be increased. Thus it is often convenient to overlap the electrodes,
as shown in Fig. 4.3.7, and so introduce transverse field components. Such a
system is the natural one for a two-phase clock.

The charge transfer rate is determined by the mobility of the carriers; the
higher the mobility, the better. For this reason it is preferable to use n-type
carriers. Sometimes we can remove electrons from the surface region by trapping
them in a potential maximum at a buried p-type layer formed by ion implantation;
this is called a buried channel. This makes it far easier to provide a large transverse
component of field for high charge-transfer rates. A further development is to
use a material such as gallium arsenide, where the mobility of the electrons is of
an order of magnitude greater than for silicon. This means that a buried channel
must be used, together with so-called Schottky gates, to eliminate problems with
surface states in gallium arsenide. However, this method has resulted in CCDs
capable of handling signal frequencies of several hundred megahertz [29].

In all cases, the transfer efficiency is never perfect, so the fat zero concept
applies equally well to CCD and BBD operation. A short discussion of the math-
ematical theory of operation of these devices is given in Appendix I. The detailed
theory tends to be more complicated than that of the BBD and is outside the scope
of this book.

A tapped CCD delay line can be implemented by taking advantage of the
fact that when charge passes under an electrode, it induces an equal and opposite
charge in the electrode. Thus by reducing the current flowing into the clock lines,
and integrating it, the charge on a possible electrode can be determined. A
technique is also needed for implementing a weighted transversal filter in which
the weights can be positive or negative.

The technique employed is known as the split-electrode method. In one
phase, the electrodes are split into two sections of different length, as shown in
Fig. 4.3.8, with a schematic of the circuit used shown in Fig. 4.3.9. Two clock
lines are employed instead of the V; clock line. These are supplied through the
capacitors C;” and C; . Transistors T; and T, are used to discharge the clock lines
after the clock is turned off. We shall call these the V5 and V3 clock lines. These
clock lines are individually connected to each side of a differential current inte-
grator, so that if the strips on each side are of equal length, the output from the

CLOCK LINES
Yl
! |
L 1L 1 eecraone Figure 4.3.7 Two-phase CCD structure.
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for implementing weighting coefficients (DCI) output amplifier. (From Buss et al. [4].)
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differential current integrator will be zero when the charge passes underneath a
particular strip. Now suppose that the total length of a strip is w, and the individual
parts of a strip are of lengths w, and w,, such that w;, + w, = w. The total output
from the integrator would then be proportional to w;, — w,, and both positive and
negative weightings could be easily obtained.

By using a sample-and-hold circuit in the output (essentially, a capacitor
connected through the FET switches T'; and T, to the output circuit only when a
signal is present), we can differentiate against higher-frequency clock noise, and
the device will act faithfully as a transversal filter in exactly the manner already
described for the SAW delay line. The charge induced on the individual electrodes
is proportional to the weighting and is obtained at a time corresponding to the time
delay through the delay line. The system may thus be used to obtain the con-
volution of the input signal with the weighting of the CCD. The design problem
is exactly like that of SAW devices, except that the device is now operated at
baseband. It follows that the device lends itself well to the design of a wide range
of digital and analog transversal filters.

This method differs in one respect from the SAW delay line—it is not nor-
mally convenient to vary the distance between electrodes. Because of this, these
devices are usually operated with a fixed spacing between electrodes, and the signals
are sampled at these fixed points. We shall discuss the difference presented by
this design problem later, when we discuss the chirp z transform implementation
in both CCD and SAW delay lines.

It is apparent, however, that it is possible to construct low-frequency CCD
and BBD equivalents of SAW delay lines for use as digital filters and bandpass
filters, as described above. Figure 4.3.10 shows an example of a bandpass filter
using the (sin x)/x response already described for SAW delay lines. Figure 4.3.10(a)
shows the pattern cut into the electrodes, while Fig. 4.3.10(b) shows the time
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response of the clock delay line. Note that the frequency response of the filter in
Fig. 4.3.10(c) is of excellent quality.

4.3.4 Effect of Imperfect Charge-Transfer Efficiency
When charge is transferred through a CCD or BBD delay line, a fraction ¢ of the

charge is left behind after each clock pulse. Consequently, we might expect that
after transfer through N stages, the output amplitude will be diminished from that
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of an ideal delay line. In addition, because charge from earlier transfers is still
present in the registers, weak interfering signals will be present and will cause phase
distortion of the input signal. The fractional losses of commercial CCDs and BBDs
in their operating frequency ranges are usually of the order of ¢ ~ 107¢, and at
worst, ¢ ~ 1073, Although such fractional losses appear to be small, with a large
number of registers with transfers of as many as N = 1000, even a small loss per
stage can be vitally important. Examples of typical transfer efficiencies of Reticon
commercial devices as a function of frequency are shown in Fig. 4.3.11.

In this section we derive an expression for the response of a charge-transfer
device, assuming that € is invariant with the frequency of the signal being trans-
ferred, although it will normally be a function of the transfer time (i.e., the clock
period T, = 1/f., where f, is the clock frequency). We consider the properties of
a device N registers long.

We consider the amplitude of a signal of the form exp (jwt). We call the
time at which charge is injected into the input of the CTD, ¢'. After passing
through N perfect registers, the signal at time ¢ = ¢ + NT_ is still exactly exp
(jwt'), or exp [jw(t — NT_)]. Thus the original signal input is reproduced at the
output, and is of the form

Hy(w) = e ioNTe (4.3.19)

We note that with sample time T, apart, there is aliasing; that is, the response at
frequency w is the same as it is at frequency w + 2ma/T,, where m is an integer.
It is convenient to use a notation suitable for such sampled systems; as we shall
see, this will simplify the algebra considerably. Adopting the z transform notation,
we write [4, 32, 33]

z = eloTe (4.3.20)

Here we have essentially expressed the frequency w in terms of z. Thus for a
perfect system, in the z-transform notation,

Hy(z) = z7V (4.3.21)

In this notation, the ideal response after a delay T, (one register) is 1/z, and through
N registers, z~V.
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0.01 0.1 1.0 10 ciency versus clock frequency. (After
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Consider now the transfer function of the nonideal charge-transfer device.
Suppose that the voltage at the kth register at a sampling time nT_is v,(nT.). This
voltage consists of a term due to the incomplete transfer of charge from the previous
register of the form (1 — €)v,_,[(n — 1)T], and the charge remaining in the
register from the previous transfer is ev[(n — 1)T.]. Thus we may now write

v(nT) = (1 = e)ve1[(n — DT] + ev[(n — 1)T] (4.3.22)

Assuming that all quantities vary with time as exp (jwt), we could write that at a
time ¢t = nT,, a signal component of frequency w at the kth register would be of
the form V,(w) exp (jonT,). It follows that Eq. (4.3.22) can be written in the
form

Vi(w)errTe = (1 = g)V,_ (w)e/n~DTe 4 gV, (w)e/o(r—1T- (4.3.23)
or
z2Vi(z) = (1 — &)V,_1(2)z2" 7! + eV, (2)z"? (4.3.24)
Equation (4.3.24) reduces to the expression
ZVi(z) = (1 — &)Vi_1(2) + eVi(2) (4.3.25)
It follows from Eq. (4.3.25) that

1-¢)\l
Vi(2) = (1 - e,z); Vear(2) (43.26)
Thus the response of the line after the signal has passed through N registers is
Hy(z) = (=25 Nz-N (4.3.27)
MY 7\ - ez o

We can simplify Eq. (4.3.27) by using the relation In (1 + a)¥ = Na when a <<
1, so that (1 + a)¥ = exp (Na). Assuming that ¢ << 1, Eq. (4.3.27) can be
written in the form

Hy(z) = e~ Ne-Vn)z—N (4.3.28)
or

Hy(w) = e~ NeQ—e /g —joNTe (4.3.29)
In turn, we can write Hy(w) in terms of its amplitude and phase variations:

Hy(0) = Apw)e /v (4.3.30)

where

An(w) = e~ Ne(l-coseTo) (4.3.31)
and

on(w) = N(e sin T, + oT,) (4.3.32)
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It is convenient to write T, = 2nuf/f, and then to plot Eq. (4.3.30) in the
form shown in Fig. 4.3.12. In order to satisfy the sampling theory, the clock
frequency must be at least f. = 2f. But these results imply that the amplitude loss
is maximum at this frequency. Thus it is usually wiser to operate a charge-transfer
device with a clock frequency considerably larger than the maximum signal fre-
quency.

It is also of interest to determine the time response or impulse response of
the system after N transfers. We do this by calculating the time response from
the inverse Fourier transform of the frequency response, and write

hn(f) = % j_x e Hy (0) dw (4.3.33)

Although it is difficult to evaluate Eq. (4.3.33) exactly, it is convenient to expand
it in a series form as an expansion in powers of 1/z. Thus, using Eq. (4.3.27), we
write

Hy(z) = e~NeQ-u2:-N (4.3.34)

2 n
=Z—Ne—Nsl+N.E+l.]y_e +...+.1.H_E. 4+ e
z 2\ z n\ z

By writing z* = exp (jwnT,) and substituting Eq. (4.3.34) in Eq. (4.3.33), it follows
that the output can be written in the form

hy(®) = e Ve {8(t — NT,) + N(—:Sv[t - N+1D)T]-1} (4.3.35)

where 8(¢r — nT,) is a & function, the inverse transform of exp (jwnT,.). Thus we
might expect a series of output pulses reduced in amplitude from the expected
pulse at the time ¢t = NT,. More exactly, we could have used the formula of Eq.
(4.3.27) and expanded it to obtain an nth term in the form (1 — &)Venz-NV+n
(N + n)/n!N!. The corresponding expansion for the time response is similar to
that of Eq. (4.3.35), and is plotted in normalized form in Fig. 4.3.13 for an input
function consisting of a short pulse. As we might expect, when Ne is small, the
initial response will be very close to that of a single pulse, but followed by a weak
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Figure 4.3.13 Impulse response of an N-stage CTD delay line having loss per
stage €. The output given by using Eq. (4.3.27) to obtain a more exact form of
Eq. (4.3.35) is plotted for various values of Ne. (After Buss et al. [4].)

second pulse reduced in amplitude by Ne. As Ne is increased so that Ne — 1,
the initial pulse may be weaker than the later pulses coming out of the device, and
the signal is radically distorted (see Prob. 2).

4.3.5 Single Transfer Devices (Switched Capacitors)

One way to eliminate the difficulty caused by loss of charge in CTD devices when
the charge passes through a very large number of registers is to employ M delay
lines, each with N registers, and to inject the signal in turn into each delay line by
multiplexing. Thus the system can be made to behave like a CTD with NM
registers, with the corresponding loss through only the N registers.

An extreme example of this uses only one register, injects a signal into this
register, and stores it, taking it out when needed. Such devices are known as
single transfer devices (STDs). STDs essentially integrate sets of multiplexed sam-
ple-and-holds. Each successive sample is stored in a separate, discrete memory
cell, where it stays until read out, as illustrated in the simplified diagram of Fig.
4.3.14. It is now only necessary to use digital shift registers to switch from one
sample-and-hold to the next, as illustrated in Fig. 4.3.15. In the device illustrated,
which is manufactured by Reticon, the input signal is read into a series of sample-
and-hold capacitors, by means of FET switches controlled from the read-in shift
register. The signal can then be read out in turn from the capacitors by means of
the read-out shift register. This technique allows us to construct a simple delay
line in which the clock rate of the output signal may be different from the input
signal. Thus the device lends itself to time-base modification or correction of
analog signals.

Devices of this kind are useful in the audio—video range and provide simple
and inexpensive analog memory delays. Because of the single transfer, they do
not have the same problem of transfer inefficiency as the CTDs, but they do have
performance limitations associated with clocking noise and fixed pattern noise; that
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is, there is a fixed pattern in the variation of the output signal when the memory
cells or switches are not uniform, which implies some limitation on the dynamic
range of the device.

The problem of clock noise can be radically decreased by using balanced
circuits for readout. As an example, consider the self-scanning photodiode array
system, developed by Reticon and illustrated in Fig. 4.3.16. In this device, the
sample-and-hold diode is photosensitive, so that when it is illumunated with light,
charge is generated within it; thus the potential across the diode is altered by the
illumination during the given integration time. The charge read into a diode can
then be read out by switching the output line to the diode.

In a manner similar to the CCDs and BBDs already discussed, both odd and
even shift registers can be employed to lower the clock frequency. A further
addition 1is to use a set of dummy photodiodes which are not exposed to light.
Each photosensitive photodiode has a corresponding dummy diode, and the outputs
from the two diodes are read out at the same time into opposite sides of a balanced
circuit. The output obtained from the balanced circuit is therefore the difference
in the charge on the two diodes and is proportional to the illumination. However,
as the same clock pulses are used for both diodes, the clock output is eliminated,
or at least differentiated against.

Note that a similar balanced system can be used with tapped BBD or CCD
delay lines. Now, however, the charge is read from the diode into a tap on a CCD
or BBD delay line and the output is read out serially through the delay line, rather

V; IN>—
vz IN>—— READ IN SHIFT Sg REGISTER
START IN >——
SIGNAL IN >
T [ 63 |64
COMMON "}T l]:[ » P: T
SIGNAL OUT —it
v, OUT: Figure 4.3.15 Simple equivalent circuit

Vv, OUT >—— READ OUT SH;FT]Z REGISTER of the Reticon SAM-64. (From Reticon
START OUT >—— Corporation [24].)
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Figure 4.3.16 Equivalent circuit of Re-
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(From Reticon Corporation [28].)

than in the manner shown for the STD device. Such a system lends itself better
to a two-dimensional configuration, although combinations of both systems are
sometimes used in two-dimensional imaging devices.

PROBLEM SET 4.3

. A unit step function u(¢) = 0, t < 0; u(f) = 1,t = 0 is injected into an imperfect charge

transfer delay line. Assuming ¢ is small use Eq.(4.3.34) to find the form of the output

signal from the Nth register. Carry out the problems in two parts

(a) With a short pulse input find the output, as in the text. Plot the output for a short
pulse and Ne = 2.5 for the three cycles before and after the largest pulse. Note
that the largest pulse is not the first output pulse.

(b) Plot the amplitudes for the step function input fort = (N — 1)T_ tot = (N + 8)T.
with Ne = 0.01, 2.5. You can do this problem by convolution.

. Derive the result of Fig. 4.3.13 for Ne = 2.5 by using an expansion of Eq. (4.3.27)

without the approximation of Eq. (4.3.28) [see the discussion after Eq. (4.3.35)].

. Compare the use of one CTD, N registers long, operating at a clock frequency f, and

signal frequency f, with the use of two mulsiplexed CTDs, N/2 registers long, operating
at a clock frequency of f./2. The signal of frequency f is switched alternately from one
CTD to the other on every half-cycle of the signal, and the output signals are added.
Determine the amplitude and phase response of the second system, and compare its
performance with that of the first system when Ne = 0.1. Plot your results as in Fig.
4.3.12.

. Consider the use of a sample-and-hold circuit to eliminate clock signals and aliasing in

the output waveform. Suppose that a signal f(¢) is sampled at times ¢ — nT_ and injected
in a sample-and-hold circuit. Between the times ¢ = nT.and t = (u + 1)T,, the sample-
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http:Eq.(4.3.34

and-hold circuit maintains the output at a constant level f(nT,). So we can write the
sampled signal in the form

70 = Zﬂnmn(‘ m T"Z)

c

where

)1 0<|x]<0.5
) = {0 | > 0.5
When the input signal is f(f) = exp (jwt), find the amplitudes of the frequency components
w + 2am/T, as a function of w7,. How much are the m = 1 and m = 2 components
reduced from that of the m = 0 component when fT. = 0.5, 0.25, and 0.1, where f =
w/27?

One way to carry out the analysis is to regard the output as of the form

@) = el 2 A, ey

and to find the amplitude of the mth harmonic component. Another way to solve the
problem is to carry out the Fourier transform directly.

5. The outputs from an array of sonar receivers used to detect submarines are inserted into
a tapped BBD delay line, as shown. Suppose that the signal frequency is f and the clock
frequency, f.. For simplicity, regard the taps as connected to neighboring registers.
Assume that the parallel rays coming from a distant source travel at an angle 6 to the
normal to the plane of the array. Let there be N elements in the array spaced a distance
L apart, and let the wave velocity in the medium be c.

(a) Find how the output varies as a function of the angle 6 and frequency f. when there
are N transducers.

(b) Show how to choose f, (f. # 0) to be such that the signal from this electronically
steerable array is maximum at 8 = 0. What are the possible values of f. for L = 1
m, c = 1.5 km/s, and f = 300 Hz, for 6 = 0 and 6 = 10°?

4.4 MATCHED FILTERS
4.4.1 Introduction

SAW devices and charge-transfer devices can be designed as filters for a particular
passband, as already described. We have seen that they can also be designed (by
changing the spacing between the taps in addition to the polarity of the taps) as
transversal filters, which can respond to or generate a particular digital code. The
merit of such devices is that they are particularly simple in form, and so can be
made by the standard photolithographic integrated-circuit technology.

Another broad application of SAW devices is to recognize analog codes rather
than digital codes. A good example of such an analog code is the so-called linear
FM chirp, a signal of constant amplitude with a frequency that varies linearly with
time. The reason we are interested in the use of FM chirps and other analog codes
is best illustrated by the example of radar, for which this kind of coding was initially
developed. As we shall see later, there are also other broad applications of FM
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chirps, the prime example being the chirp z transform, a method of obtaining a
fast Fourier transform.

The initial form of radar consists of a transmitter emitting a short pulse, which
is then reflected from an object and detected at the receiver. The range of the
object is determined by measuring the transit time of the pulse to the object and
back. Forgood range resolution, we must obviously use as short a pulse as possible;
for the best signal-to-noise ratio, we must use as high a peak power as possible.
Thus the necessity for a transmitter with a very large peak power can limit the
system.

The development of radar techniques was stimulated by an important mon-
ograph by Woodward [34], which proved that it is not necessary to work with high
peak powers. Instead, we can use complex waveforms with much less peak power
and longer time duration. A linear filter that maximizes the return signal-to-noise
power ratio is called a matched filter. For noise with a uniform frequency spectrum,
the matched filter has a time response that is the time reverse of the input signal.
The output signal is a narrow pulse that is the autocorrelation of the input signal.
The maximum peak power output from such a matched filter, and hence the
sensitivity and signal-to-noise ratio of the radar, is determined by the total energy
in the input signal [1, 34-36].

The range accuracy of a radar is inversely proportional to the bandwidth,
while the Doppler shift velocity accuracy is inversely proportional to the time length
of the signal. In both cases, the accuracy improves with signal-to-noise ratio.
Therefore, another important advantage of a matched filter is that it yields the
optimum range and velocity accuracy; this accuracy depends on the total energy
in the input signal.

The choice of input signal waveform and an appropriately matched filter is
an extremely important parameter to be chosen by the radar designer. On one
hand, a large bandwidth provides good range resolution; on the other, a large
signal length provides good frequency resolution. As we shall see in Sec. 4.4.5,
a Gaussian pulse is therefore the worst possible choice, for it makes the product
of these two resolutions minimum.

The key to obtaining optimum performance is to use a signal with as large a
time—bandwidth product as possible. An important advantage of a system using
a matched filter is that it has a built-in preference for its own signals rather than
for other, competing signals. Thus the use of a matched filter gives optimum
performance in the presence of coherent interference as well as random noise.

Other filter functions are also possible. For instance, if the signal-to-noise
ratio is high, the criterion may be to obtain as narrow a pulse as possible, and
hence the best range definition. The ideal filter for this purpose is known as an
inverse filter or equalizer. Its basic purpose is to compensate for any distortions
in the signal from the ideal delta function (& function) response [36].

As the ideal inverse filter requires infinite bandwidth, a practical system must
be designed on the basis of different criteria. One possible criterion is to design
a filter that gives an output signal with the best mean-square fit to a desired signal
(this may be a d-function pulse, i.e., an infinitesimally narrow pulse) over a given
time range or frequency range. Such a filter is known as a Wiener filter [36).
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In this section we derive the theoretical properties of the matched filter. We
then give examples of how such properties are realized in practice with analog
tranversal filters. In Sec. 4.8 we follow the same procedures forinverse and Wiener
filters.

4.4.2 Matched Filter Theory

The maximum peak signal-to-noise ratio for a given input signal in the presence
of random noise is obtained by the use of a matched filter, that is, one for which
the time response of the filter is the time-reversed version of the input signal. Here
we demonstrate this general property mathematically.

We consider a signal X(w) in the frequency domaii passed into a filter with
a response H(w). The output from the device will be

Y(0) = X(0)H(w) (4.4.1)

We may define the following Fourier transform pairs for an input signal x(#) using
a notation similar to Bracewell’s [32]:

X(w) = F[x()] = J’:: x(t)e = dt

[ st a
-= (4.4.2)

() = F1[X(0)] = ziw f: X(w)e' dw

- [7 xcpern af

with similar relations for the output signal y(f). We shall define the transforms in
terms of the radian frequency w = 2=f, and write, for example,

Y©) = $y0] = [ _yem

1 (7 .
y@©) = ¥ [Y(w)] = EI Y(w)e™ do (4.4.3)
For a causal system, with a signal x(7) and filter response h(t) starting at a

time ¢ = 0, the response of the system in the time domain, equivalent to Eq.
(4.4.1), is given by the convolution integral

y(@) = x(¢) = h(t) = fo’ x(7)h(t — 7) dt

= fox(t — 1)h(7) d=v (4.4.4)
where h(¢) is the response of the filter to an impulse &(¢). The upper limit of the
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integrals is £ so that x(+ — 7) = O and A(r — 7) if ¢t — 7 < 0. We define the signal-
to-noise ratio of the output from the filter as

S  peak instantaneous output signal power

N output noise power

Our objective will be to determine the optimum form of A(t) or H(w), which yields
the maximum value of S/N.

Let us suppose that the signal output is maximum at the time t = T,, where
T, is the delay time through the filter. At this time

1 (- .
AT = o | XH@er™ do (4.45)
It follows from Eq. (4.4.4) that we could equally well write

T,) = i h(T, — 1) dt
T = [ *@n(T, - was

= L i x()A(T,; — 1) dr

The real instantaneous output power into a 1-{} load is
S = y%(2) (4.4.7)

Suppose that the amplitude of the noise input to the filter between the frequencies
fand f + dfis Xy(f) df. Then the noise output from the filter at frequency f is

Yn(f) = Xn(N)H(S) (4.4.8)

The total normalized mean-square noise power o2 at the filter output is the ex-
pectation value of the total noise output power, or

o = dl YA df) = (f_: | Xn(FYH(F)I? df) (4.4.9)

where X, (f) is defined for both positive and negative frequencies. Since the noise
is assumed to be uncorrelated, or random, we can write

1 (= 2qr= | 2
o = 2 [ NoEOE df = || NHIEOE af (4.4.10)

1 B 2
@ = o= | N H)P do

where Ny(f) = Ng(—f) is the noise power spectral density in W/Hz, defined for
positive frequencies. It follows that

1 No(f) = (XMHP (4.4.11)

We observe that Ny(f) has the dimensions of energy, the product of power and
time. As an example for Gaussian noise from a blackbody at temperature T,
No(f) = kT, where k is Boltzmann’s constant. It is usually assumed that filters
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have equal responses at positive and negative frequencies. It also follows from
Parseval’s theorem that when Ny(f) = N, is constant,

= % j: R3(¢) dt (4.4.12)

Our aim is to maximize y*(T,)/c?>. From now on we shall assume that Ny(f) =
N, = constant (see Prob. 1 for a more general relation), and write

f:’ (T, — Yh(x) dr
- _ (4.4.13)
iN, L h%(t) dt

Zlw

We have taken the upper limit of the integral in the numerator as 7, in order
tomake x(T;, — 7) = 0if T, — 7 < 0. It follows from Schwarz’s inequalityt that
if x(¢) and h(¢) are real, then

Ta

Ta
fo x3(T; — 1) dt . h?(t) dt

= - (4.4.14)
iN, fo h2(t) dt

Z|n

The maximum value of S/N is given when the right-hand side of Eq. (4.4.14) is
equal to the right-hand side of Eq. (4.4.13). Therefore, the maximum value of
S/N is obtained at a time T if

h(t) = ax(T; — 1) 1< T,

(4.4.15)

where a is a constant. Eqs. (4.4.13) and (4.4.14) become identical and the upper
limit of the integral in the denominator is 7.

The filter given by Eq. (4.4.15) is known as a matched filter. Its response is
a time-delayed version of the time-reversed signal, and the output is the autocor-
relation function of the signal to which it is matched [Eq. (4.4.19)]. Equations
(4.4.13) and (4.4.14) show that the matched filter gives a maximum signal-to-noise
ratio of

' i (T, — 1) dp) f Td-xz(t) dt
S o 0
() - _ a0

No/2 T N2

1tOne form of Schwarz’s inequality is
f f(x)g(x) ax* < [ |f(x)P dx [ |g(x)|* dx

The left- and right-hand sides of this equation are equal only if |g(x)] = aff(x)|, where a is a constant.
[1f f(x) and g(x) are real, the modulus symbols may be omitted.]
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We conclude that as the numerator in Eq. (4.4.16) is the total energy in the
signal, the maximum signal-to-noise ratio of a signal, after passing through a matched
filter, is determined only by its total energy E, not by the detailed structure of the
signal. Thus we can write

S 2E
(ﬁ)max =N (4.4.17)

where for a signal of length T, it follows from Rayleigh’s theorem that the energy
in the waveform is

E = fo x2(t) dt = j: 1X2(f)| df (4.4.18)

In practice, as the numerator of Eq. (4.4.16) must have the maximum possible
value, the time T, should be chosen to equal the length of the pulse 7. This also
implies that the delay time through the filter must be the length of the pulse for
optimum signal-to-noise ratio. An infinitely long signal would ideally need an
infinitely long delay line as a matched filter. In all cases, if the length of the signal
is of a finite length T, the delay line must have a delay time 7, = T, in order to
obtain the convolution of the signal within the time response of the delay line.
When the tranversal filter is longer than necessary for a matched filter, it picks up
more noise than the minimum possible value, and its response is decreased. We
have already seen examples of devices using such principles in Sec. 4.2, where we
discussed FM chirp filters and time-delay filters.

The response of a matched filter, with a delay time T to a pulse of length T,
is the autocorrelation function of x(f). We can write that the output from a matched
filter is

4
y@) = L x(t)x(T — t + 1) dt (4.4.19)
The upper limit of the integral is determined by the condition that (¢t — 1) = 0
for 1 > t. The lower limit of the integral is determined by one of two conditions:
When ¢ < T, then x(17) = 0if 1 < 0; thus ¢, = O for¢t < T. Alternatively, when
T<t<2T,thenx(T —t+ 1) =0ifr<t—-T;thusty =t — TforT<t<
2T. Finally, if ¢t > 2T, then x(T — ¢t + 1) = 0 for T < ¢; thus the output is zero.

Example: Matched Filter for a Square Pulse

We can put this concept on a more physical basis by considering a square pulse of
length T, injected into a tapped delay line with a delay time 7, = T, as illustrated in
Fig. 4.4.1. We assume that there is a large number of closely spaced taps which
sample a small portion of the signal passing through the line. The output from these
taps is then summed. The line is a matched filter because its response to a & function
pulse is a square pulse of length 7. When the pulse is injected into the delay line,
the output builds linearly with time, as the signal from an increasing number of taps
is summed when the pulse reaches them. This increase in output signal continues
until a time ¢t = T. Suppose that z is the distance along the delay line, and the pulse
moves into the delay line with a velocity V. Then the output from the line is from
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apoint z = 0 to z = V¢, so the limits of the integral in Eq. (4.4.19) are at 0 and .
Beyond this point, the taps at the front end of the line are no longer excited by the
pulse of length T, and the output decreases linearly with time. Correspondingly, the
lower limit of the integral corresponds in time to the point z = V(¢ — T), where T
is the pulse length, or in Eq. (4.4.19),¢, = ¢ — T. Finally, after a time 2T, the pulse
has passed through the line and there is no output.

We note that if the tapped delay line has a longer delay T, than T, the output
will increase to its maximum value, stay constant for a time 7, — T, and then decrease
linearly with time to zero at a time T, + 7. As more taps are present, the noise
output will be larger. Furthermore, the unused taps will tend to place a load across
the output and decrease it.

If, on the other hand, the length of the pulse is T > T, the delay time through
the line, the output signal cannot increase to as large a value as it would if T, = T.
Thus, once more, the line is not the ideal matched filter.

Matched filter in the frequency domain. We could just as well have

carried out this derivation in the frequency domain, using Egs. (4.4.5) and (4.4.9).
It then follows that

2

1/(2m) f 1 X(w)H(w)eT do

= = (4.4.20)
(No/2) f.: |H(w)]? do

Zln
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By using Schwarz’s inequality, we find that

x 2 x x
f_ X(w)H(w)e’?¢ dw sJ’ XX do f_ HH* do (4.4.21)

where X*(w) is the complex conjugate of X(w). Thus S/N is maximum when
H(w) = aX*(w)e /T« (4.4.22)

where « is a constant. The matched filter has a frequency response that is the
complex conjugate of the signal, and an additional phase delay associated with its
length w7,. Note that a matched filter has an output in the frequency domain
Y(w) = oXX* exp ( —jwT,); the maximum signal-to-noise ratio obtained with such
a filter is

2| x(Hxe(f) of
<S) = f”‘ _ i (4.4.23)

N No " No
Thus the signal-to-noise ratio at the output of a matched filter is determined by
the total energy in the input signal.

4.4.3 Pulse Compression

Now let us consider how the signal-to-noise ratio is improved by using a matched
filter. We have shown, by a heuristic argument in Sec. 4.2, that if the input signal
consists of a code of equal amplitude, positive or negative tone bursts, or an analog
signal (such as an FM chirp of uniform peak amplitude), the output pulse will be
compressed and will have a higher peak value than any part of the input signal.
The improvement in signal-to-noise ratio is essentially determined by the time-
bandwidth product of the input signal.

We may use the formulas for a matched filter to prove this concept directly.
Suppose that the peak value of x(f) is x,,. If the detector is band-limited, the
input signal-to-noise ratio can be determined by taking H(f) = 1 over a bandwidth
B. From Eq. (4.4.10), with S(max) = x3%,, we get the result

S x3,
(N)i,. T NoB (429

It follows, however, from Eq. (4.4.16), that at the output of a matched correlation
filter, the signal-to-noise ratio is

(4.4.25)

<_S_) _ LT x(¢) dt

N No/2

The correlation gain G, or the improvement in signal-to-noise ratio due to the
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filter, is therefore

-

2B f 2(¢) dt

G = MNow _ o 0 (4.4.26)
(S/N)in X3 o

Thus it follows that the improvement in signal-to-noise ratio, obtained by using a

matched filter with a code of uniformly weighted tone bursts (x*(¢)) = x3,/2, is

G = BT (4.4.27)

Therefore, the ideal improvement in signal-to-noise ratio gained by using a
matched filter is equal to the time—bandwidth product of the signal. We note that
if the amplitude weighting of the signal over the time T is not uniform or the
frequency response of the filter is not uniform over the bandwidth of the system,
the improvement in maximum signal-to-noise ratio will be less than BT, the time-
bandwidth product of the signal.

4.4.4 Matched Filters for Complex Signals

Before proceeding further, it is worthwhile considering how a correlation filter
processes a complex signal of the form
u(t) = a(t)er*® (4.4.28)
where a(?) is the amplitude of the signal and ¢ is its phase. We normally take the
real signal as
x(f) = Re [u(r)] (4.4.29)
= a(t) cos [$(1)]
Following the derivation of Eq. (4.4.16), we consider the power in a complex signal

u(t), across a 1-Q load, to be S = u(f)u*(¢)/2. Hence the signal-to-noise ratio of
a signal u(¢), when it is inserted into a filter h(), is

g %f:: u(T, — 7)h(7) I:: u*(T; — 7)h*(z) dv
(-) = (4.4.30)

N (N,/2) f l h(t)h*(t) dt

From Schwarz’s inequality, the signal-to-noise ratio is maximum (i.e., the system
is a matched filter) when a complex matched filter is used with the property
h(t) = au*(T, — 1) (4.4.31)
or
he(® = ax(T, — ?) (4.4.32)

as before. In Sec. 4.5 we see how a real filter processes a complex signal, and
how a true complex filter can be constructed by using two filters.

Sec. 4.4 Matched Filters 367



When the signal is of finite length T, it follows that the maximum signal-to-
noise ratio is

(S0

S fOT u(@u*(t)dt 1 fOT a*(t) dt
(—) = = (4.4.33)

N Noi2 YN

If we substitute the form of u(t) given in Eq. (4.4.28) in the numerator of Eq.
(4.4.33), at a time ¢t = T, a matched filter exactly compensates for phase errors in
the input signal, and the real output signal is just

yw=m=§ffm¢ (4.4.34)

Since a?(¢) is always positive, all components of the signal add together to give the
maximum output. The energy in the waveform is

ye-17) = %J: a’(t) dr (4.4.35)

The maximum signal-to-noise ratio is therefore

S 2E
(_ﬁ)max = Fo (4.4.36)

Thus the signal-to-noise ratio at the output of a matched filter is determined by
the total energy in the signal.

445 Range and Velocity Accuracy of a Radar System

We are not necessarily interested in measuring the amplitude of a radar or com-
munication signal. For example, a radar is used to determine the time delay of
the return echo from a target as precisely as possible. Radar systems are also used
to determine the Doppler frequency shift of a return echo; the Doppler frequency
shift Af is

Af = %L:E (4.4.37)
where V is the velocity of the target, c is the velocity of light, and f; is the carrier
frequency of the transmitted signal (see Prob. 4.2.6).

The signal returning from the target is corrupted by noise; this decreases the
accuracy of both the range and frequency resolutions. We shall show that the
resolution depends directly on the signal-to-noise ratio, and hence on the energy
in the signal, and that the optimum time resolution is obtained with a matched

filter.

Simple physical treatment. This result can be illustrated by a simple
physical argument. Consider a rectangular pulse of amplitude A and rise time ¢,,
as illustrated in Fig. 4.4.2. Suppose that there is a random noise signal n(t) present,
as illustrated by the dashed line.
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lay using the leading (or trailing) edge

of the pulse. Solid curve, echo pulse

RISE Tms—-{ - uncorrputed by noise; dashed curve, ef-
fect of noise.

=ty

The slope of the leading edge of the pulse is approximately A/t,. Thus at
the point of measurement of the leading edge of the pulse, as shown in the figure,
the error in rise time is

_ tn()
At = A (4.4.38)
The mean-square error in At after many pulses is therefore
12 {n?(t
{(An)?) = —%;(—B (4.4.39)

The maximum signal power into a 1-Q2loadis S = A2, and the average noise power
is N = (n?*(1)). Hence we can write

(@A) = [N %

(4.4.40)
-k
© (SIN)”2
If the pulse is the output from a matched filter, Eq. (4.4.36) yields the result
172
[K(aD?H)2 = (;—%) 1, (4.4.41)

If the rise time is limited by the bandwidth B of the system, the output is of the
form A(sin wBt)/(wBt).t The maximum slope is approximately 1.3 A/B. The
result is

1.3(No/2E)'2
B
Thus the error in measured range is least when the signal-to-noise ratio is as large

as possible, and so is determined directly by the energy in the pulse. We therefore
expect the optimum range resolution to be obtained with a matched filter.

[(K(aDAH]> = (4.4.42)

More rigorous treatment. A more rigorous argument for the error in the
measured time can be established. Let the total signal and noise-free signals

+tWe are concerned with radar signals, which are modulated carriers. Therefore, we have defined
B as the total bandwidth of the radar signal and B/2 as the bandwidth of the video signal.
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returning from the target be x(r) and x,(), respectively. Then
x(t) = xo(t) + n(r) (4.4.43)

where n(r) is the noise signal. The output signal from a radar with a matched
filter response k(1) = xo(—¢), and maximum output att = 0, is

=

() = fi: xo(T)Xo(7 — t) dT + f-x n(t)xg(t — 1) dr (4.4.44)

where the noise-free output signal, yo(?), is defined by the relation

yo(t) = f : Xo(T)(xo(7 — 2) dr (4.4.45)

Let the maximum value of yy(z) be yo(0). For short times Ar from the maximum,
we use a Taylor expansion of yy(¢) to obtain the result

¥o(a) = y(0) + ELys0) + - (4.4.46)

where yj(0) = 0 when yy(f) = yo(0), its maximum value. We will need y3(Ar) to
second order in Ar. It follows from Eq. (4.4.46) that

y5(Ar) = y§(0) + (A1?y5(0)yo(0) + - - - (4.4.47)
From Eq. (4.4.45),
¥o(0) = f x3(t)dr = E (4.4.48)
and
yo(t) = f xg(t — Dxo(7) dr (4.4.49)
Thus

w0 = | _woma(n) dr = 4w |_pxanxinar (4450

It is convenient to define a quantity 8, related to the bandwidth B as follows:

[ Paapxa of
B = —= (4.4.51)
[ xnxo o
or
=2 [ rxinxn @.4.52)

where E is the total energy in the pulse.
This definition of bandwidth was first introduced by Gabor and then used by
Woodward in his treatment of range accuracy by inverse probability [34, 35]. As
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an example, a Gaussian pulse of the form exp [—(1.18¢/7)?] has its 3-dB points 7
apart, a 3-dB bandwidth of B = 0.44/7, and a value of B = 1.18/x. We note that
B? is the normalized second moment of the spectrum |X(f)]* and is expressed in
rad/s. From its definition, for a fair comparison with B, we should use g/«. For

a Gaussian pulse, B/ = 0.38/7.
It follows from Eqgs. (4.4.50) and (4.4.52) that

yo(0) = —B°E (4.4.53)
and
y§(A) — y3(0) = —B2E*(A9)? (4.4.54)

We wish to determine, as accurately as possible, the time when y() is max-
imum. We therefore estimate the mean square error (At?). We define this time
from the condition that the mean square error (&2), in estimating y,(0), is equal to
the noise, or

(%) = (y3(0) — y§(An) = B*EX(An)?) (4.4.55)
We can write from Eqs. (4.4.43), (4.4.44), and (4.4.55) that as the noise is un-

correlated with the signal,

(e?) = < f: In('r)xo('r)d'r|2> = B2E%X(Ar)?) (4.4.56)

We use the following relation, obtained from Parseval’s theorem [32] [Eqgs. (4.4.11)
and (4.4.48)]:

([ meywot @)

([ vapxonr ar
NoE
2

where N, is the noise power per Hz in the positive frequency range, and N(f)df,
which is the same as Xy (f)df in Eqgs. (4.4.8) and (4.4.11), is the noise amplitude
between frequencies f and f + df. It follows from Eqs. (4.4.56) and (4.4.57) that

(4.4.57)

]

N | 1x3() af =

N
( — (4.4.58)

or

1

[<( BOEN)T (4.4.59)

This result is therefore the more rigorously derived equivalent of Eq. (4.4.41).
Note that the use of this more rigorous formula tends to lead to a slightly better
time error than the approximate formula of Eq. (4.4.41).

We could have carried out a more complete derivation by taking the response
of the radar receiver to be A(t), and finding the optimum value of A(f) for (Ar?)!"2
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to be minimum. With the proper choice of normalization for the frequency rc-
sponse, it can be shown that the optimum filter is indeed a matched filter.

Accuracy of frequency measurement. The accuracy with which we can
determine the Doppler shift of an echo depends on the signal duration T, rather
than its bandwidth. By analogy to his normalized bandwidth function, Gabor has
suggested a normalized signal duration defined by the relation [34, 35]

412 f t2x3(1) dt
a? = = (4.4.60)
f x3(r) dt

We note that (a/2w)? is the normalized second moment of x3(¢), and that the
effective signal duration time is a/w. It can be shown by methods very similar to
those we have used already (see Prob. 5) that the minimum rms error in the
measurement of frequency is

(A2 = ——

= SEEN (4.4.61)

Thus the longer the time duration of the measuring signal, the better the accuracy
in determining the Doppler shift in radar frequency; the larger the bandwidth, the
better the range resolution.

Uncertainty relation. It is possible to obtain an uncertainty relation for
radar systems [see the derivation following Eq. (4.4.65)], which states that the
product of the effective bandwidth 8 and effective time duration a of a signal is
such that

Ba > = (4.4.62)
This implies, from Eqs. (4.4.58) and (4.4.61), that as
) T
(O (VN (4.4.63)
then
(A2 [(Af] < St (4.4.69)

We conclude that the time delay and frequency of a radar signal can be
measured simultaneously to any desired accuracy by designing the system to yield
a sufficiently large ratio of energy in the pulse-to-noise power per unit bandwidth.
Tomeasure both of these quantities accurately, the signal must have a long duration
and large bandwidth. This conclusion, of course, is almost the opposite of the
uncertainty principle in quantum mechanics, since in the latter case the Ba product
is fixed by the energy of one quantum rather than an energy quantity chosen by
the observer.
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Proof of the inequality. We can derive the inequality we have used, fairly
simply, by noting that

- f xp ()xo(t) dt
B2 = r (4.4.65)
Integrating by parts, and assuming x,(¢) — 0 as t —» =+, we find that
[ mp a
B> = T:—"'—— (4.4.66)
and
= -~ 172
{21: f ) [xo())]? dt f t2x3(1) dt}
Ba = ~ (4.4.67)
j x3(t) dt
From Schwarz’s inequality, it follows that
x x x 2
f xo(1)? dt f t2x3(r) dt = [ ] (1) xo(2) dt] (4.4.68)

Integrating by parts, and assuming that x(t) — 0 as t = *oc, we can write

f 1 txp(t) xo(t) dt = % f t dﬁt [x3(r)] dt (4.4.69)

= -3 f xj(t) dt
Thus it follows from Eqgs. (4.4.66)-(4.4.69) that
Ba = = (4.4.70)

The equality sign in Eq. (4.4.68) holds only when —Atx(¢r) = x'(t), where A is a
constant. This relation yields a solution in the form of a Gaussian pulse, exp
(—Ar?%2). Therefore, the Gaussian pulse gives poorer simultaneous measurements
of range and frequency than any other signal.

Narrowband waveforms. It is usually more convenient to measure the
maximum amplitude or zero crossing of a waveform by working with the detected
video signal rather than the carrier itself. This procedure avoids aliasing problems
that result from the repetitive nature of the carrier. In this case, we may use the
results we have already obtained with only a slight modification, provided that the
signal has a ‘“narrowband” waveform centered about a frequency w,. It is con-
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http:4.4.66)-(4.4.69
http:drJ(4.4.68

venient to write
u(t) = a(t)e™

or (4.4.71)
u(t) = ft)esloot 500l

where the real part of u(t) is x(¢), and we define f(¢) as a real quantity. For a
narrowband waveform, f(t) and 6(¢) are defined as amplitude and phase functions
that vary relatively slowly compared to w,z. We can write the real part of u(t) in
the form

x(t) = f(t) cos [wot + 6(1)] (4.4.72)
=3 [u() + u*(1)]

The employment of the modulation function a(¢) in Eq. (4.4.71) is often no more

convenient analytically than employing «(¢), unless x(¢) or u(t) is a narrowband

waveform. A narrowband waveform can be defined as one for which

U,(w) =0 w<0

(4.4.73)
U_(w) =0 w>0
where
U,(w) = %f; u(t)e= "« dt (4.4.74)
it follows from Eq. (4.4.71) that
U,(w) = %j:c f(t)e=I(w—worei®®) dt (4.4.75)
Similarly, we define U_(w) as follows:
U_(w) = %fl u*(t)e = dt (4.4.76)
or
U (w) =13 f l f(t)e—iw+wo gy (4.4.77)

where u*(¢) is the complex conjugate of u(¢z). Thus a narrowband waveform, as
illustrated in Fig. 4.4.3(a), is one for which there is no spillover of U, (w) into the
negative frequency region, due to a modulation signal a(¢). This can be seen from
Eq. (4.4.75) if we assume that the only contributions to U , (w) are from the region
near w = wg, where the phase of the integrand varies only slowly. The narrowband
assumption will be satisfied for most radar signals, as illustrated in Fig. 4.4.3(a),
but not always for sonar or acoustic imaging devices that are operated with ex-
tremely short baseband pulses; this condition is illustrated in Fig. 4.4.3(b).

A linear detector, or envelope detector, can be regarded as obtaining a(t)
directly, that is, because of the narrowband nature of «(¢) or, more correctly, x(¢),
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Figure 4.4.3 (a) Narrowband wave-
form with no “‘spillover” from positive
frequencies to negative frequencies; (b)

we can carry out sufficient filtering. After passing u(¢) through a matched filter,

we obtain an output

y(t) = e/ f := a(v)a(t — t) dr

1 . =
= — gluor j |A(Q)? e/ dQ
2w ~x

(4.4.78)

where A(Q) is the Fourier transform of a(¢) and Q is the radian modulation fre-

quency. Thus we can write
AQY) = f a(t)e ¥ dt

= |7 femoe-i 4

The stored energy in the real signal is
E = f B x3(¢) dt

=1 f:c {u?(t) + [w*@®))? + 2u(t)u*(2)} dt

It follows from Parseval’s theorem [32] that
E=1] _Wwnue-p + vnHu ) o
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For a narrowband signal, U(f) = 0 when U(—f) is finite, and vice versa. Hence

o ovprg @

E
(4.4.82)

[T aparn @

We define a bandwidth parameter 8, for the modulated signal as follows:

a2 [ (- U af

By = J—::

When the waveform is narrowband, there is no spillover from the negative fre-
quency terms near f = —f,. Thus we can write

(4.4.83)

ant [ (7 - fP AR af
B = i

4.4.6 Ambiguity Function

(4.4.84)

In Sec. 4.4.5 we showed that the use of a matched filter provides optimum range
and Doppler shift resolution. The choice of waveform to optimize both these
parameters is a principal task of the radar designer. The designer’s aim is to
choose a waveform that will leave the least amount of ambiguity after the matched
filtering process. To do this, it is convenient to define a function, the ambiguiry
function [x(At, Af)]?, where

x(At, Af) = fl u(s)u*(s — At)e¥™¥ ds (4.4.85)

Here we have used s as a floating variable instead of T, which we shall reserve for
other purposes. The ambiguity function is the basis of modern radar technology
in the systematic search for the optimum waveform. As we shall show, it is
proportional to the peak power output from the matched filter when the input
signal time changes by At, and its frequency changes by Af from the optimum values
for peak power output from the matched filter.

We generalize Eq. (4.4.45) for a complex signal and write that the output at
a time At due to an input signal u(¢) is

x(At, 0) = fl u(s)u*(s — At) ds (4.4.86)

The input signal can be written in the form
u(t) = a(t)e™ (4.4.87)
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If the carrier frequency is changed to a frequency w so that
® = wy + 27 Af (4.4.88)

then when the input is changed to a radian carrier frequency w, the output from
a matched filter designed for the original signal of radian carrier frequency w is
the parameter x(Ar, Af) defined in Eq. (4.4.85).

In accordance with the conventional notation for the ambiguity function, we
put & = —Af and At = —r, and write

x(t, d) = f:c u(s)u*(s + vye~¥m¢ ds (4.4.89)
By using Parseval’s theorem [32], it follows that
xe) = | UNPUG + by af (4.4.90)
From Eqgs. (4.4.89) and (4.4.90) it is easy to show that
x(7. &) = Ix(—=7, ) (4.4.91)

Thus the ambiguity function is symmetric around the origin, as might be expected,
because the output power obtains its peak value whent = 0 and ¢ = 0. We can
also show that

J: f 1 [x(z, &) d7 dd = [x(0, O) (4.4.92)

This property is usually referred to as the radar uncertainty principle, which is
closely related to the uncertainty principles already derived in Sec. 4.4.5; it shows
that the total potential ambiguity is the same for all signals that possess the same
energy. The radar designer’s aim is to distribute the ambiguity in the optimum
way for a particular system.

Some examples of the distribution of ambiguity, plotted as functions of T and
&, are given in Fig. 4.4.4. The first example is a short monotone pulse, shown in
Fig. 4.4.4(a), for which a contour of constant amplitude is plotted. This takes the
form of an ellipse with major and minor axes of lengths AT = 7/2 and A¢ = V/
2T, respectively. Multiple peaks occur when a periodic pulse train is used, as
shown in Fig. 4.4.4(c). These correspond to aliasing, or sidelobes, which must be
considered in the design of the optimum radar system. Similar sets of ambiguity
functions for FM pulses are shown in Fig. 4.4.4(b) and (d). The uniform pulse
train shown in Fig. 4.4.4(c) degenerates to a distribution of points when the pulse
train takes the form

u(t) = fj 8(t — nT) (4.4.93)

n= —x

The corresponding ambiguity function is known as a “‘bed of nails.” Itis illustrated
in Fig. 4.4.5.

Sec. 4.4 Matched Filters 377



Enip
JaEyw e
@
pphiny ! "6 & &7~
; - ~
\ /o olto O o o o\
/ mM/T '_);4\8 N
i/8 ; eroti>o——e—=—"
M =0 . ;
! i\ ! et T/ M bt /
e o v (O © o oy
l ~ T 7
1 T~~~ 0 9 o _ -7
t i A
i . T —

SRS

"'i V7a\] ‘f-t-

(b)

o f'+(M-I)/8
(d)

Figure 4.4.4 Examples of ambiguity function distributions, with contours at a
constant amplitude level relative to [x(0, 0)|: (a) short monotone pulse; (b) linear
FM pulse; (c) uniform pulse train; (d) pulse-to-pulse stepped FM pulse train.
(After Bernfeld as noted in Cook and Bernfeld [1, 37].)

We can generalize the analysis for the range and velocity accuracy of a radar
system given in Sec. 4.4.5, and write

x(r, &P _
x(0, 0)I?

o702 ) o).
2 =2 2 A 21 2 4.4.94
* |X(O’O)|2[ (aTZ>T=¢=0 * T¢(aTa¢ T=d=0 " ¢ a¢2 T=¢=0 ( )

Following the same kind of analysis as in Sec. 4.4.5, it can be shown that

[x(z, $)P

— —_ 2 242
i OF = 1 — B2 + 2aBprd + o (4.4.95)
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©

Figure 4.4.5 “Bed of nails” ambiguity
function as an infinite train of impulses.

where
2Ea® = 4m? J’ :cz‘zlu(t)l2 dt (4.4.96)
2ER? = 4n? f:fzw(f)P df (4.4.97)
and
2w = NNT
2Ep = — oB Im f_x tu()[u*()) dr (4.4.98)

The curve formed by the intersection of |x(7, $)|? with a level plane close to
the maximum of |x(0, 0)]? is

B1* + 2aBprd + &’ = v? (4.4.99)

This curve is an ellipse. By putting y> = N,/2E, Eq. (4.4.99) describes the un-
certainty ellipse, corresponding to a generalized form of the mean-square error in
range and frequency described in Sec. 4.4.5. A plot of this uncertainty ellipse is
given in Fig. 4.4.6. It will be seen that, in general, the maximum errors in time
and frequency are

1 1

Aty = — soT7eer = 4.4.100
T BVEN, VI = ¢ (4.4.100)
and
Adg,, = = l_ 1 (4.4.101)
max 20V2EN, V1

These results correspond to generalizations of our earlier results for time and
frequency error.
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We have discussed general properties of the ambiguity function. The ideal-
ized ambiguity function would have the form of a spike at T = 0, & = 0, with zero
amplitude elsewhere. Obviously, this is not possible.

We have discussed many times the linear FM pulse waveform, whose prop-
erties are illustrated in Fig. 4.4.7 together with a plot of |x(7, ¢)|. In this case it
is very difficult to distinguish between changes in 7 and ¢. On the other hand,
the V-FM pulse waveform consisting of a down-chirp followed by an up-chirp, as
illustrated in Fig. 4.4.8, makes it relatively easy to distinguish between time and

utrn)

wiT
_
[T~ ~ 5
2

7‘4” T
7T
ult) = E exp[)bvzj (\--;- S?S%\}

= 0

5] —4
1

Figure 4.4.7 Linear FM pulse wave-
form and response function properties
TAf = 10: (a) waveform; (b) calculated
surface; (c) experimental composite sur-
face. (After Cook and Bernfeld [1].)
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Figure 4.4.8 V-FM pulse waveform and
response function properties 2TAf = 200:

(a) waveform; (b) calculated composite
response surface (note that pedestal is not
included); (c) experimental composite re-
sponse surface. (After Cook and Bern-
feld [1].)
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frequency changes. Time differences correspond to the difference in the 7 direction
between two peaks, while frequency differences correspond to movements along
the ¢ axis. Parabolic FM pulse waveforms and other kinds of waveforms can
provide still better improvements in the form of the ambiguity function (see Prob.
9).

A possible set of idealized waveforms are ones that are rotationally invariant
in the ambiguity plane. The Hermite polynomials can be used for such a set. For
the nth-order Hermite polynomial H,(x), the required signal has the form

1/4

u,(t) = \2/_”_, e~ ™"H,(2\V/wt) (4.4.102)

where Hy(x) = 1; Hi(x) = x; Hy(x) = x2 — 1; Hy(x) = x> — 3x; . . . . A plot of
the composite response surface for the Hermite waveform, with n = 10, is shown
in Fig. 4.4.9.

Figure 4.4.9 Composite response sur-
face x(t, &) for Hermite waveform, n
= 10. (After Klauder, as noted in
Cook and Bernfeld [1. 38].)
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Obviously, there is no ideal ambiguity function. The ambiguity function is
a measure of how the radar system distinguishes between similarly coded waveforms
at the receiver that differ in time and frequency. The reader is referred to the
standard references for more information on ambiguity functions [1].

PROBLEM SET 4.4

1. Determine the optimum matched filter and maximum signal-to-noise ratio when the noise
power spectral density Ny(f) in W/Hz is nonuniform over the frequency range.

Hint: You will find it convenient to define a new function M(f) = H(f)[No(f)]">.

2. The example in Sec. 4.4.2 of a matched filter for a square pulse of length T and frequency
response sin (w772)/(w7/2) implied the use of a filter with an identical frequency response
sin (w7/2)/(w7/2). Find an expression to determine how much an ideal low-pass filter,
with a response

_ )1 0< o < o,
H(w) = {o o] > w,

will reduce the signal-to-noise ratio from that of the ideal matched filter, when used with
the same input pulse of length T. Plot the reduction factor R as a function of w.T.
From your numerical calculations, show that the signal-to-noise ratio is reduced by 0.84
dB, when w T = 4.4, where R is maximum. You can carry out a computation or use
tables for

|

o . 2
J’ (sm x> dr = =
-= \ X

3. Repeat Prob. 2 for a Gaussian filter with a response characteristic exp (- w/w. )% Find
w T for the maximum signal-to-noise ratio.

4. Consider the value of the root-mean-square (RMS) time error [(A#2)]'? for an input signal
x(t) = xo(t) + n(t), received by a radar with a response h(¢). Define a generalized
bandwidth parameter B’ as follows:

You will also need the result

aw [ pxupms) of
B) = r
Show that with the effective bandv the optimum response for
minimum time error [i.e., a minim ( near a time ¢t = 0] will be

minimum when

H(f) = KX3(f)

where K is a constant.
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5. Consider a narrowband radar signal of the form u(t) = a(t)e’>*. Write down the form
of the matched filter for this waveform. Find y,(0), the maximum output atz = 0 when
there is no noise present. Now suppose that we change the carrier frequency of the
input signal to this matched filter, from f, to f, + Af. Using the methods leading to Eq.
(4.4.59), write down an expansion for | Yo(0, Af)[? (i.e., the change in output power when
the input frequency is changed by Af). Use this result to show that in the presence of
noise, the mean-square error in determining f by measuring the point where the output
amplitude is maximum is

1
N2 =
(O™ = AN
where
4w (7
2 = 2 *
a >F Jo t2u(t)u*(t) dt
and
ra T
E = %fo u(Hu*(t) dr = %fo a*(t) dt

6. Prove Eq. (4.4.92).
7. Prove Eq. (4.4.99).
8. (a) Show that for a Gaussian envelope u(f) = (2k%/mw)"* exp (—k>t*), the function

x(7, &) has the form
x(t, ¢) = eXP[— : (kz‘fz + %)]

(b) What are o, B, and p for this signal when 1 and ¢ are small?
9. (a) Consider a radar waveform in the form of a parabolic FM chirp of the form

u(t) = \/%,cos (ct?®) = \/;Re(ef"’>

By using the method of stationary phase, show that

Sl s (B
(e &)l = = /3= °°5(3m cﬁ)

Note that the result is similar to that for the V-FM waveform.
(b) Find an expression for the contours of maximum |x(7, ¢)|, that is, the peaks of |x(7,

o).

4.5 FM CHIRP FILTERS AND CHIRP TRANSFORM PROCESSORS
4.5.1 Introduction
In Sec. 4.2.3 we discussed the basic concept of an FM chirp filter. As we saw, if

a dispersive delay line (i.e., delay line whose time delay varies with frequency) is
used as a matched filter for a linear FM chirp of length T, an output pulse of length
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7, will be obtained. The pulse width 7, is determined by the bandwidth B of the
delay line, and 7, = 1/B. The signal-to-noise ratio is therefore improved by a
factor of T/, = BT, the compression ratio.

Furthermore, as we have seen, the system can be used to obtain real-time
Fourier transforms of modulated chirp signals. In this section we first consider a
mathematical treatment of these concepts; we then describe various SAW and
CCD realizations for chirp filters, and their applications to filtering complex signals.

4.5.2 Mathematical Treatment of FM Chirp Filter

We now examine in more detail what occurs when a linear FM chirp signal is
inserted into a matched filter, as well as the problems associated with sidelobes
and the techniques used to decrease them. We consider more general filters
derived from the basic matched filter, which have time delays not necessarily equal
to the length of the input pulse. We also consider how real physical filters can be
used for complex signals.

A linear FM chirp signal, with a radian frequency that varies with time as
= wo + pt, has a phase

2

o) = fu) dt = wot + % (4.5.1)

where the slope of the chip p has the dimensions of rad/s>. We can therefore
write a modulated chirp signal in the form

u(t) = f(r)eftwor+ri (4.5.2)

where f(2) is, in general, the complex amplitude modulation of the FM chirp. If
we insert this signal in a matched filter, it follows from Eq. (4.4.31) that the matched
filter characteristic is of the form

h(t) = cau*(Ty — 1) = f*(Ty — r)e/twr -2 (4.5.3)

where « is a constant of the filter and Ty is the time at which the output signal will
reach its peak value. To simplify the algebra, we shall assume from now on that
T, = 0, and that the FM chirp can start at a time earlier than ¢ = 0, as dictated
by the value of f(f). We will generalize the form of the filter from that of a simple
matched filter and use it as a matched filter only for the carrier exp [j(wot + wt%
2)]. Therefore, we write

h(f) = awq(t)e/twer—n2) (4.5.4)

The parameter wq(¢) is called the weighting of the filter, while f(¢) is called the
modulation of the chirp. In the simplest case, f(#) = 1 and wq(t) = 1 for — T2
<t < TR2 with f(t) = 0, and wo(t) = O for |¢| > T/2. This is an exact matched
filter.

It is convenient to use one of the convolution formulae for the output signal

y@) = f:: u(t)h(t — 7) dr (4.5.5)
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or

y(t) = f; u(t — 7)h(7) dv (4.5.6)

When the filter is of finite length 7 and the chirp length is much longer than T,
we take f(1) = 1 for —o < t < o, with wy(f) = 1 for — T2 <t < T/2, and w(t)
= Ofor | > T/2. In this case, it is convenient to use Eq. (4.5.6). If the output
is maximum at ¢ = 0, and A(f) = a exp [j(wot — pnt%/2)], then

D) = a f _T’;ei(uo(r—f)+u(r—v)2/21ei(wo—r—mza) dv (4.5.7)
It follows that
y(t) = aeilwor+us) jjj/z e Mt dr (4.5.8)
This expression can be integrated to give the result
y(t) = aT%ﬂTzﬂz) gllwor+nin2) (4.5.9)

Width of main lobe. The output is now sharply peaked around the time
t = 0, with a maximum amplitude proportional to the time length of the delay line
or filter 7, as we might expect. Furthermore, the amplitude of the signal drops
4 dB at the points where p7t = w. Thus we can define the 4-dB width of the
pulse in seconds as

2w 1
7,(4 dB) = -ﬁ, =3 (4.5.10)
and the 3-dB width as
1,(3dB) = 9—3'2 (4.5.11)

where B = pnT/27 is the bandwidth of the chirp in hertz and pT is its bandwidth
in rad/s. Thus the pulse compression ratio (to the 3-dB points) is 7,/T = 0.89/
BT, close to what we would have expected from general considerations.

Sidelobes. We observe that the first sidelobe is at t = *=3/2B, with an
amplitude 2/3w smaller than the main lobe. Thus the first sidelobe has a level
only 13 dB down from the main lobe. In a radar system (or any other signal
processing system) this can cause serious problems: If a later weak signal (from a
weak reflector) enters the filter and has an amplitude more than 13 dB below that
of the main signal, it may be masked by a sidelobe from the main signal, or else
a sidelobe might be mistaken for an echo from a weaker target. For this reason
it is usually necessary to design radar systems with a modified filter or chirp signal,
which is used to decrease the sidelobe level at the expense of slightly increasing
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the width of the main lobe and slightly worsening the optimum signal-to-noise ratio.
The procedures used are similar to those employed in designing antennas or in-
terdigital transducers to obtain low sidelobe levels.

Physics of FM chirp filter. To put this derivation on a more physical basis,
we can consider the output obtained directly from an SAW chirp filter of the type
illustrated in Fig. 4.2.7. Suppose that the input to the filter were of the form given
in Eq. (4.5.2). After the signal has traveled along the delay line a distance z from
the input toward the matching dispersive transducer, as shown in Fig. 4.2.7, it will
have an amplitude

where V is the velocity of the wave along the delay line, and we have included a
general modulation function f(f). Suppose that the length of the finger at the
plane z is w(z), and that the weighting w(z) may be positive or negative. Using
the apodizing technique illustrated in Fig. 4.2.6, with closely spaced fingers of
infinitesimal width, we would expect the current induced on a finger to be pro-
portional to w(z). Thus the total output is of the form

y@) =« ffiz w(z)u(t - %) dz (4.5.13)

where L is the spatial length of the delay line, taken to start at z = —L/2, and y
is a constant.
We choose w(z) to have the physically realizable form
_ @z _ p2
w(z) = wy(2z) cos ( v 2V2>
so that w(z) is positive, negative, or zero. We can split the expression for w(z)
into two parts

(4.5.14)

w(z) = !’%z_) [ej(waJV—usz) + e—j(wozlv-uzzfzw):l (4.5.15)

and we now take wo(z) = wy = constant for |z| < L/2. Then the contribution of
the dominant cumulative term from Egs. (4.5.14) and (4.5.15) [i.e., the first term
in Eq. (4.5.15)] to the integral in Eq. (4.5.13) is

YWo Lz z i —-zIV —2IV)212] 5 ji - nz2/2v2
y(t) = —2- mf t — ‘—/ el[“’o(' 2IVy+u(—z/V) ]e](uoz/V wzé2V3) dz (4.5.16)

where, in analogy with our previous example, we have taken the chirp to be very
long, and the delay line to have its input at — L/2 and to be of length L. Setting
L = VT and z = V1, Eq. (4.5.16) reduces to the form

T2
W) = V‘;Woexw wim) | f(e = we~ dr (4.5.17)
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If f(r) = 1, Eq. (4.5.17) will be identical in form to Eq. (4.5.8). In this case,
the maximum amplitude of the output is at t = 0 and of value y(0) = AVw,T/2.
But note that if we had chosen the delay line to have a time delay much longer
than the length of the chirp, our results would have been different (see Prob. 1).

In using a physical delay line, we have chosen the elements to have a cosine
weighting. Therefore, in deriving the filter response, we had to neglect the con-
tribution of the second term in Eq. (4.5.15). It can be shown that in a SAW
device, the output signal due to this effect is negligible (see Prob. 2). A device
that operates at baseband, however, like a CCD filter, can give rise to spurious
signals associated with the interaction of an unwanted cosine or sine component
of the chirp signal with the delay line. In Sec. 4.5.5 we describe how a pair of
sine and cosine weighted delay lines can be used to synthesize a complex filter to
eliminate this problem. '

We have described here a system with fingers that are infinitesimally spaced
(i.e., that continuously sample the signal). A real SAW or CCD delay line would
employ sampling elements a finite length apart. One possibility would be to choose
the elements to be equally spaced and amplitude-weighted in the manner prescribed
by Eq. (4.5.14), with the elements at positions z, = z = nl, where [ is the spacing
of the elements. Alternatively, as shown in Fig. 4.2.7, the elements would be
placed at positions z = z, corresponding to the maxima of the cosine function,
such that

S e (4.5.18)

In both cases, there are usually at least two elements per RF wavelength to satisfy
the Nyquist sampling criterion.

4.5.3 Filter Weighting for Sidelobe Reduction

Before we proceed, let us consider how we can weight the filter to give a response
with low sidelobe levels [1, 39]. Otherwise, if the sidelobe levels are high, as
shown in Eq. (4.5.9), two chirp signals arriving at different times from two different
targets will both give sin (ut772)/(utT/2) responses after passing through the matched
filter. If the sidelobe level of this response is too high, the main lobe of the weak
signal may be obscured by the sidelobe from the strong signal. The basic reason
for this difficulty comes from the fact that the FM chirp signal and/or the matched
filter may be finite in length.

It is obviously desirable to smooth out the response of the matched filter;
therefore, we consider weighting the filter by the weighting function wy() given in
Eq. (4.5.4). Similarly, if we were using a physical transversal filter, we would
have chosen an equivalent filter of the form given by Eq. (4.5.14). But in this
case, it follows from Eq. (4.5.6) that a similar derivation to that of Eq. (4.5.17)
yields the output from the matched filter in the form

y(t) = aefles+nia) f e M w(T) dr (4.5.19)
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Here we have used infinite limits for the integral by assuming that wy(7) has a
finite length, and we have taken v = z/V in the physical filter as before. We call
the weighting of a finite-length filter apodization.

Note that the output signal is the Fourier transform of the weighting of the
filter. To obtain optimum weighting, we want to choose wy(7) such that S(p.r),
defined by the integral

S(ut) = f _T:z e M wy(t) dt (4.5.20)

with a main lobe centered at ¢+ = 0, has a minimum width and minimum sidelobe
levels.

As a simple example, suppose that we take wy(T) to be a Gaussian function
with the filter infinitely long, such that

wo(7) = e 8T? (4.5.21)

The effective length of this filter between the 1/e? amplitude points is 7, and the
bandwidth between these points is B = wI/2w. The transformed output then
takes the form

Upt) = T Vo J(wt+pr?/2) g — (WT )32 (4.5.22)
W) == 3 e e .S.
The output is a Gaussian pulse with no sidelobes, and with an effective pulse length
7,(3 dB) between 3-dB points of 7,(3 dB) = 6.66/uT, or 7,(3 dB) = 1.06/B(1/¢?).
Thus the use of an infinitely long Gaussian waveform, of approximately the same
bandwidth or time length between 1/e? points as that of the rectangularly weighted
chirp, increases the width of the main lobe by a factor of 1.06/0.89, or 1.19.

In practice, of course, it is not possible to use a Gaussian weighting, for this
would imply a filter of infinite length. We might approximate the filter by cutting
it off where the amplitude drops to 1/e?; to do so, however, would increase the
sidelobe level considerably, and this design method is still inefficient because it
requires a much longer filter length than necessary. So techniques identical to
those used for antenna array design and digital filter design have been developed.
The aim is to design a finite-length weighted filter with the lowest possible sidelobe
level and the narrowest possible main lobe. Such a filter normally has a fairly
close approximation to a Gaussian weighting.

We conclude that the basic aim of apodization is to use extremely smooth
functions for the windowing. The difficulty, of course, is that the filter must be
finite in length. Some examples of apodization functions are given in Table 4.5.1.
Plots of these functions, and of the main lobes and sidelobes arising from them,
are given in Fig. 4.5.1; Table 4.5.2 summarizes the results obtained with them.

As an example, observe that Hanning weighting with wy(1) = cos?mwi/T is
smooth and fairly close in form to a Gaussian function. It yields a maximum
sidelobe level of —32 dB, with an increase in compressed 3-dB pulse width of 1.62
times that for rectangular weighting. Its advantage compared to rectangular weighting
is that the far-out sidelobe amplitudes fall off as 1/t3>. On the other hand, Hamming
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Table 4.5.1 SOME EXAMPLES OF APODIZATION FUNCTIONS

Dirichlet
(rectangular) we(t) = 1
Bartlett wo(t) = 1 + 27/T -TR<1<0
(triangular) wo(t) =1 = 29/T 0<+<TR
Hanning wo(1) = cos*(m7/T) -TR<+< TR
= 0.5[1 + cos (2m/T)]
Hamming wo(1) = 0.08 + 0.92 cos® (m+/T) -TR <1< TR
= 0.54 + 0.46 cos (2m1/T)
Blackman wo(1) = 0.42 + 0.5 cos 2w7/T) + 0.08 cos (4wt/T) -TR <1< T2
Finite
wo(t) = exp [—12.5(/T)?] T
wo(7) = exp [—12.5(x/T)?
RECTANGLE BARTLETT
H I———— Bdﬂ[ 1 @dB
-20dB —-2048 |
'(f/T)g uied wer/m ute) |
; —63dB -§@dB
8 I-—‘-—— -808dB 8 -8@dB
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e o .5 2h py= s T8edR o1 s

(e) (f)

Figure 4.5.1 Some examples of windows and their Fourier transforms. All examples are
for a time~bandwidth product of BT = 50. (a) Rectangular window and log magnitude of
transform; (b) Bartlett or triangular window and log magnitude of transform; (c) Hanning
window and log magnitude of transform; (d) Hamming window and log magnitude of Fourier
transform; (e) finite Gaussian window exp [ —12.5(7/T)?] (solid line) and log magnitude of
its transform compared to the Hamming window (dashed line); (f) Blackman window and
log magnitude of transform.
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Table 4.5.2 PROPERTIES OF WEIGHTING FUNCTIONS

Weighting function Peak R (dB) Far sidelobe
sidelobe  B1,(3 B, (6 (Eq. (4.5.26)] falloff rate
level (dB) dB)? dB)?
Rectangular -13 0.89 1.21 0 1/t
Bartlett (triangle) =27 1.28 1.78 -1.23 e
Hanning
cos® (m1/T)
a=1 -23 1.20 1.65 -0.90 e
a=2 -32 1.44 2.00 -1.76 ue?
a=3 -39 1.66 2.32 -2.20 1/r#
a=4 -47 1.86 2.59 —-2.88 113
Hamming —43 1.3 1.81 -1.34 1/t
Finite Gaussian -42 1:33 1.86 -1.43 1/t
exp [—12.5(7/T)3
Infinite Gaussian — 1.32 1.87 — — (wBt)?
exp [ - 12.5(t/T)) P\ T25
Blackman —58 1.68 2.35 -2.38 e

2The bandwidth in this table is B = pT/27.

weighting, a commonly used weighting function, yields a somewhat narrower pulse
with lower sidelobe levels, with the disadvantage of a lower rate of amplitude falloff
for the far-out sidelobes. We shall see later that improvement of this latter char-
acteristic can be useful for designing high-quality bandpass filters with very low
spurious levels outside the passband. Note that Hamming weighting is very close
in form and gives similar results to the cutoff Gaussian exp [ —12.5(7/T)3].

Weighting functions other than the ones given here are sometimes used to
obtain an optimum response. The reader is referred to the literature for discussion
of Dolph—Tchebysheff weighting, to which Hamming, Hanning, and Blackmann
weightings form approximations [1, 39]. A very flexible form of weighting is Kaiser
weighting, defined by the relation

_ L(0,TR2)(1 - 4+3/T2)'7)
o == Ip(w,T72)

(4.5.23)

where ], is a modified Bessel function of zero order, and w, is a parameter that
can be adjusted to trade the main lobe width against the sidelobe amplitude. Kuo
and Kaiser have shown that these windows tend to yield the largest energy in the
main lobe for a given peak sidelobe amplitude [40].

Effect of apodization on signal-to-noise ratio. Now that the filter is no
longer perfectly matched, we might expect nonuniform weighting to decrease its
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signal-to-noise ratio. The signal-to-noise ratio is

2

j mu(T — t)h(¢) d)

0

(4.5.24)

Zlw

o | o) ae

With ¢ = 0, we take
h(t) = awy(t)u*(—1) (4.5.25)

and assume that the input signal has a rectangular envelope. The reduction in
signal-to-noise ratio, due to weighting, will be

= (S/N)weighted = <W0)2
(S/ N) rectangular <w(2))

In most cases, as we can see from Table 4.5.2, the penalty paid in signal-to-noise
ratio with the use of common apodizations is small.

R (4.5.26)

4.5.4 Fourier Transform Operations with FM Chirp Filters

In Sec. 4.5.2 we showed that the output from a weighted chirp filter is the Fourier
transform of the weighting. We have also shown heuristically in Sec. 4.2.3 that
if an FM chirp signal is modulated by a signal f(¢) injected into a matched filter,
we might expect to obtain an output that is the Fourier transform of f(r). We
shall now consider this operation mathematically and give some examples of its
use.

We shall take the input signal to be a modulated ‘“down-chirp,” that is, a
chirp whose frequency is decreasing with time

u(r) = f(£)eftwe—nin (4.5.27)
We assume that the matched filter is unapodized [w(7) = 1] and very long.

Thus we use Eq. (4.5.5) [i.e., y(!) = [ u(t)h(t — 1) d7] to show that the output
from the chirp filter, with a modulated input chirp of length T, is

"
Y “'t = q (1- ei(m_ﬂfza)ej(m('—7)+M(‘—T)Z/Z] at

(1) 1) (4.5.28)

j 2/2) g6 jntr 4
= J(wot + .t —jntT
ae i f()e T
We put
™" .

Fut) = a f _ fme e dn (4.5.29)

Then in this case, with the chirp length much shorter than the filter length, the
output from the chirp filter is just the Fourier transform F(nt) of the input signal,
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multiplied by an “up-chirp.” The output signal is now a function of time, but pr
represents the radian frequency in the Fourier transforms. If we require only
|F(pe)|, it is sufficient to determine |Y(ur)|. However, if we need both the phase
and amplitude of F(ut), we can post-multiply the output signal Y(j.f) by a further
down-chirp, exp [j(wef — 1t?/2)], and obtain F(j.t) exp (2jwyt). In this case, F(jt)
is the modulation of a carrier of frequency 2w,. Alternatively, as a mixer multiplies
two signals together, signals of the forms cos (w,¢ + ¢,) and cos (w2 + ¢,) yields
outputs at their sum and difference frequencies and phases, that is, with form cos
[(w, + @)t + &, = &,]. We could therefore multiply by an up-chirp and obtain
the output F(u.t) at baseband.

We summarize the required system in Fig. 4.5.2. In the first case, the signal
is multiplied by a chirp exp [j(wot — p?/2)], inserted into the matched filter for
this chirp, and then post-multiplied by the same chirp. Observe that if the input
is at baseband (w, = 0), the output obtained will be the direct Fourier transform
of f(f). Alternatively, with w, finite, the modulation of the carrier is F(ut), pro-
vided that the mixing chirp is delayed by atime 7. Otherwise, we obtain a different
modulated carrier as the output Fourier transform.

To determine the resolution of this Fourier transform device, let us consider
what occurs when we insert a signal f(¢f) = exp (j€d¢) into the Fourier transform
system. The output we obtain is

72

Y(pt) = ae"(“’“*“‘z’z)f e/ Q=u7 g (4.5.30)

-T2
This formula may be integrated to give the result
sin (Q — )72
Q — pu)12

As we predicted from the simple physical model discussed in Sec. 4.2.3, the
output will be maximum at a time ¢t = {}/un. Thus the time at which the maximum
output occurs depends on the input frequency.

|Y(nt)| = aT (4.5.31)
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An important critical parameter is the number of separate frequency com-
ponents that can be resolved. The problem is closely analogous to the definition
of resolution in an optical or acoustic image, discussed in Chapter 3. The simplest
way to define resolution is to take it as the spacing between the 3-dB points of the
response [i.e., 7,(3 dB) = 0.89/B], where B = wT/2m is the bandwidth. In this
case, from Eq. (4.5.31), the frequency variation Af = AQ/2m between 3-dB points
is

Af(3dB) = % (4.5.32)
Thus the number of resolvable frequencies in the spectrumis N = 1.12BT. How-
ever, this definition of resolution is not entirely adequate. Consider, for instance,
what occurs when the two equal amplitude signals of frequencies f; = €,/2w and
fo = Q,/2w are present. Let Af = f, — f,. Then the magnitude of the Fourier
transformed signal is

sin w(Bt — ATR)| |, [sin w(Bt + AfT/Z)”
=(Bt — AfTI2) "\ TwBr + fTR2)

where t+ = 0 is now defined to correspond to the frequency f, = (f; + f,)/2 and
& is the phase difference between the two signals. This function is plotted for ¢
= 0, w/2, and win Fig. 4.5.3, with Af = 0.89/T. As we might expect, peak signals
corresponding to the two frequencies are easily resolved when & = ; for ¢ = w/
2, they are barely resolved; and when ¢ = 0, there is actually a peak in amplitude
at the midway frequency (corresponding to ¢t = 0) of value 2. To ensure good
resolution of equal-amplitude in-phase signals, we must increase Af. Calculation
shows that in this case, a value of AfT = 1.33 is just adequate for resolution of
the two frequencies.

A simple way to estimate the optimum value of Af, required to resolve two
in-phase equal-amplitude components, is to have each component be half its max-
imum amplitude point at the midway (6-dB point). These values are tabulated in
Table 4.5.2 for various apodizing functions. They tend to be slightly optimistic,

|[Y(®)| = «T

(4.5.33)

MAGNITUDE y (£

Figure 4.5.3 Plot of the magnitude of
the Fourier transform of two equal-am-
plitude signals separated by a frequency
Af = 0.89/T, with phase differences ¢
=0,¢ = 7w/2,and ¢ = =, respec-

Bt tively.
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because the observable maximum amplitude of each component tends to be slightly
lowered by the out-of-phase term contributed by the other component.

It follows from this treatment that the number of resolvable points in the
spectrum is given by the approximate relation

N = BT (4.5.34)

This is an important general result. The number of resolution points in any trans-
versal filter system basically depends on the time—bandwidth product of the system.
The exact figure will depend on the relative amplitudes and phases of the frequency
components of interest, on the shape of the main lobe, and on the amplitudes of
the sidelobes.

We must approach this result with caution when referring to the limitations
of a real system, because we are concerned with the time length and bandwidth
of both the chirp and the filter. Up to now, we have assumed that the filter is
much longer than the chirp. The frequencies present in a single sideband chirp
waveform, partially modulated by a frequency (2, as in Eq. (4.5.30), are 0w, — ut
and wy + Q — pt. Thus the total bandwidth of the filter is required to be f +
B, where f = /27 is the signal bandwidth or bandwidth of the modulation and
B = uT/2=w is the bandwidth of the chirp. This implies that if f can vary from 0
to B, the entire Fourier transform can only be produced if the filter has a bandwidth
B, = 2B and a time length of T, = 2T. In this case the maximum frequency
excursion of the modulation can be B. Therefore, the limitation on the number
of resolvable frequencies becomes, in practice,

- BiT4

N==

(4.5.35)

Unless we make other modifications to the system, such as with the sliding
transform, where the input chirp has twice the bandwidth and time length of the
filter, as discussed in Sec. 4.5.5, the system must have a much larger bandwidth
than that required by the signal alone. As we will see, such stratagems destroy
the phase information in the transform, but are useful when only the magnitude
of the transform is required.

We first consider applications of this Fourier transform technique to situations
where we require only the magnitude or real part of the Fourier transform |Y(¢')).

In practice, the Fourier transform of a complex signal requires that the signal
be divided into its real and imaginary parts. Real [cos (woz + nt?/2)] and imaginary
[sin (woz + wt?2)] filters must be used, each having a response for each real and
imaginary input signal component. This means that we need four filters in all.
To put it another way, extra filters are required to reproduce both the amplitude
and phase of the Fourier transform. We shall describe such processes in Secs.
4.5.5 and 4.5.6. If the signal is real and its Fourier transform is also real (a
symmetric input waveform), only one real transform is required. Thus all the
necessary operations can be obtained by using a premultiplied chirp of the form
cos (wyt — pr?/2) and a filter of the form cos (wot + wt/2).
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Figure 4.5.4 Prototype chirp transform results Figure 4.5.5 Chirp transform of three simulta-
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from 120 to 180 MHz in 10-MHz steps. (After burst. (After Hays et al. [41].)

Hays et al. [41].)

Compressive receiver. Perhaps the simplest application of a real transform
is to the so-called compressive receiver. This device instantaneously detects and
determines the frequencies of unknown signals. There are obvious applications
to radar detection systems, where only a few RF pulses might be available for this
purpose. In this case, an input signal is mixed with a chirp; the chirp can be
generated by injecting a pulse into a dispersive delay line. The modulated chirp
signal is then passed through the matched filter and into a detector. Thus we
obtain an output that is the spectrum of the input modulating signal. This output
will occur at a time that is independent of the time of the input signal, provided
that the input occurs during the time the chirp is entering the matched filter. Thus
the device is capable of interrogating several signals at once and displaying the
frequencies of the separate input signals. Results obtained with a system of this
nature are shown in Figs. 4.5.4 and 4.5.5.

Variable bandpass-bandstop filters and bandshape filters. A second
application of this chirp transform technique is to use the device for variable
bandpass—bandstop filtering, as illustrated in Figs. 4.5.6 and 4.5.7. In this case,
because a particular frequency in the waveform corresponds to an output signal at
a certain time, it is possible to gate the output signal to eliminate a particular
frequency. Then by taking the inverse Fourier transform, the original signal may
be obtained with the interfering signal filtered out.

More generally still, if we multiply the transformed signal by a pulse that is
the Fourier transform of the filter function required, we can design a general filter
function system. An illustration of such a filter realization for differentiation of
the input signal [multiplying by w (or by ¢ in the transform domain) corresponds
to differentiation] is shown in Fig. 4.5.8.
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Figure 4.5.6 (a) Bandpass—bandstop filter; (b) chirp transform use for variable
bandpass/bandstop filtering. (After Hays et al. [41].)

Variable-time-delay filters. The Fourier transform filter can give a vari-
able time delay. Translation by T, of a waveform f(¢) results in the multiplication
of its Fourier transform by a phase shift term exp (jw7,) or, in our case, exp
(jurT,). To put it more simply, if we translate the frequency of the transform by
w7 = pTy, the time of the output signal will change by 7,,. Thus all that is needed
to vary the delay is to multiply the Fourier transform by a signal of frequency wr,
and then to find the inverse transform. Results of this kind are illustarted in Fig.
4.5.9.

Correlation or convolution of two signals. A final application is the
correlation or convolution of signals. Suppose the two signals are f(¢) and g(¢).
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Figure 4.5.7 (a) Wide-gate and narrow-gate passband and stopband results for a
time-domain filter transmission as a function of input frequency, with gate fixed
(experiment). (After Maines et al. [42].) (b) Lowpass and bandpass filtering of
the chirp transform of two different-frequency (225 kHz and 600 kHz) time-ov-
erlapped signals. The outputs are still modulated by a chirp factor. (After Atzeni
et al. [43].)

Their convolutions are

h(t) = jf(t - 7)g8(7) dv (4.5.36)
The Fourier transform of this result is
H(w) = F(0)G(w) (4.5.37)

Figure 4.5.8 Linear ramp synthesizing
the differentiator transfer function, su-
perimposed to the CT of a rectangular
pulse (left) and derivative of the pulse
(right). Chirp modulation is not re-
moved. (After Atzeni et al. [43].)

Sec. 4.5 FM Chirps Filters and Chirp Transform Processors 397



INPUT SAW CHIRP SAW CH[RP‘
FILTER 8 FILTER OUTPUT

( VOLTAGE
CONTROLLED
OSCILLATOR

Input pulse 200nS ; 50MHz

Figure 4.5.9 (a) Schematic of SAW var-
Output  iable delay line using chirp filters. (b)
SAW variable-delay-line operation. The

! ! input pulse is 200 ns at 50 MHz. The

0 251 S remaining traces show the delayed long

Bmax=36MHz 50-MHz outputs. (After Maines and Paige
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Thus if we take the Fourier transforms of the two signals, multiply them together,
and then find the inverse Fourier transform of the result, the output will be the
convolution of the two signals. Similarly, if we multiply F(w) by G*(w), the
complex conjugate of G(w), we will obtain the correlation of the two signals after
finding the inverse transform of the product.

To carry out convolution with chirp transform devices, we simply carry out
the Fourier transforms of f(¢) and g(f); multiply the Fourier transforms F(ut) and
G(pt) together, and find the inverse Fourier transform of the resultant signal.

Alternatively, as shown in Fig. 4.5.10, if correlation is required, the Fourier
transform G(pt) can be mixed with a signal exp [j(w;¢ + nt%2)] + c.c., where c.c.
is shorthand for the complex conjugate. The output signal from the mixer has a
form

S(ut) = G(pe)ellworer+re]l 4 G*(ur)ef@r—«0 4+ other terms (4.5.38)

If this signal is passed through a bandpass filter to keep only the latter term, we
can obtain the necessary conjugate signal. Results obtained with such a pair of
Hamming-weighted chirps and a 127-chirp biphase code are shown in Fig. 4.5.11.

We can also employ the technique to measure the difference in arrival time
of two arbitrary signals from the same source. Suppose that we find the auto-
correlation of the signals f(t) and g(t — T), from two antennas, for example. The
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Figure 4.5.10 Circuit required for cross-correlations.

time delay 7 from a noisy source such as a radio star will vary with the position
of the source. When the source is located on a line midway between the antennae,
T = 0. The correlation will be [ f(7)f(r + t — T) dv. The output correlation
peak occursatatimes = T. Thus we can measurc the time delay and the inclination
of the source. Figure 4.5.12 shows a result of this kind.

Spectral whitening and nonlinear processing. A third application of
these techniques is to eliminate an interfering CW signal, as illustrated in Fig.
4.5.13. A CW signal will give rise to a large peak in the Fourier transform.
Therefore, by clipping the output of the Fourier transform processor to limit the
amplitude of this peak and then taking the inverse transform of the resultant signal,
we can, to a large extent, eliminate the interfering signal. In practice, this can
give a reduction of as much as 40 dB in an interfering signal.

45.5 Implementation of Chirp 2z Transforms with SAW
Devices

Here we describe the implementation of complex Fourier transform processes.
We call these transforms chirp z transforms because of their close relation to
digitally implemented sampled data transforms. The relation to z transform theory
will be discussed in Sec. 4.5.6. Before doing this, however, let us discuss why it
is necessary to employ separate transform processors to process the real and im-
aginary parts of an input waveform, and the advantages of such processors, even
for processing real input waveforms.

A complex function f(¢) can be represented by two real components fx(t) and
f:(9), with

f(0) = fr(t) + jfi(6) = a(r)e’*® (4.5.39)
where
fr(?) = a(t) cos [&(1)] (4.5.40)
f1(®) = a(¥) sin [(2)]
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Figure 4.5.11 Autocorrelation of two signals: {a) block diagram of the system
used. (b) correlation of a 127-chip biphase-coded waveform. (After Gerard et
al. [45].)
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Both the real and imaginary parts of f(f) are needed if we wish to obtain the
amplitude and phase of its Fourier transform.

Conversely, if we wish to take the inverse Fourier transform of a function
and reconstruct the original signal, we must know both the amplitude and phase
of the function.

Consider, as an example, a rectangular pulse with a time duration 7. This
has a real Fourier transform sin (w7/2)/(w7 ). However, if the pulse were nassed
through a delay line with a time delay Tp, its Fourier transform would be exp
(—joTp) sin (wT72)/(wT/2), with

172
Fr = cos oTp sin (wT/Z)
(wT72) (4.5.41)
2
F, = —sin oTp sin EZ;‘/Z;

Itis apparent thatin order toreconstruct the delayed pulse using an inverse Fourier
transform, we would have to know both Fp and F,, although in this case f(¢) is
real. In general, we must be able to deal with complex signals or the amplitude

CHIRP BROAD MATCHED
INPUT~=]__CHIRP SIGNAL INVERSE BAND |—= FILTER
TRANSFORM CLIPPING TRANSFORM FILTER OUTPUT

REFERENCE ”f\;*[___'ggs

FUNCTION TRANSFORM

Figure 4.5.13 Chirp transform programmable matched filter, with suppression of
narrowband interference by transform clipping to approximate spectral pre-whi-
tening.
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and phase of real signals, because the output of a real-time Fourier transform
device itself is one or more time-varying signals.

Now let us consider how to process an input signal () modulated by a down-
chirp exp [j(wt — wt%2)], which we write in the form

u(f) = f(r)efer=nin (4.5.42)
where, from Eqgs. (4.5.39) and (4.5.42), the real physical signal is

2 2

5:(t) = fgr(t) cos (wr - %) — f;(¢) sin (wt - %) (4.5.43)

Thus we can obtain the physical signal required by multiplying f(¢) and f;(¢) by a

cosine and sine chirp, respectively, and adding the resultant signals, as shown in
Fig. 4.5.14.

The matched filter for the complex chirp is of the form exp [j(wr + wr¥/2)].

Here we use a physical matched filter of the form cos (wf + wr?/2). The output

from the system, when a signal u(r) is inserted into it, can be written in the form

ff(T)ef(wf—u¢ZQ) cos [[w(t _ ,‘.) + |J.(t '2" T)Z} 0

Sx(1)
(4.5.44)

i

J.’: J f(T) [ej(wl + ;1.!2!‘2)8 —jrrT + e—}'(wl + u.lzfz)eju.(t - 'r)'rerurr] d’T

The second term in the integrand contains a rapidly varying term that varies as
exp (—jm?). This term will yield very [ittle contribution to the integrand and may

costwt-ut?/2) costwt+wtZ21=Cph (1)
1

coslwt +ut?/2)

hom

$in (wt - 2 12/2) sinfwt+ u122)2 5, (1)

(a)

cosiwt+ ut2r2)

3

LPF Fevenluzt]
Figure 4.5.14 (a) Fourier transform
£ _,_@_.*_ coslwtu1s2) 1 processor for a complex function. The
cosi! ~p1d/2) _‘_} real input is represented by fz(¢), the
imaginary input is represented by fA),

LPF Foaa'ut) and F and F; are the real and imagi-
sin fwi+ut%2) nary parts of the Fourier transform.
(b) Fourier transform processor for odd
(b) and even real functions.
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be neglected. Therefore, we write

Sx(f) = Litwt+wi2) j f(x)e ™ dr (4.5.45)

Thus the output from this signal processing operation is the Fourier transform of
f(s) multiplied by an up-chirp.

We are interested in the real and imaginary parts of this Fourier transform,
which are

Fr(nt) = Re J‘f(-r)e‘i“"T ds
= ffR(T) cos per dv + [f,('r) sin jut7 dv (4.5.46)

Fi(nt) = Im ff(‘r)e‘f“” d~

= ff,(-r) cos w7 dv — ij(7) sin wt dv

respectively, where

wt? . pe?
Re[S.(1)] = Fr(pt) cos | wr + > ) - F,;(t) sin | ot + N (4.5.47)
If f(z) is real, we need only multiply the original signal by a cosine chirp, as shown
in Fig. 4.5.14(a), to obtain the result

Fr(pr) = f fr(%) cos ptr dt (4.5.48)

Fiwt) = | fa(o) sin e ds

In this case, Fr(pt) = F.,., is the Fourier transform of the even part of fz(¢), and
F;(nt) is the Fourier transform of the odd part of fz(z).

Suppose now that we multiply the output S,(¢) of the filter by a chirp signal
of the form cos (wf + pt%2 + ¢), and pass the resultant output signal of the mixer
through a low-pass filter (i.e., look at the output at baseband). The term of
interest, then, is )

Re (You) = cos & Fr(pt) + sin ¢ F; (ur) (4.5.49)

By choosing ¢ = 0 or 7/2 [i.e., by multiplying by cos (wt + pt?/2) or sin (w? +
nr?/2)], we can separate the real and imaginary parts of F(wf), as shown in Fig.
4.5.14(a).

Thus the output from the top filter in Fig. 4.5.14(a) is the real part of the
complex Fourier transform Fg(p.t), and the output from the bottom filter is the
imaginary part F,(p.t) of the complex Fourier transform of f(r). When f(¢) is real,
Fgr(pt) is the transform of the even part of f(¢) and F,(u?) is the transform of the
odd part of f(¢), as shown in Fig. 4.5.14(b). When f(¢) is complex, it follows from
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Eq. (4.5.46) that Fg(pr) can be stated in terms of Fourier transforms of fg(f) and
f1(0).

¥ An example of how this type of SAW processor is operated has been given
by Jack and Collins. The following quote (slightly modified) is from their paper
“Fast Fourier Transform Processor Based on the SAW Chirp Transform Algo-
rithm” (slight modifications have been made to correspond with our earlier ex-
amples) [47].

Experimental SAW FFT Processor Realization. The SAW FFT processor
shown in schematic form in Figs. 4.5.14(a) and 4.5.15 was configured to demonstrate
computation of the Fourier transform in accordance with the theory of the previous
section. The processor employs three commercially available SAW chirp filters
(MESL types WB041 B-2 and WB045B-2). Here the input chirp C, is centered
at 22 MHz and sweeps over 4 MHz bandwidth in 25 ps (7B = 100, dispersive
slope p = 27 X 160 kHz/ps). The chirp filter C, and the post-multiplier chirp
C, are centered at 32 MHz and sweep over 8 MHz in 50 us (7B = 400,
p = 2w X 160 kHz/ps). In view of the offset center frequencies of C,, C, a 54-
MHz reference carrier must be inserted at the input to permit acceptance of base-
band input signals. However, since the center frequencies of C,, C; are identical,
the output—after the required low-pass filtering discussed previously—is auto-
matically at baseband. The timing electronics associated with the SAW FFT pro-
cessor are arranged to operate in synchronism with the inserted 54-MHz reference
carrier using divider circuits. Pre- and post-multiplier chirps in phase quadrature

PREMULTIPLY CONVOLVE POSTMULTIPLY
fn (0 s —®__, LOW PASS Fr (@)
REAL INPUT ‘ + FILTER | REAL OUTPUT
h ih
< | sSAW cHIRP
IMAGINARY FILTER
INPUT b+ o | | Lowrpass Fris2)
frlt) FILTER IMAGINARY
OUTPUT
T L
2 0 2 0
QUADRATURE QUADRATURE
HYBRID HYBRID
Ae,w tec,
SAW CHIRP SAW CHIRP
FILTER FILTER

! o

—L PULSE EXCITATION —A— PULSE EXCITATION

Figure 4.5.15 SAW chirp transform arrangement for baseband operation.
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were derived from C, and GC;, respectively, by means of a commercial quadrature
hybrid circuit (Merrimac type QHS-3-30). The input waveforms used in this ex-
periment were purely real, analog and continuous. These waveforms were derived
from a function generator (Tektronix type FGS504), which permits synchronous
operation (i.e., stationary relative to the premultiplier chirp) with variable input
signal phase.

The results shown in Fig. 4.5.16(a) relate to a real and even (cosine) input,
with period 2.08 ps (480 kHz). Choice of such an input period (a basic vector)
means that an integer number of cycles of the input waveform, fit within the time
window defined by the premultiplier chirp. The center and bottom traces represent
the real, Fgr(Q2), and imaginary, F;(Q2), components, respectively, of the Fourier
transform as measured at the outputs of the SAW FFT processor. Fg({2) and
F,(£)) represent frequency-domain functions over both positive and negative re-
gions of the frequency domain relative to zero frequency (dc). The horizontal
scale for these traces can be calculated as 160 kHz/ws X 1 ps/div = 160 kHz/div.
The center and bottom traces share a common oscilloscope delaying time base.
The delay has been adjusted such that the center of the display corresponds to
zero frequency (dc). As stated earlier, the upper trace in Fig. 4.5.16(a) represents
the input time-domain signal. Here in view of the propagation delay through the
SAW processor, it is not possible to show input and outputs simultaneously. How-

INPUT (1)

OUTPUT Fgri)

OUTPUT Fq(0)

| | ]
—480kH2 dc  +480kH2

(a)

\/ INPUT (1)

OUTPUT Fq()
OUTPUT Fy(02)

Figure 4.5.16 SAW FFT performance
! ' | with (a) 480-kHz cosine input, and (b)
- 480kH: de  +480kHz 480-kHz sine input. (After Jack and
(b) Collins [47].)
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ever, the upper trace uses a separate oscilloscope delaying time base where the
(arbitrary but fixed) delay has been set such that the time-domain signal, f(r), in
Fig. 4.5.16(a) is even relative to the center of the trace.

The upper trace of Fig. 4.5.16(b) shows a real and odd (sine) input, with
period 2.08 ws (480 kHz). It is important to note that the photographs of Fig.
4.5.16 were taken with the two time-base delays unchanged. The photographs
confirm the presence of cosine and sine inputs, respectively, these being produced
by variation of the start phase of the function generator output.

The output Fourier transform of the (truncated) cosine input (480 kHz), f(7),
shown in Fig. 4.5.16(a) displays real and even responses as can be predicted the-
oretically. These responses peak at =3 ps X 160 kHz/pus = +480 kHz and consist
of (sin x)/x responses with nulls at spacings of 250 ns x 160 kHz/us. This structure
can be directly related to signal truncation by the input window of 25-us duration.
In comparison, the output Fourier transform of the (truncated) sine input (480
kHz) as shown in Fig. 4.5.16(b), displays imaginary and odd responses at +3 us
x 160 kHz/pns = =480 kHz. The unwanted signals visible in the respective ‘‘zero”
output components of Fig. 4.5.16 have been investigated, and these appear to be
due predominantly to the practical difficulty of ensuring the existence of a purely
even or purely odd input.

A very similar set of results obtained with a larger bandwidth system have
been given by Jack and Paige [48], who demonstrated the Fourier transform of
7.5-MHz signals.

4.5.6 Chirp z Transform with a CCD

A baseband system cannot be used in the same manner as an SAW chirp z-transform
system. In the latter case, we could use low-pass filters and a high carrier frequency
to eliminate unwanted components of the output. However, a baseband system
must employ separate chirp filters to obtain the complex Fourier transform. Con-
sider, for example, the implementation of the same process in a CCD that operates
at baseband. The system may now be regarded as a sampled system where we
can write the discrete Fourier transform in the form

n=N-1
F. = Z fne—Zjn-n-k/N
n=0 (4.5.50)
n=N-1
= 3 fa
n=0
where z = exp [— (jwk/N)].
Using the substitution
2nk = n? + k* — (n — k)? (4.5.51)
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we find that
n=N-1
F, = e~i=kN z fe jmn/N g jre(k — n)YN
n=0

(4.5.52)

n=N-1

= gk z fznzlkz—(k—n)'-’/k
n
0

This operation of the chirp z transform is identical to that described earlier
for a CW system in Eqs. (4.5.7) and (4.5.16). In this case, the input signal is
multiplied by a sampled baseband chirp exp (—jut?/2), where for the nth sample,
pt2 = 2wn?/N. The resultant signal is then inserted into a chirp filter with the
opposite slope and finally the output is multiplied by a chirp. As with SAW devices,
final multiplication by a chirp can be eliminated only if the power density spectrum
is required. To process this signal, we require four filters, as illustrated in the
block diagram in Fig. 4.5.17. In this case, the input data would be premultiplied
by a chirp of a frequency varying from —f,/2 to f,/2, with a duration T.

The expression in Eq. (4.5.52) shows that the filter, which has an exp [jm(k
— n)?/N] response, must have 2N stages, that is, the maximum value of k + n,
corresponding to a delay length 27 and a frequency variation from —f; to f;. This
ensures that all frequency components of the input, multiplied by the chirp, can
be processed by the filter, and that the chirp is present in the filter at all times
while the processing is being carried out. This requirement, of course, is identical
to that of the SAW device, the only difference being that the chirp frequency varies
from f, — f,/2 to f, + f,/2, where f, is the carrier frequency. As the chirp length
is shorter than that of the filter, we must weight the chirp rather than the filter.

Provided that these processes are carried out, we can obtain, with a post-
multiplier, the correct component of the transform (i.e., real or imaginary, even
or odd). In principle, it is not always necessary to use four filters, because if the
input signal were purely real, we could use only two filters. The advantage of a

2 2
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Figure 4.5.17 Implementation of FFT chirp transform or for obtaining spectral-
density.
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four-filter system, however, is that it can eliminate the sidelobes that arise from
unwanted signal components, which correspond to the second term in the second
equation of Eq. (4.5.44), and which we normally ignore.

Another way to look at this result might be to consider what happens when
the input is a single-frequency exp (j{)t), so that fx(t) = cos  and f,(t) = sin Q¢.
When these signals are premultiplied by the chirps cos (ut?/2) and —sin (ut%/2),
respectively, and the resultants subtracted, we obtain a single-sideband chirp cos
(2t — pr?/2) at the input to the upper set of filters in Fig. 4.5.17. Similarly, the
lower set of filters has an input sin (¢ — pt%2). Therefore, the output from the
summer A in the diagram is

Yul) = f {cos (Q"' - %,_z> cos [Q(t -1+ E(_t_zf_f)_z]

— sin (QT - 1‘;) sin [Q(z — 1) + ﬂ(’;—")z]} dr  (4.5.53)

2

= fcos (Qt+ %—- — p.tT) dt

We note that there are no terms in the argument of the cosine function that vary
as 2. Thus the equivalent of the second term of the integrand of the second
equation of Eq. (4.5.44) has been eliminated in the output of the filter. A similar
argument applies to the further processing through the post-multiplier section. The
use of four multipliers yields the one required sideband without further filtering.

Furthermore, as real input components are composed of two complex com-
ponents, one of positive frequency and one of negative frequency, the use of real
filters alone, even for a real input signal, can give rise to aliasing. Each real input
component, such as the signal cos ()¢, is composed of complex components exp
(jQ) and exp (—j€2t), whose imaginary parts cancel. If these signals are sampled
over a range 0 to f;/2, where f; is the sampling frequency, negative frequency
components occur in the band f; to f,/2 as an alias, thus restricting the useful input
bands to components lying below the Nyquist limit f;/2. However, a complex four-
channel system will eliminate these alias terms and make it possible to work over
a band to f, without aliasing, for 2f, samples are effectively employed per second.
Another way to look at this is as a consequence of the fact that we are using a
single-sideband chirp modulator, and are therefore eliminating the aliasing fre-
quencies.

The CCD system normally operates with split-gate sampled weighting of the
type already described [4]. For instance, the weighting amplitude would be cos
wk?/N for the cosine chirp, as illustrated in Fig. 4.5.18.

Sliding transform. When only the power spectrum is required, it is often

more convenient to employ longer chirps relative to the length of the filter. If
the chirp length is longer than that of the filter, only a portion of the chirp waveform
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Reticon Coroporation [49].)
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is being sampled at any one time. The output from the filter then takes the form

k+N-1

N-1
F. = 2 fne-—ijmk/N = e~ UmKIN z fn+ke—2j~rrnk/N (4_5.54)
n=k n=0

This is essentially equivalent to the continuous form of Eq. (4.5.17) for a matched
filter response when the chirp is longer than the filter. In this case, the input chirp
is modulated by f(z), a down-chirp is used, and increasing » in this case is equivalent
to decreasing z. The difference between this transform and the usual DFT is that
the input data are shifted by one sample each time the spectral component is
calculated. For a general waveform, this procedure destroys the phase informa-
tion. However, because the power spectrum does not contain any phase infor-
mation, this is unimportant. Now we can use a filter N registers long, with a
bandwidth f;, to process signals with the same bandwidth. The system is thus
more efficient than one employing a chirp only half the length of the total filter.
Furthermore, as we saw in our treatment of weighting (Sec. 4.5.3), its major
advantage is that in order to decrease the sidelobe level, the output filter can be
weighted instead of the chirp.

4.5.7 Chirp Transforms with Superconductive Delay Lines

Research has been and is being carried out on other technologies for transversal
filters. Chirp transforms were demonstrated many years ago using dispersive wire
or tape delay lines [1]. (Applications of fiber-optic delay lines are described in
Sec. 4.6.) Here we discuss early research on superconductive delay lines, and
demonstrate their use for carrying out chirp transforms [12].

So far, the application of superconductive delay lines to carry out chirp trans-
forms has extended the operating frequency range of transversal filters from the
UHF up into the range 2 to 20 GHz. The device concepts are very similar to
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those of SAW delay lines, but the implementation must, of course, be changed to
suit the particular attributes of superconductive delay lines.

The basic idea is to employ an electromagnetic delay line, instead of an SAW
delay line, as a transversal filter. Since the velocity of an electromagnetic wave
is approximately 10° times larger than that of an acoustic wave, the obtainable
delays of an electromagnetic delay line will be far less than for an acoustic device.
Thus if we want to obtain large delays of the order of 100 ns or more, we require
an electromagnetic delay line at least 30 m long. But such delays lines are extremely
bulky and their attenuation becomes very large as their diameter is reduced. To
circumvent these difficulties, we may use superconductive materials, such as nio-
bium, laid down on a high-quality, low-loss insulating substrate, such as sapphire
or silicon, which will be an insulator at temperatures of the order of 4°K. By
reducing the width of a strip of superconductive material to dimensions of the order
of 25 wm, a relatively small line can be laid down in the form of a spiral, as illustrated
in Fig. 4.5.19(a), or a meander line, as illustrated in Fig. 4.5.19(b). The attenuation
as a function of distance along the line [ is exp (—a/), where

a=oa;+a + a (4.5.59)

The parameters a,, a., and a, are the contributions of dielectric loss, conductor
loss, and radiation losses, respectively. The dielectric loss for sapphire is very
small and can be written in the form

a; = 27.3 Ve (tan 3)/A, (dB/unit length) (4.5.56)

Reported values for the loss tangent tan & of crystalline sapphire range from 10-3
to 10-8. The surface resistance of niobium at 4.2°K equals 2.6 x 10> (}/square

—f W 5l W e e

- m
L Y |
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—|s }—
w5 dw— "
= : \ =
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NIOBIUM -/ =NI0BIUM
MEANDER GROUND ) )
LINE PLANE Figure 4.5.19 Superconductive delay
lines: (a) spiral microstrip; (b) meander
(b} line.
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at 10 GHz. The conductor loss a. for strip line is

_ 8.68(R; + Ry,)
- ZWZO

. (dB/unit length) (4.5.57)
where R, and R,, are the surface resistances of the strip and the neighboring
ground planes, respectively. The loss per wavelength for a microstrip design with
a strip width w and sapphire thickness h, with w/A = 0.85 and A = 25 pm, is
plotted as a function of frequency, as shown in Fig. 4.5.20. As we might expect,
this loss figure is considerably lower than for copper, and in fact the attenuation
per wavelength is much lower than for an SAW delay line.

A simple delay line can be made out of a single spiral. To construct a tapped
delay line, two interleaved spirals are laid down on the same substrate to make a
double spiral dispersive delay line, as shown in Figs. 4.5.21 and 4.5.22. In Fig.
4.5.21, the input signal on electrode 1 to the first spiral is coupled out to excite a
wave propagating in the opposite direction on the second. The coupling is between
the wider regions, where the two spirals are close to each other.

The action of this coupler can be described by coupled wave theory (see Prob.
6). The coupling of two neighboring TEM modes propagating in the same direction

Lt

: COPPER ™ h= 500,«,,)
ic 087‘8
- p

]
|

Figure 4.5.20 Propagation loss per

10° Ll l L L i L1I l l wavelength for an SAW delay line and
03 ! 3 10 30, superconductive delay line. (After
FREQUENCY (GHz) Reible {12].)
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Figure 4.5.21 Proximity-tapped delay line. (After Reible [12].)

tends to be small because the inductive and capacitive coupling terms cancel each
other out. The inductive and capacitive coupling from one line to another, of two
waves propagating in opposite directions, adds. But the total excitation would
also be very small if the coupling were over a long length. If the coupling is
regarded as uniform over a length L, it can be shown that optimum coupling is
obtained from one line to another when L = A\/4, where \ is the wavelength of
the waves in both spirals. In early work, Reible made a delay line of this kind
that was highly dispersive. It gave 27 ns of dispersion (i.e., of delay change) over
a 2-GHz bandwidth centered at 4 GHz. The device had 101 proximity taps, with
the potential for a time—-bandwidth product of 50. The strip-line structure con-
sisted of a 0.2-pm-thick niobium film sandwiched between two S-cm-diameter, 125-
pm-thick sapphire wafers. The pattern had two parallel lines, with a total length
of 25 m, wound in a spiral pattern. Figure 4.5.23 shows the results for one of
these devices used as an expander, when a 200-mV dc step with a 25-ps rise time
is applied to its input. The resulting 27-ns chirp was amplified and time-gated to
produce the pulse shown in the lower figure of Fig. 4.5.23(a). This was supplied
to the input of the compressor, the up-chirp device. The resulting compressed
pulse is displayed in the upper trace of Fig. 4.5.23(a) and a version expanded in
time is shown in Fig. 4.5.23(b). The width of the main lobe of the compressed
pulse is 2.5 ns, exactly what would be expected from an input with an 800-MHz
bandwidth. The first three sidelobes levels were in good agreement with what
would be expected from the theoretical sinc response.

This demonstration of a superconductive delay line is of great interest because
it can obtain such large bandwidths. Its disadvantage is the low temperature
required for its operation.

Figure 4.5.22 Double-spiral dispersive
1 delay line. (After Reible [12].)
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Figure 4.5.23 Outputs of superconduc-
tive dispersive filters: (a) top trace
shows compressed pulse output. while
bottom trace shows expanded wave-
form: (b) compressed pulse with ex-

(b) ' panded scale. (After Reible [12].)

PROBLEM SET 4.5

[ )

. Consider Eq. (4.5.12) for a signal entering a physical filter. Following the derivation

of Eq. (4.5.17). consider the FM chirp signal to be of finite length T, rather than infinitely

long. as has been implicitly assumed in this derivation. and the length L of the delay line

to be finite, with L = VT. Point z on the delay line can be excited by a signal only if
it reaches that point at a time . Thus if the signal has either not reached the plane =
or already passed by it at a time ¢, there is no contribution to the output from the plane

z. This implies that for a finite-length chirp signal. the limits on Eq. (4.5.13) must be

reconsidered.

(a) Determine the form of the output when the chirp is of uniform amplitude between
times —7/2 <t < T/2 and zero. fort < —T/2 and r > T/2. Find the form of the
output signal fort < —T. -T<1<0,.0<t<T.andr>T.

(b) Show that if n7? >> 1. the main and first few subsidiary lobes (peaks and valleys)
of the output signal are not much affected by changing the length of the chirp. as
compared to keeping the length of the delay line L constant and using an infinitely
long chirp.

. When an FM chirp signal is inserted into @« matched dispersive delay line whose char-

acteristics are given by Egs. (4.5.14) and (4.5.15). the output consists of a correlation
peak at r = 0 with some sidelobes. In the text. we neglected the noncumulative second
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term in Eq. (4.5.15). However, this gives rise to sidelobes or a background signal level

that may be of some importance. Consider the neglected term, and find its amplitude

as a function of time when the delay line is of length L and extends from — L/2 to L/2,

and the chirp length can be regarded as being much longer than L/V. It is of particular

interest to find the amplitude of this background signal at times near ¢t = 0. To carry
out the problem, it will be convenient to make use of the method of stationary phase
given in Appendix G. This is equivalent to completing the square in the argument of

the exponential, as in Eqgs. (4.5.51) and (4.5.52).

(a) Show that the position z, which makes the main contribution to the integral, moves
along the delay line at a velocity V/2. Show also that at time ¢ = 0, this point is
outside the delay line if the bandwidth B is such that B < wy/2, so that the contri-
bution of this term is negligible in a SAW chirp transform device.

(b) Consider what occurs for a baseband chirp in a CCD filter (w, = 0). Find the
amplitude of the unwanted signal relative to the amplitude of the mainlobe. (Regard
the dispersive CCD filter as a simple continuous filter of time delay T or length L.)

3. Consider a sampled system with N elements spaced a time ¢, apart. Some examples are
a CCD chirp transform system or an amplitude-weighted chirp transform system of the
type described in Sec. 4.5.3. By taking the weighting of a chirp filter w(¢) in Eq. (4.5.4)
to be of the form

w(t) = Nf &(t — nty)

find the output of this system with the appropriate input chirp. Show that aliasing can
occur, that-is, that the output waveform will repeat itself at times t = M/B apart, where
Bis the bandwidth and M is an integer. Explain physically, in terms of a spatial harmonic
expansion representing the response of a quasiuniform region of tapped Fourier delay
line, why this effect occurs.

4. One way to look at the sidelobe design problem is to cancel out the sidelobes. Consider
Hamming weighting in a general form such that the weighting function is

2w

we(t) = (1 — A) + A cos T

Show that this weighting function gives rise to a Fourier transform, that is, to a time
response with three main lobes arising from the first term and the cosine term, respec-
tively. Choose the amplitude of the main lobes resulting from the cosine term so that
it will cancel out the first sidelobe at t = 3w/uT that resulted from the contribution of
the constant term. With this choice, what is the ratio of the sidelobe to main lobe
response at t = 5w/wT? Compare this to the unweighted system with A = 0 and to the
result at t = 3w/pT and ¢t = S5@/pT for the following Hamming weighting:
wo(7) = 0.54 + 0.46 cos 2—1;

5. Consider that the scales of a Fourier transform and an inverse Fourier transform need
not necessarily be the same. On this basis, carrying out the two operations in turn can
give rise to a change in the scaling, or time length, of an input signal. With the circuit
shown in the figure, note that the input signal f(¢) is multiplied by a chirp exp [j(w,t —
1,t%2)], and inserted into the matched filter, which has a response exp [j(w, + p,r%/
2)]. The output signal is then mixed with (multiplied by) a chirp of different slope exp
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[j(wyt + w,r*/2)], and the resultant signal is passed through a low-pass filter to keep only
the difference frequency term. This signal is inserted into the appropriate matched filter.
Show that the output chirp is modulated by a scaled form of f(¢), namely f[r(n, — p.,)/

M1]~ .

Exp[itwt + pr2/2]
MATCHED FILTER

f(t)

ExPitw, - p,12/2)]

explitwat + pp12/2]>——X)

LOW PASS
FILTER

OUTPUT &

Hint: You will need to write the result in terms of a double integral (i.e., the two Fourier
transforms). Invert the order of integration and use the relation

f e doy = §(t — 1)

where 8(¢) is a Dirac delta function.

6. Consider two coupled transmission lines coupled over a length L. Suppose that a wave
of amplitude a,(z), propagating in the forward direction on line 1, is coupled to a wave
of amplitude a,(z), propagating in the backward direction on line 2. We can write the
following coupled mode equation for the excitation of a,:

%—'k = jka
dz o T ka4

Assume that the coupling is weak (x << k) so that we can write
a,(z) = Ae /=

Show that the maximum value of a,(0) is obtained when the length L of the coupling
region is A/4. Assume that a,(L) = 0.

4.6 BANDPASS FILTERS
4.6.1 Introduction

The basic method of designing bandpass filters was described in Sec. 4.2. It
involved using the Fourier transform technique to predict the time response of the
required transducer. In this section we discuss the use of this technique in more
detail. In addition, we discuss other techniques, such as phase weighting and the
design of unidirectional transducers.
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The techniques employed in the earlier chapter change little when applied to
CCD delay lines, except that CCDs operate at baseband in a lower-frequency range
than is typical of SAW devices. They do not, however, suffer from reflections of
signals at the taps; thus the design problem for CCDs is somewhat simpler than
for SAW devices.

4.6.2 Strip Coupler

Before describing the amplitude-weighted design, let us discuss the strip coupler
[50, 51], a device used to eliminate reflections, excitation of bulk waves, and
diffraction problems in SAW filters. Although the strip coupler is an important
component in the design of SAW devices, it is also interesting for its own sake,
because it is an excellent illustration of the coupled mode principle. We have
already seen how this technique can yield information on the excitation of waves
by a metal structure without requiring a detailed knowledge of the field distribution
of the waves of interest. Here we show how this formalism can be applied to
describe the coupling between two waves.

The basic strip-coupled device transfers a surface acoustic wave beam from
track 1 to a neighboring track 2, as illustrated in Fig. 4.6.1. The device requires
a series of closely spaced metal strips laid down across the two acoustic beam paths.
Beam 1 excites a signal on these strips; the strips in turn reexcite the second beam
on track 2. This device eliminates problems with unwanted volume wave modes
that can give rise to interfering signals; the strip coupler does not couple strongly
to these volume waves. It also lets us employ very short fingers for apodized
transducers, as illustrated in Fig. 4.6.2(a). If these short fingers are placed very
near the multistrip coupler, then diffraction loss, due to the beam expanding
sideways, is no longer a problem, as can be seen from the experimental results
shown in Fig. 4.6.2(b) and (c).

It is fairly simple to demonstrate the principle of these strip couplers and of
other coupled-mode devices. Consider the expression for excitation of a surface
acoustic wave at the plane z, propagating in the forward direction [Eq. (4.2.1)].
This is

a(t, z) = a J-: a[t — -(-i-‘_/——{), z’} az' (4.6.1)

Here the upper limit of the integral is taken to be z, to account for the fact that
although the strip coupler extends beyond the point z, a forward wave is excited
only by strips for which 2’ < z.

Figure 4.6.1 Transfer of an acoustic
TRACK wave in a multistrip coupler from track
___________ —————— o 1 to track 2 for equal trace widths.
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The Fourier transform of this expression is

Alw, z) = af e'f“"f cr[t - -(Z—-:—El, z'] dz' dt
I's = - VR

=~ Z2'=
z ) [ = o

= af e-—)w(Z-Z')/VR[ O'(t’, 2’) e~ dy dz’ (462)
- = —

P4
= aj o(w, z')e /*z=2) gz’

where k = w/Vgand¢' =t — (z — 2')/Vg. By differentiating this equation with
respect to z,7 it follows that

i _ ag(z) — jkozf o(z')e k-2 gz’
dz - (4.6.3)
= ag(z) — jkA(2)
or
dA |, A = ao(2) (4.6.4)

dz

where, for convenience, we have dropped the o in o(w, z), A(w, 2).

Now consider the beams traveling along two neighboring paths, as illustrated
in Fig. 4.6.1, which we shall denote by subscripts 1 and 2, respectively. Either
beam can be excited by charge on the strips. For simplicity, we suppose that the
strips have infinitesimal spacing and are infinitesimally narrow. If the voltage at
the surfaces of the beams on both paths are equal, and we take a to be proportional
to these voltages, then A; = A,, where the subscripts 1 and 2 correspond to the
parameters of the waves on each beam path, respectively. In this case we expect
the charge on the strips, a(z), to be zero, for no current flows along the strips or
is supplied externally to them. More generally, we expect that if the beams are
of equal width, the charge on the strips must be proportional to A, — A,, as
discussed in Prob. 2. Thus we can write a coupled mode equation to express the
excitation of beam 1, in the form

dA ) )
—d7‘ + jkoA; = jx(A, — A,) (4.6.5)

where « is an arbitrarily chosen real coupling constant. The jis used on the right-
hand side so that the eventual solution for the propagation constant of the waves
will be real. For instance, if A, = 0, then A, must vary as exp (—jkz), where k

tIf
G(z) = f_ F(z, u) du
then it follows that
G r aF(z, u)
o F(z,2) + | R du
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Figure 4.6.2 Filter incorporating a multistrip coupler, and the measured amplitude and

phase responses for a filter with sharp skirts. The abrupt change in impedance at the band
edges causes most of the phase error. (After Tancrell and Engan [52].)

isreal. Additional justification for this choice is given in Prob. 2. By symmetry,
we can also write

dA . .
d—zz + jkoAs = jrk(A, — A)) (4.6.6)
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Figure 4.6.2 (continued)
Note that we have assumed that the propagation constants of the waves on both
beam paths are equal and of a value k, when there are no strips present.

These equations can be solved by assuming a solution in the form A, = A,
exp (—jkz), A, = A,qexp (—jkz). This procedure leads to the results

Ajolke — k + k) = KAy (4.6.7)
and
Axlky — k + k) = KAy (4.6.8)
Multiplying Eq. (4.6.7) by Eq. (4.6.8), we find that
(ko — k + k)* = k2 (4.6.9)
By taking the square root of Eq. (4.6.9), we find two solutions:
k = ko (4.6.10)
and
k = ko + 2« (4.6.11)
In turn, this implies that for the two solutions, we can write

AIO = Azo (k = ko) (4612)
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and
B,y = =By, (k = ky + 2K) (4.6.13)

respectively, where we have replaced A,, by B, and A,, by B,, for the second
solution.

When the amplitudes of the two waves are equal and of the same sign, the
propagation constant of the system is unperturbed, as we might expect. When
the amplitudes of the two waves are equal and of opposite sign, the propagation
constants of the waves are increased (i.e., the wave velocity is slowed down).

We may now solve for the situation when a signal is excited on track 1, and
is initially of zero amplitude at z = 0 on track 2. The signal on track 1 generally
excites both waves of the system; these waves are called the normal modes of the
system. The normal-mode solutions, as we have seen, have propagation constants
k = ko and k = ko + 2K, respectively. Thus the initial boundary condition is
A,(0) = 0. We can write the solution on track 2 in the form

A, (2) = e""“’(Azo + Bzoe'zf"‘) (4.6.14)

We need amplitude coefficients to solve for the total signals on tracks 1 and 2.
We will call these A,y and B,,, respectively. To satisfy the boundary condition
A,(0) = 0, it follows that A,; + B,y = 0, or

A,(2) = 2jA,pe 7 Iko+%)Z gin kz (4.6.15)

It also follows from Eq. (4.6.13) that
A,(2) = 2A,pe7/ko+%)7 cos Kz
= A,(0)e/ko+%)z cos k2

At the point where z = 0, A, = 0 and A,(0) = 2A,,. Farther along the
line, however, where xz = w/2, A, = 0 and |4,] = 24, = A,(0). Thus all the
power is transferred from one beam path to the other in a transfer distance z =
L, = m/2k.

Furthermore, if the strip coupler is made longer, such that kz = mr, all the
power is transferred back again to track 1. Thus there is a periodic transfer of
energy back and forth between the two beam paths.

We can obtain a measure of the coupling parameter k by noting that in the
situation where the signals on each track are of opposite sign, that is, the solution
for which A,(z) = —A,(z)or A;g = —A,0[Eq. (4.6.13)], one beam tends to excite
the strip so it is positive, while the other tends to excite the strip so that it is
negative. Under these conditions, current flows along the strips but the voltage
on them must, by symmetry, be zero; therefore, the strips behave as if they are
shorted to each other. Thus if we know the relative perturbation in surface acoustic
wave velocity AV/V, resulting from short-circuiting the surface of the device with
a thin metal film, we can write

(4.6.16)

== = (4.6.17)
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As this quantity AV/V is easily calculable and measurable for most piezoelectric
substrates and it is possible to determine k, and hence the length required to transfer
energy from one beam to the other.

For a material such as lithium niobate, with AV/V = 0.023, Eq. (4.6.17)
indicates that the transfer length is L+ = A/(2AV/V'), which is approximately 22x,
where A = V/f is the acoustic wavelength. This corresponds to a transfer length
of approximately 0.7 mm at 100 MHz. In practice, the transfer length is approx-
imately a factor of 2 larger than this figure because the strips have a finite gap
between them; consequently, the entire region occupied by the strip coupler is not
employed in coupling. Again in practice, the maximum transfer efficiency is usu-
ally better than —0.5 dB, with the minimum signal left in track 1 corresponding
to a level less than —30 dB below the input signal. The directivity of the signal
transfer with the coupler is usually better than 30 dB.

The basic principles described here apply to a wide range of systems. For
instance, two optical beams in a fiber-optic waveguide system can be coupled to
each other by lapping the two optical waveguides down to their cores, and arranging
them so that they have a close spacing over the coupling length required (see Sec.
4.6.6). Microwave waveguides can be coupled to each other in a similar manner,
by arranging them so that they have a common wall, with either a slot or closely
spaced holes cut in it. In addition, acoustic beams may be coupled to optical
beams by arranging for a suitable interaction region. In all cases, we can describe
the qualitative behavior of the coupling mechanism by the simple coupled mode
equations we have derived. Estimating the coupling coefficient itself is normally
more difficult.

4.6.3 Amplitude-Weighted Bandpass Filters

The basic steps in designing an amplitude-weighted baseband bandpass filter involve
deciding on the frequency response required, taking its Fourier transform, and
then arranging the apodization of the filter to give the time response needed. A
problem arises because such filters should, in principle, be of infinite length. Sup-
pose, for instance, that we require a filter with a flat frequency response from wqy
— Q210 wy + Q2 0r [I(w — w,)/2, where I1(x) is the rectangle function defined

as
nE) = {1 b <

Ni= NI

0 | >

Thus the bandpass in the positive frequency domain extends from 0, — /2 < ®
< wy + V2. In this case, the time response of the filter will be
Q sin Q2
h(t) = —
© 2w U2
The time response required is therefore infinite in length.
Suppose that it is decided to cut off the time response of the filter at times ¢
= =*T/2, that s, to use a filter with a finite length T, as illustrated in Fig. 4.6.3(a).

glent (4.6.18)
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Figure 4.6.3 Convolution of the desired function H(f) with the frequency spec-
trum of a finite impulse of length T: (a) ideal frequency and time responses; (b)
weighting functions in the time and frequency domains for a finite-length filter; (c)
behavior of a finite-length filter.

For an SAW device, this would imply using a filter of physical length L = VT,
where V is the surface wave velocity. In a CCD, T would correspond to the total
time delay in the device itself. This corresponds to a weighting function w(z) =
I1(¢/T), whose Fourier transform is

(4.6.19)
The output from the device in the frequency domain will therefore be the

convolution of the frequency responses W(w) and H(w) = m(w — g)/(, that is,
the frequency response of the device will be

Hy(w) = f H(o — s)W(s) ds (4.6.20)

We can illustrate this convolution process graphically by the diagram shown
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in Fig. 4.6.3. The length of the weighting function W(w) , shown in Fig. 4.6.3(b),
between its two zeros is Aw = 4w/T, or

Af = % (4.6.21)

Therefore, by limiting the length of the impulse response to a time 7, we might
expect the transition width of the frequency response to be approximately 2/T,
corresponding to the width between the zero of the main lobe of W(w), as illustrated
in Fig. 4.6.3. Furthermore, we can estimate the minimum attenuation outside the
passband, from the area A of integration under the first sidelobe of W(w), as
compared to the area B of integration under the main lobe of W(w), as indicated
in Fig. 4.6.3(b). By taking the regions A and B to be triangular, we can show
that the ratio of these two areas is approximately (2/3w)/2 = 1/31r, or 19.5 dB.
The accurate result, given in Table 4.6.1, indicates —21 dB as the minimum stop-
band attenuation. On the same basis, the ripple at the edge of the passband would
depend on the area under the first and second sidelobes, and would vary approx-
imately from 1 — 1/3wto1 — 13w + 1/5w, or 0.6 dB.

If we could use a smoother weighting function, W(w), the ripple within the
passband would obviously be radically decreased. In addition, the attenuation
outside the passband would be increased. Thus it is useful to employ the kinds
of windowing functions described in Sec. 4.5.3. By doing this, we obtain the
results given in Table 4.6.1. Typically, the stopband attenuation is improved at
the expense of a wider transition width. The longer the filter length, the better
the transition width of the filter.

An example of such a filter configuration is shown in Figs. 4.6.4 and 4.6.5.
The results obtained with a low-frequency experimental filter terminated at the
third lobe on either side of the main lobe (i.e., at T = 8/B) are shown in Fig.
4.6.5. In this case, with a Bartlett (triangular) weighting, the response outside the
passband is improved considerably. Before weighting, the level outside the pass-
band was — 14 dB, worse than the —21 dB predicted by theory, while after weight-
ing, the level outside the passband was — 35 dB, better than the value of —25 dB
predicted by theory. Since these early results were obtained, more carefully made
devices have been constructed, and the results have usually been in very good
agreement with theory.

TABLE 4.6.1 SIDELOBE LEVELS AND TRANSITION WIDTHS
FOR PASSBAND FILTERS

Transition width of Minimum stopband
Window main lobe attenuation (dB)
Rectangular 2iIT =21
Bartlett 4T -25
Hanning 4/T -4
Hamming 4T -53
Blackman 12/T —-74
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Figure 4.6.4 Interdigital electrode con-
figuration in an SAW filter. (After At-
2zeni and Masotti [53].)

Other methods of weighting may also be used. For instance, the Dolph-
Tchebysheff weighting technique allows us to maximize the attenuation outside
the passband, and also to obtain the narrowest transition width possible for this
attenuation. Because this particular technique is complicated to design and tends
to lead to a weighting function with sharp maxima at the ends of the transducer,
it is normally approximated by other methods, Hamming weighting being one of
them. Thus the basic design approach is normally similar to that already described,
with the added proviso that an attempt be made to optimize the transition width
for a given attenuation outside the passband. Using these techniques, successful
transducer designs for a wide range of bandwidths have been formulated with
attenuations outside the passband as great as 60 dB.

Figure 4.6.5 Amplitude against fre-
quency response of the triangular
weighted SAW filter (dashed line),
compared with that of the unweighted
filter (solid line). (After Atzeni and
f MHz Masotti [53].)
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Usually, the problem of obtaining sufficient attenuation outside the passband
is associated with spurious effects. Simple designs, which might theoretically give
rise to as much as a 70-dB attenuation outside the passband, often lead to atten-
uations of only 30 dB. This is due to unwanted excitation of volume waves,
reflections from the fingers and the edges of the substrate, and undesirable dif-
fraction phenomena.

The bulk wave excitation problem and the diffraction problem can, to a large
extent, be eliminated by using strip couplers, because the strip coupler does not
couple very strongly to bulk waves. Strip-coupled designs are thus often used for
these purposes. Another approach, favored in Japan, is to use special cuts of
lithium niobate and other materials for which the excitation of bulk waves is very
weak. Successful intermediate-frequency (IF) filters for television receivers have
been made with this method. It is normally fairly simple to eliminate reflections
from the edges of the substrate. When a soft material, such as wax or a plastic
resin, is deposited on the edges of the substrate, the surface waves are rapidly
attenuated. Reflections from the fingers can usually be eliminated with the split-
finger technique. Each finger is split into two parts, so that the periodic spacing
of fingers is approximately A/4, as illustrated in Fig. 4.6.6 (see Prob. 4.2.3). Neigh-
boring fingers now give reflections 7 out of phase that cancel each other out. The
excellent characteristic of a television IF filter, designed by Kodama using a com-
bination of these techniques, is illustrated in Fig. 4.6.7.

The equivalent CCD devices do not suffer from most of these problems, but
they can have problems with spurious effects resulting from charge-transfer effi-
ciency. This tends to limit their design to a relatively low frequency, below 1
MHz, in addition to limiting the total length of the device. As the transition width
depends on the total length of the device, this limits the transition times obtainable
at a given frequency. As we have seen in Sec. 4.3 and Fig. 4.3.10, very successful
low-frequency CCD filters have been made.

i

A
Figure 4.6.6 Transducer Figure 4.6.7 Measured vestigial sideband (VSB) filter
with split fingers to amplitude and group-delay response of television IF
eliminate reflections. filter designed by Kodama. (After Kodama [54].)
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One problem with the standard interdigital transducer is that its symmetry
excites equal-amplitude signals in both directions. Consequently, the transducer
has a minimum loss of 3 dB; a device using two interdigital transducers has a
minimum loss of 6 dB. A further consequence of this fact is that the interdigital
transducer is a three-port device (one electrical port and two acoustic ports), and
all three ports cannot be matched in a three-port network. For instance, suppose
that a receiving transducer is perfectly matched at both acoustic ports (1 and 2),
and an attempt is made to obtain maximum power into the electrical port (3).
Then, by reciprocity, we know that if the input signal into port 1 is a, and the
input power is a?, the maximum power across the load at port 3 will be a%/2 (a 3-
dB loss). By reciprocity and symmetry, this signal across the load excites signals
of value a?/4 at ports 1 and 2. Thus a reflected signal is emitted from port 1 that
is 6 dB lower in amplitude than the incident signal. The signal leaving port 3 is
also 6 dB less than the input signal. Consequently, if both transducers of a delay
line are matched as well as possible, there is a triple transit echo, that is, a signal
reflected from the output transducer and then re-reflected from the input trans-
ducer, which is 12 dB down at the output electrical port 3 from the directly trans-
mitted signal.

Reflections can be a serious problem when an interdigital transducer is matched
for best efficiency. Thus the transducers often are not loaded for optimum effi-
ciency. To improve the efficiency, a central input transducer is sometimes used
to supply two output transducers, connected in parallel and placed on each side
of the input transducer.

Another stratagem is to employ a three-phase transducer, illustrated in Fig.
4.6.8. Inthistransducer there are three fingers per wavelength, excited with phases
0, 27/3, and 47w/3. This set of three fingers excites only a wave in the forward
direction, since the wave excited by the three fingers in the backward direction
has an amplitude 1 + exp (—4jnw/3) + exp (—8jn/3) = 0. Thus the device is a
one-way transducer. The disadvantage is that a special electrical network must
be used to excite this transducer; in addition, the geometry of the device becomes
more difficult because it requires three separate connections. However, bandpass
filters with excellent characteristics, high directivity, and only a 2-dB total loss
from terminal to terminal have been made by this technique [S5].

Finally, there are various permutations of the strip coupler configuration that
can be used to give one-sided excitation. Such techniques, although useful, tend
to introduce losses, so the improved performance desired is not always obtained
(see Prob. 1) [50, 51].

4.6.4 Phase-Weighted Transducers

The treatment already carried out for chirp delay lines shows that such delay lines
exhibit good frequency response over a finite bandwidth. However, because the
input-output response of these delay lines is dispersive, their phase response or
group delay may not be what is normally required in a signal processing system.
A simple way to eliminate this difficulty is shown in Fig. 4.6.9(c). The dispersion
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INSULATING

ACOUSTIC
PROPAGATION
—_—

o

~——60° PHASE SHIFTER

MATCHING

NETWORK Figure 4.6.8 Geometry of a multilayer
l l three-phase transducer. (After Hart-
mann et al. [55].)

is eliminated with two phase-weighted chirp transducers aligned in the same di-
rection; one is used as a transmitting transducer and the other, as a receiving
transducer. This implies that the delay time of any particular frequency component
through the filter will be constant. The results obtained with such a filter are
shown in Fig. 4.6.9(a) and (b), where the time response is of the form sin #/t, as
we might expect. Thus this provides another simple way of designing filters (see
Prob. 3).

4.6.5 Building-Block Design Technique

Many filters require not only a good response within the passband, but also ex-
tremely high attenuations near specific frequencies outside the passband; that is,
they require the provision of “traps.” A technique that has been utilized in the
design of television IF filters, where deep traps are required for the neighboring
channel and the sound channel, is illustrated in Fig. 4.6.10. Several transducers
are placed in parallel, and the energy excited by them is transferred by a strip
coupler to a single output transducer. Thus the individual transducers are designed
for a given response and the responses are added.
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(©)

Figure 4.6.9 Low-shape-factor surface wave filter moduie: (a) 12 MHz at 168-
MHz frequency response; (b) (sinx)/x impulse response indicates linear phase re-
sponse and rectangular bandpass; (c) two phase-weighted transducers with opposite
dispersion for canceling phase nonlinearity. (After Hartmann et al. [15].)

Suppose that we have two transducers, of center frequencies w, and w,, with
N, and N, fingers, respectively. Then the total response is

H(w) = Wsine M@ = @) 4 gy o M@ @)y 69y

(O] w5

where sinc x = (sin wx)/mx, and W, and W, are the weights of the two transducers;
that is, W, and W, are proportional to the finger lengths of the two transducers,
respectively.

w,,N,

g

——

2

Figure 4.6.10 System for utilizing mul-
tiple transducers to affect frequency re-
—m sponse. (After DeVries [56).)

|
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Suppose, for instance, that we wished to compensate for the first upper
sidelobe of the transducer with a center frequency w,. If we choose the second
transducer to have a finger number N,, such that the zero of the response of the
second transducer is at the same point as the zero of the response of the first
transducer, we must have w, = (1 + 3/2N,), N, = 2N, + 3, and W, = 2W//
3wor W, = 0.21W,. Thiswill give a calculated response for the first upper sidelobe
like that of Fig. 4.6.11, with a zero response or trap in its original position.

A similar technique can be used to broaden the frequency response of the
main lobe. We may now choose w, = w,, N, = 2N;, and W,/W, < 0. We will
obtain a response of the type shown in Fig. 4.6.12.

Thus, in general, we design a system out of building blocks, so that the total
response is of the form

H(®) = S W,sinc N,,(—“i-i—“i"—) (4.6.23)

n

By taking the Fourier transform of this response, we note that each term consists
of a finite length RF burst, as illustrated in Fig. 4.6.13. By summing these re-
sponses, we can make a simple filter corresponding to this total time response. A
configuration of a TV IF filter designed by this technique is shown in Fig. 4.6.14,
where the zeros of the response have been chosen as the trap frequencies. The
results obtained are shown in Fig. 4.6.15.

AMPLITUDE Ny, =10 wy=1
(LOG SCALE) N,=23 w,=1.15
SIN X
X

=== COMPENSATED

— -

———
— o ————

: AN Figure 4.6.11 Calculated response

0.8 0.9 1.0 1.1 12 curve for first upper sidelobe compensa-

FREQUENCY —w—= tion. (After DeVries [56).)
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Figure 4.6.12 (a) System for broaden-
ing of frequency response;

(b) calculated broadened frequency re-
sponse. (After DeVries [56].)

Note that in this design both the finger spacing and the finger length vary.
A multistrip transducer of a hundred strips was employed to eliminate bulk wave

interactions.

The output transducer did not use split fingers because the design

was simplified by using fingers with a width of approximately 3\/8, which generally

tends to eliminate spurious reflections.
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Figure 4.6.13 Method for synthesizing
transducers. The desired frequency re-
sponse is given by part (a). The re-
spective Fourier transforms of the first
and second terms are shown in parts (b)
and (c). In part (d), the composite
waveform from which the transducer
configuration can be derived is shown.

i (w- . Ny (w-
H (w) = W sinc [ﬁ—:—w'—)] + Wp sinc [_2_%:2‘*’_2)] (a)
’AMPUTUDE Y W,
« 5w (b)
_
{wi. ) W,y
M—iags w2 (e)
(w2, N2) 2
z {d)
x=0 —x (From DeVries [56].)
P& W
(@

(b)

Figure 4.6.14 (a) Filter element showing transducer structure on lithium niofate
substrate. The structure above the left transducer identifies the position of the
element on the plate. (After DeVries and Adler {57]).) (b) Configuration of
weighted input transducer. An added transducer section that corrects for a finite
trap depth is indicated by an arrow. (After DeVries et al. [58].)
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4.6.6 Recursive Filters and Comb Filters

A. Introduction

Most transversal filters, because of their limited length, do not have as sharp
a transition bandwidth as is sometimes desired. Better transition bandwidths can
often be obtained in standard filters, because in z transform terms there are poles
as well as zeros in the characteristic, which can give rise to very sharp changes in
the transfer function. Such a pole in the characteristic can be generated in a
transversal filter by using feedback between the output and the input. Zeros in
the characteristic can be obtained using feedforward from input to output. Filters
based on this principle are called recursive filters.

Suppose that the delay time in a simple delay line is T, as illustrated in Fig.
4.6.16; we feed the signal forward as shown, and add the input and output signals.
We can write

y@) = x(t) + ayx(t — T) (4.6.24)
If we choose @, = —1, it follows that

y@) =x(@) — x(t — T) (4.6.25)
For an input signal that varies as x(t) = exp (jw?),

y(t) = e (1 — e™T) (4.6.26)

. T
¥(8) = 2jeit-T sip 92—

DELAY LINE a, x(t-T)

x(1) — Torl/z a>—2(E)— yit
+

e 4.6.16 Recursive filter.
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In z transform terms, we would write z = e/“7, so that
H(z) = H(w) = (1 — e7/*T) (4.6.27)

=1-=

z
This filter has a zero at z = 1, corresponding to notches in the output at f; = 1/
T and all integral multiples of this frequency. Such a filter is called a comb filter.

This is the basic delay-line canceler element used for clutter rejection in
moving target indicator (MTI) radar. The purpose is to eliminate clutrer, that is,
signals from stationary targets such as the ground or the sea. The frequency
reflected from stationary targets is the transmitted frequency. A moving target,
however, will give a Doppler shift of the return signal frequency and therefore can
be observed while the clutter from the stationary targets is removed in the ideal
system. As an example, a BBD delay line has been constructed for this purpose
with 400 stages. This is clocked at a frequency f, = 1.6 MHz, making the time
delay through the device T = 250 us. The effective sample rate for the data is f;
= 1/T = 4 kHz, and the delay-line canceler has notches at f = 0, 4 kHz, 8 kHz,
and so on. Thus the radar is operated with a repetition frequency for the trans-
mitted pulse of f;, = 4 kHz.

Note that signals arriving from different ranges arrive at different times. The
400-stage delay line described here has 400 possible “buckets,” each spaced by 1/
1.6 MHz (i.e., 0.67 ps), to store the information from the different ranges ap-
proximately 100 m apart. Thus we regard this device as having 400 “range bins.”
The effective sampling rate for each range bin is, in fact, 4 kHz (i.e., each range
bin is filled every 250 pus). We can arrange to multiplex or switch the output y(z)
to 400 different storage units, wheie the information (time averaged over many
samples, for example) can be processed.

In operation, the Nth pulse from the transmitter is received as a series of
radar echoes spaced over a time of 250 ps. These echo signals pass into the delay
line and fill individual buckets. As they leave the delay line, after being present
in it for a time of 250 ps, they are added to the equivalent echo from the (N +
1)th pulse. Each echo can be switched or multiplexed from the delay line into a
separate storage bin; echoes processed later can be added to the earlier ones to
average the time of the signal.

We note that if we add M pulses of amplitude V, we obtain a total voltage
output MV. However, as noise is incoherent, the total noise signal only adds as
VM. To put it another way, the signal power into a 1-Q load is

Ps = M?V? (4.6.28)
The noise power out is
Py = M (N?) (4.6.29)

where (N?) is the expectation value of the noise power. Thus the signal-to-noise
ratio is improved by a factor M after averaging M times.

The signal entering the BBD is, in fact, a short pulse. Thus at best it is a
sampled version of the RF signal. Suppose, for simplicity, that the return echo
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signal is an RF pulse or tone burst of length T, and Doppler shifted carrier frequency
w, and that the repetition time is 7. Then the nth RF pulse has the form cos w(z
— nT). 1If the signal is synchronously detected by mixing it with the carrier signal
cos [wo(t — nT)), a baseband product signal y,,(z) will be obtained at a frequency
o — wy, where

T2

ould) = [ cos ols — n)]cos s — n) d

_cos (w — wo)nT sin (0 — w)T,/2]

(4.6.30)

(.l)—'wo

Thus the output from the radar detector has an amplitude that varies as cos (w —
wo)nT. We now observe that each pulse entering a bucket is a sampled version
of the detected signal cos (w — wg)t. Thus by averaging over many repetition
cycles, the recursive filter treats the signal as if it were a continuous wave of
frequency w — w,, and the cancellation of signals for which w = w, can be obtained
from stationary targets.

B. Recursive Filter with Feedback

The basic problem with the simple delay-line canceler described above is, of
course, that it lacks an extremely sharp cutoff, which means that the signals from
slowly moving targets will also tend to be attenuated. A recursive filter with
feedback as well as feedforward has a characteristic in z transform terms as follows:

1 + ay/z
= 4.6.
H(z2) 1+ Byz (4.6.31)
In our first example, we took 3; = 0, @; = — 1. Suppose that we had used

the circuit shown in Fig. 4.6.17. It is fairly easy to show that this circuit has the
characteristic given in Eq. (4.6.31), with a pole at

z =R = —B, (4.6.32)

Therefore, for B; — 1, it has sharply peaked resonances at multiples of f; = 1/7.
By varying B;, we can change the position of these resonances and their Q. At
the same time, the recursive filter has zeros at

z = 7T = q, (4.6.33)

Thus it is possible to obtain a sharply peaked resonance very near zero frequency.

DELAY LINE

x(t) +Z » Tori/z telda y(t)

Figure 4.6.17 Single-pole recursive fil-
ter.

4
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By cascading delay lines of this kind, it is possible to make far more sophis-
ticated filters with well-understood characteristics using relatively short delay lines.
We can write a general characteristic of such a recursive filter in the form

i a,z="
H@z) = 77— (4.6.34)
> Bz

Consider the filter shown in Fig. 4.6.18, which consists of a first-order filter with

o = —1, B; = —K,, followed by a second-order filter with a; = -2, a, = 1,
B, = —K,, and B, = K;. The operation of this filter can best be understood by
setting the feedback equal to zero; then K, = K, = K; = 0. In this case
Hz =1 -z (4.6.35)
It follows that the frequency characteristic is
) T
|H(w)| = 8 sin® %— (4.6.36)

Thus this filter rejects zero frequency and all multiples of the pulse repetition
frequency (the reciprocal of the transit time). However, it severely attenuates
nonzero frequencies near zero that correspond to slow-moving targets, although it
has a better characteristic than the first-order filter. More generally, when feed-
back is present, the filter has the characteristic

1-2z"13
1 -Kizz79)1 - Kz~ + K;z27?)

By selecting the amplifier gains K; = 0.0881, K, = 1.2001, and K, = 0.7012,
we achieve the frequency response shown by the solid curve in Fig. 4.6.19. The
incorporation of the feedback results in very little attenuation for f > 0.1f; and in
a uniform amplitude response over a wide range of frequency between the notches.

The MTI canceler of Fig. 4.6.17 has been implemented by using eight-stage
CCD:s for the delay line. In this configuration, eight range bins can be filtered by
clocking the CCD eight times each pulse repetition frequency. Feedback amplifiers
are implemented with resistor networks around operational amplifiers. When the
CCD is clocked to simulate a 38.4-kHz pulse repetition frequency, the filter re-
jection at f = 0 and f = 38.4 kHz is —32 dB, relative to the maximum output.
The great advantage of this CCD over the equivalent acoustic delay-line cancelers
is that its time delay can be controlled at will: therefore, the timing for the CCD

H(z) = (4.6.37)

Figure 4.6.18 Block diagram of the
three-delay canceler for MTI. It con-
sists of a first-order recursive filter cas-
caded with a second-order recursive fil-
ter. (From Buss et al. [4].)
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FEEDBACK , N
/ \
//\WITHOUT \ Figure 4.6.19 Calculated frequency re-
FEEDBACK h sponse of the three-delay canceler of

Fig. 4.6.18. The solid line shows the
result for K, = 0.0881, K, = 1.2001,

] and K; = 0.7012. The dashed line
0.25 0.5 0.75 1.0 shows the result with K, = K, = K; =
f/1g 0. (From Buss et al. [4].)

can be synchronized with the timing of the transmitter to achieve a delay of exactly
one pulse repetition frequency. On the other hand, the CCD has problems because
of its imperfect charge-transfer efficiency, which does alter the filter characteristics.
SAW delay lines have also been used in this application, with the clocks of the
radar essentially controlled by the delay time through the delay line.

Example of an SAW recursive comb filter. Recursive filters may be con-
structed with SAW devices in the manner illustrated in Fig. 4.6.20. A relatively
short input transducer is employed with two output transducers that have a center-
to-center time separation T, and hence a separation between response maxima of
Af = 1/T. The passband will have the form of a “comb response,” as illustrated
in Fig. 4.6.21(b). Because of the characteristics of both the input and the separate
output transducers, this comb response will be multiplied by their bandpass re-
sponses, as shown in Fig. 4.6.21(a).

One application of this comb response characteristic, which has been em-
ployed commercially, is for a channel indicator on a TV set. In a TV set, the
input signal is mixed with the output of a varactor tuned oscillator to produce the
IF frequency. When this oscillator frequency is swept through the TV channels
in turn, the response of the comb filter passes through a series of peaks corre-
sponding to the different channels, which are equally spaced in frequency. The
detected output is connected to a counter which indicates the channel. An ad-
ditional grating reflector trap is used to indicate the starting frequency for counting,
as shown in Fig. 4.6.21(c) and (d). Four sets of filters each are required for the

OUTPUT

INPUT

PlEZOTELECTRlC Figure 4.6.20 Fundamental structure
SUBSTRATE of SAW comb filter. (From Kishimoto
et al. [59].)

INPUT
107
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Figure 4.6.21 Frequency response of comb filter: (a) bandpass characteristics; (b)
comb characteristics; (c) band rejecsion characteristics; (d) total frequency re-
sponse. (From Kishimoto et al. {59].)

VHF low band (150 to 162 MHz), the VHF high band (230 to 276 MHz), and the
UHF band (530 to 824 MHz) in current use in Japan. A photograph of the system
and its characteristics is shown in Fig. 4.6.22.

A later version of this system has also been used in a feedback circuit, con-
trolling the varactor-tuned oscillator frequency to provide automatic tuning of the
oscillator to designated channels.
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C. Fiber-Optic Recursive Filters

{b)

Figure 4.6.22 Frequency characteristics and design features of comb filter. with
(After Matsu-ura et al. [60].)

Fiber-optic delay lines also lend themselves well to use as recursive filters for

very high frequency signals in the range from several megahertz to several gigahertz.
In such cases. we are normally interested in carrying out signal processing on the
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Figure 4.6.22 Continued

modulation instead of the carrier, which is at optical frequencies. Thus it is im-
portant to eliminate interference effects between carriers. For this reason, a rel-
atively incoherent laser beam is used that has considerable phase fluctuation within
the shortest modulation time required. This is equivalent to requiring that the
laser should have an output bandwidth larger than that of the highest frequency
in the modulation.

One basic component used in fiber-optic signal processing devices is a direc-
tional coupler. Normally, the light beam is confined to a glass core that, in the
case of a single-mode fiber, is of the order of 4 to 10 pm in diameter. This glass
core is embedded in a glass cladding, with the glass chosen so that the velocity of
the wave in the core of the material is slightly slower than that in the cladding.
The outer diameter of the cladding is typically of the order of 100 wm. This implies
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that a wave approaching the boundary of the core material at a small angle to the
axis will be totally reflected at the edge of the core, and that any fields associated
with this wave will fall off exponentially into the outer glass cladding. Conse-
quently, the light traveling down the core is inaccessible from outside the fiber.

There are two possible ways to tap a fiber-optic delay line. If, as illustrated
in Fig. 4.6.23, the delay line is coiled in a tight coil, some light will leak from the
core to the outer radius of the coil because the effective velocity in the cladding
will be larger than that in the core, which means that a small amount of light will
“leak” outside the fiber. A second technique, illustrated in Fig. 4.6.24, is to lap
off the cladding and place the flat surface so formed in contact with or very close
to a similarly lapped fiber. This forms a directional coupler, which operates on
the same principle as the strip coupler already described, and makes it possible to
transfer energy from one fiber to another. By adjusting the length or width of
the overlap region, or the spacing between the two fibers, the coupling from one
fiber to the other can be changed; thus almost all the power can be transferred
from one fiber to the other, or only a small proportion can be transferred. In all
cases, the directivity of such couplers is usually better than 60 dB.

A fiber-optic recursive filter can be made using two directional couplers in
the configurations shown in Figs. 4.6.25 and 4.6.26, then coupling the signal out
of the main fiber into a coiled fiber with a delay time 7, and coupling the signal
from the delay fiber back into the original fiber. In the simplest case, we can use
two 3-dB couplers where half the power is coupled into the delay line and half of
that power is coupled back into the original line. At the same time, half the power
in the original line is coupled through the second directional coupler into the fiber
following the directional coupler, and is not used. In the case illustrated in Figs.
4.6.25 and 4.6.26, a variable delay line is employed so that the output fiber can
be translated from one fiber tap to another, to vary the delay T in controllable
increments of time.

We consider the operation of this device with a modulated incoherent optical
signal. Itis not desirable to use purely coherent optical signals, because then there
would be interference of the carriers in the two paths, and the interference would

LASER DIOOE

DETECTOR
TAPPING — X
PIN INDEXL -
MATCHING F.'lgure 4.6.23 Macrobend tapped delay
FLUID line. (After Jackson et al. [10].)
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(a) Figure 4.6.24 Construction of a fiber-
a optic coupler: (a) the fiber is placed in a
channel of a solid material, such as sili-

- con or quartz, and bonded in place with
! // ,; P / epoxy; (b) the two fibers in the coypler
& are lapped to the core and placed in
t:\\\\:\\\\\ contact; (c) the coupling may be varied
AN NN by changing the amount of overlap of
the cores. (After Digonnet and Shaw
(b) (©) (62].)

depend critically on small delay changes through the fibers due to bending or slight
flexing of the fiber. We take the input signal to be of the form

u(t) = 1 + A cos Qr)efler+oM (4.6.38)

where o is the carrier frequency and (2 is the modulation frequency, with A the
amplitude of the modulation. The phase of the laser ¢(?) is regarded as fluctuating
with time in a random fashion, so that {¢(¢)) = 0.

After passing through the delay-line path, the signal obtained from the delay
line will be of the form

ut = T) = [1 + A cos Q(t — T)Je/let-D+ea=-17) (4.6.39)

ouUTPUT

QUARTZ

QUARTZ

POLISHED FLAT -SILICON

N LOOPS
QOF FIBER

Figure 4.6.25 A variable delay line, in
which the output fiber is translated from
one input fiber to another. (After
Bowers et al. [11].)
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Figure 4.6.26 Use of variable delay
line in a fiber-optic programmable filter:
{a) schematic diagram showing source.
programmabile filter, and detector: (b)
frequency response for relative delay of
0.6 ns: (c) frequency response for rela-
tive delay of 1.9 ns; (d} frequency re-
sponse for relative delay of 14.4 ns.
Upper trace in parts (b) and (d) shows
frequency response of laser diode. am-
plifier, and detector. (After Bowers et

al. [11].)
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The sum of two signals u(f) and u(¢t — T) is inserted into a photodetector that gives
an output proportional to the intensity of the light incident on it.

We are concerned with a signal that is the expectation value of the output
from the photodetector in a time scale comparable to that of the modulation. This
signal is of the form

V(1) = ([u(n) + ut — TP) (4.6.40)

Because the laser phase is incoherent, cross-products of the two terms in Eq.
(4.6.40) do not give any output. Consequently, the output signal will be of the
form

Vo) = (1 + Acos Qu)?> +[1+ Acos Q(t — TP (4.6.41)

If this output signal is passed into a filter so that only signals of frequency (2 can
pass through it, we will obtain the result
T QT
Va(t) = 4A cos .Q(t - 5) cos - (4.6.42)
We conclude that the fiber-optic system behaves like a standard recursive
delay line, with sharp notches at frequencies corresponding to

2m + 1

f= T (4.6.43)
where m is an integer and f = ()/2w. Results obtained by Bowers et al. [11] with
a device of this kind are shown in Fig. 4.6.26. Notches approximately 50 dB deep
are easily observed, so that the device operates as a recursive filter for the mod-
ulation frequency. Coherence of the laser can sometimes be a problem. One
way to eliminate this difficulty is to use only one directional coupler, and to take
the outputs from the two fibers to separate photodetectors whose outputs are
summed electrically. In this case there will be no cross-coupling between the two
lasers.

In practice, this type of filter can be very convenient for very high frequency
signals. A semiconductor laser source, which is normally fairly incoherent, can
be employed, and the laser can be amplitude modulated by modulating the current
passing through the laser. Modulation frequencies up to several gigahertz can be
obtained, although a very high speed photodetector is required to detect them.

Detectors are now being developed for use at modulation frequencies as high as
100 GHz.

PROBLEM SET 4.6

1. Consider a strip coupler with k; # &, and coupling coefficient k. Work out the maximum
transfer efficiency of the coupler as a function of (k;, — k,)/k.

2. Consider a multistrip coupler with an optimum transfer length L, from track A to track
B (i.e., the length for complete power transfer is Ly = w/2x), as shown [50, 51].
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(a) Show that if a length L;/2 is employed, the powers in tracks A and B are equal, and
the signals are w/2 out of phase in each track.

(b) Consider the system shown in figure (a). Normally, there is a reflection from an
output transducer, which gives rise to the so-called triple transit echo. This is caused
by reflections from the output and input transducers in turn, which give rise to a
later signal from that desired. In the schematic shown, a strip coupler of length L,/
2 is placed across the beam. Two identical output transducers 1 and 2 have identical
loads R, and are placedin tracks A and B, respectively. Show that the signal reflected
back into track A is zero, so that the reflections from the output transducers are
eliminated.

(c) Consider the system shown in figure (b), where the strip coupler is curved in shape,
but still chosen to be of length L,/2. If the input transducer radiates equally in both
directions, as it must, show that when it is placed A/8 from the centerline between
the two strip couplers, all the power radiated from this system will be radaiated in
one direction. Thus, by using a “multistrip mirror,” we have constructed a unidi-
rectional surface wave coupler with relatively broadband operation. In this problem,
ignore the capacity of the curved strip region. Both these systems have been dem-
onstrated as practical configurations.

3. Consider a phase-weighted transducer of the type illustrated in Fig. 4.6.9. Suppose that
each transducer is of length L = VT, and each is weighted as w(z) = cos (w,z/V + pz*/
2V?), where the origin of z'is at the center of the transducer. Let the centers of the
transducers be separated by a length H > L. Write down the time responses A,(t) and
h,(t) of the two transducers. Then determine an approximate expression for the time
response of the complete filter using only the term in the integrand for which square-
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law terms cancel out, as in chirp transform theory. From this result, use the method of
stationary phase to find the frequency response of the filter.

Answer: The frequency response H(w) can be written in the following form:

_ ST s wyrn sin (w, — )T (w - w0>
Hw) = (1 +1)ﬂe1‘"o o o7 T

. Consider a strip coupler in which the two acoustic beam paths are of different widths,

w,and w,. Let w, = Rw,. If a, and a, are proportional to the voltages at the surface
of each beam path, we might expect the coupled mode equations to take the form

da . .
_2;1 + jka, = jx(a, - Ra,)
da ) ,
d_zz + jk.a, = jx(Ra, — a,)

where k, and k, are the propagation constants in the two beam paths, respectively, and
the coupling to the strips is proportional to the width of the beam path. Show that if

k, — k, = k(R = 1)

complete power transfer from one beam to the other can be obtained. This process is
carried outin practice by keeping k;, = k, = kyand varying the strip spacing, asillustrated
in Fig. 4.7.9(a).

Note: If a, and a, are taken to be proportional to the square root of the power in each
beam, a, must be replaced by a,/VR in these equations. The results obtained will be
identical, but the equations will display conservation of power.

. Consider the problem of designing a recursive filter for a given passband characteristic.

Such a filter samples the input signal with a sample spacing T. Using Laplace transform
notation s = jw, a filter can be shown to have a response

P A
H(s) = 2 —2

p=18 — Sp

The corresponding impulse response is of the form

h() = i Ages'u(t)

where u(?) is a unit step function.
Now suppose that we sample h(f) at times ¢t = nT. Then, with the proper nor-
malization,

h(nT) = EP: A, Te**Tu(nT)

p=1

The Laplace transform of the sampled function is

i APT i e(:p—s)nT
p=1

n=0

]

H(s)

_$ AT
1 _ e(s;—s)T

p=1
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Thus we can write H(z) in normalized form as

& AT
Ho = 5
where z = e*7.

Provided that T << 1, we expect the sampled filter to give the same response as
that of the equivalent analog filter. The result given here is equivalent to that of Eq.
(4.6.34), although it is expressed as a sum, not as a product.*

(a) Consider the design of a sampled low-pass Butterworth recursive filter with a response
1 1

HOF = T wrag™ ~ T+ Gl

where s, = jo. We choose H(s) to have poles at

Sp - Scej'uIZNejp-nlN

where we take only terms for a causal filter for which Re(s,) < 0. The complex
conjugate terms H*(s) account for the other poles of |H(s)?.
Taking w T = 0.125%w and N = 2, find the position of the poles in the s domain
and the z domain. Note that the poles occur in complex conjugate pairs.
(b) Express your result in a form similar to Eq. (4.6.34), that is,

o + a,/z
Bo + B/z + By/2?

and find the values of oy, a;, Bo, B;, Ba-

(¢) Following the derivation leading to Fig. 4.6.18, design a recursive Butterworth filter.

(d) Plot the response |H(z)[? in terms of frequency w, and compare it with [H(w)|>. Plot
your results fromw = 0 to v = 16w..

(e) Suggest, without working out numerical values, the form of the circuit for a recursive
filter with N = 4. You may place recursive filters in parallel as well as in series.

H(z) =

6. A fiber-optic sensor is used to detect high-frequency vibrations of a surface at a frequency
), that is the displacement of the surface is

Ay = A cos it

The measuring system illustrated in Fig. 1 is arranged so that light can travel the four

possible paths there and back, as shown. In case 3 the light arrives at the substrate

earlier than in case 2, but suffers the same total delay T in both cases. In cases 1 and

4 the total delay is either Q or 2T, respectively.

(a) Suppose that each directional coupler couples a proportion a of the light power into
the neighboring path, leaving 1 — « traveling along the original path. What should
a be so that light amiving along each path A, B is maximum at the surface being
tested?

(b) Suppose that the signal from the laser is incoherent, that is, is of the form exp [j(w?
+ ¢)), where ¢ changes randomly with time. Then a signal arriving at the substrate
with no delay will be phase modulated as

e;’(u: + & + 2kAcosile)

*Reference: A. V. Oppenheim and R. W. Schafer, Digital Signal Processing (Englewood Cliffs,
N.J.: Prentice-Hall, Inc., 1975).
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where k = 2m/\ is the optical wave number. Show that only for the light traveling
on paths 2 and 3, will there be coherent modulation effects in the expected value of
the output signal from the square-law detector.

(c) Assume that because light can be polarized, the effective path length changes slightly;
thus signals traveling on path A suffer an extra phase shift «/2 greater than that of
path B, in addition to the modulation effects at frequency (2, as illustrated in Figs.
2 and 3. This can be accomplished by coiling the fiber a few turns around a disk.
The stress induced in the fiber changes the velocity of a wave polarized in the plane
parallel to the disk and hardly affects the perpendicularly polarized wave. Thus with
the correct number of turns and disk radius, the fiber coil will be effectively a quarter-
wave polarization plate [9]. The devices are used in the configuration shown as the
fiber optic paths 2 and 3. Show that when kA << 1, the output from the photo-
detector at frequency () will vary as

A Sul'ji—

where T is the delay time in the loop. What is the disadvantage of leaving out the
extra w/2 phase shift when A is small?
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Note: Typically, we might expect A to be 1 A or less, and the optical
wavelength to be 6000 A. So you can assume that kA << 1, and write
exp (2jkA cos Q) = 1 + 2jkA cos Q.

4.7 CONVOLVERS

4.7.1 Introduction

The transversal filters described so far use fixed tap weights, or tap weights that
can be controlled externally at a relatively slow rate that is not comparable to the
signal frequencies. It is also useful to have a real-time processing device that can
compare an unknown signal to a reference signal and determine the correlation or
convolution of the two. Such a device might even change the reference code from
pulse to pulse. For example, a spread-spectrum system employing long codes to
represent each bit of information could use different codes for each receiver, and
these codes could be changed at will. By inserting a reference code, we could
feed the tap weights serially into the system instead of adjusting them one by one
as we do with an adjustable transversal filter.

One way to convolve two signals, already discussed in Sec. 4.5, is to take the
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inverse Fourier transform of the product of the Fourier transforms of two signals;
this is mathematically their convolution. Similarly, correlation is obtained by
taking the inverse transform of the product of the Fourier transform of one signal
and the complex conjugate of the Fourier transform of the other. Such Fourier
transform techniques are frequently used in digital processing systems, because
they require basically three FFTs, each of order n log, n operations instead of at
least n? operations, to form a correlation directly.

As we shall see, these considerations do not apply in analog processing be-
cause the necessary processes can be carried out in the time domain rather than
the frequency domain. Performing the required multiplications and integrations
with an analog device is much faster, and certainly requires a less complex system,
than with the digital devices needed to take three sets of Fourier transforms.
However, an analog system is typically less accurate than a digital system.

In this section we discuss SAW devices that can carry out the direct convo-
lution of two signals by using nonlinear interactions between them; we also describe
other kinds of convolvers and correlators based on the use of internal or external
nonlinear semiconductor elements. In Sec. 4.8 we discuss closely related nonlinear
processing devices in which two tapped CCDs are employed with external multi-
pliers. In Sec. 4.9 we describe acousto-optic devices, which are also used for such
processing operations.

4.7.2 Acoustic Convolver

Consider the SAW device illustrated in Fig. 4.7.1. Suppose that complex input
signals f(¢) exp (jo,t) and g(t) exp (jw,t) are supplied to the left- and right-hand
sides of the device, respectively. At a position z along a device of length L, the
individual signals will be of the forms

f(t, z) = f(t - %)e"""("z"’) (4.7.1)
and
. L - z\ .
g(t,z) = g\t - gloali=(L=2V] (4.7.2)
GOLD ELECTRODE CONVOLUTION OUT AT 2w
PAIR —
A l-- 2cmo}

PULSE IN - v PULSE IN
AT o ﬁ?' ,%M w

e e =

YZ -CUT LiNbO, DELAY ROD .
(a) Figure 4.7.1 Transducer configurations

CONVOLUTIONS 0UT AT used for harmonic generation, fre-
ION =z .. ..
voLu ou “3*“*“2  quency mixing, and obtaining convolu-

z C'"“‘] /INTERDIGITAL GRATING tion between two signals: (a) pair of

! Y metal electrodes used as the output
ZLT’L: E7'N %f- lé?ﬁ /7744 ;—— i‘T’LSE IN transducer for the second harmonic;
2 “ (b) relatively coarse interdigital trans-
YZ - CUT LinbO3 DELAY ROD ducer used for the sum frequency out-
(b) put at v = w,. (After Kino [64].)
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respectively. We use the notation to indicate a modulated carrier and omit it
when describing only the modulation. We assume the medium on which these
two waves propagate to be slightly nonlinear. An acoustic wave of amplitude a(t,
z) is associated with an electric polarization field in a piezoelectric medium. In
turn, a displacement field D(¢, z) and a displacement current density i(z, z) =
aD(z, z)/ot will be generated by the applied signal, where D(z, z) is of the form

DG, z) = K,a(t, z) + K,@(t, z) + - - - (4.7.3)

with K, and K, constants, and the higher-order terms in d(¢, z), due to the non-
linearity. Because we are concerned with nonlinear interactions, we must take
care to express product terms correctly. Thus we use the real part of the waves
involved. The interaction between two real waves in a nonlinear medium can be
expressed in the form

D@, 2) =£<2—‘[f+f* +é+¢87] +§—2[f"+f* +E+ P (474

where 7* and g* are the complex conjugates of f and g, respectively, and K, and
K, are arbitrary constants. Note that there are product terms due to the second-
order nonlinear interaction at frequencies 2w,, 2w,, w; + w,, and w; — w,, and
at the corresponding negative frequencies.

Suppose that we concentrate on the term of frequency w; = w; + w,. We
can write the displacement field at this frequency in the form

Dy, 2) = af(t - Ii/_)g(t _L = Z)efweﬂm-wz)zfv (4.7.5)

where a is a nonlinear coupling parameter that, for simplicity, includes the phase
term exp (—jw,L/V).

We see that the phase variation with z of the product signal has the form
exp [j(w, — ®,)z/V]. We can therefore detect the product signal with an inter-
digital transducer of period /, such that

(o — o)l _ o (4.7.6)
1 %

When |w, — | is much less than w, or w,, the period of output transducer
becomes large and a relatively coarse interdigital transducer can be used to detect
the output. In the degenerate case in which w;, = w, = w, the output is obtained
at a frequency w; = 20 = ®, + ©,, and there is no phase variation with z. In
this case, the generated signal in a piezoelectric material will consist of a uniform
E field, which can be detected by two metal electrodes on the top and bottom
surfaces of the SAW device, as illustrated in Fig. 4.7.1(a). Otherwise, the more
general form of the device shown in Fig. 4.7.1(b) must be employed.

We can detect other frequency components by using the correct electrodes.
For example, there is a dc term due to the input f proportional to f7*; this has
no phase variation with z and can therefore be detected on plate electrodes (see,
e.g., Prob. 3). There is also a term of the form f? exp [2j(wf — kz)] that can be
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detected by an interdigital transducer with half the period of the input transducer.
This f2 term excites an acoustic wave at the second harmonic frequency whose
amplitude grows linearly with distance; this second harmonic term can also give
rise to saturation effects as it removes power from the fundamental (see Prob. 1).

We shall treat only the parallel-plate output electrode system here. In this
case, the output obtained must be proportional to the total charge induced on the
plates. If the charge is, in turn, proportional to the displacement field because of
the nonlinear interaction, the total output will be of the form

y3(f) = Ke* f f(t - %,)g(t - ‘% + ‘5/) dz (4.7.7)

where K is a coupling parameter. By writingz = V(¢ — 1), Eq. (4.7.7) becomes

yi(t) = — KVer f f(Mgt — = — T) dr (4.7.8)

where T = L/V is the time delay between the transducers. Note that we can take
the limits of the integral in Eq. (4.7.8) and +« and —oc when each signal consists
of a pulse whose length is less than the transit time under the detecting transducer,
and when the signals overlap each other while passing under the transducer. The
output obtained at a frequency 2w is the convolution of the two input signals, but
it is compressed in time by a factor of 2 because of the 2t term in the argument of
G. The two signals are passing each other at a velocity 2V, instead of one signal
moving at a velocity V through a stationary filter; the output is therefore a scaled
version of the convolution of the two signals. For the same reason, the output is
at a carrier frequency of 2w or, more generally, w;, + ®,.

We can put this result on a more physical basis by considering what occurs
when two square pulses of the type illustrated in Fig. 4.7.2 are injected into the
device. As the two pulses pass by each other, we obtain an output that is the
integral of the product of the two pulses over their overlap length. This integral
increases linearly with time until the two pulses are coincident with each other.
After they pass each other, the area of overlap begins to drop, and the amplitude
decreases linearly with time until it becomes zero; thus we obtain the convolution
of the two signals. If each pulse is of length T, the overlap between the zero
output points will also be T, as we would expect from Eq. (4.7.8). Simple results
obtained with a device of this type are shown in Fig. 4.7.3. In each case, a
symmetric waveform has been convolved with itself.

We often require the correlation between two signals instead of their con-
volution; for this we need the function

y(@) = ff('r)g(t + 7)dT (4.7.9)

If we compare Eq. (4.7.9) with Eq. (4.7.8), we see that a convolver can be
used to obtain correlation only if one of the signals, f(t) or g(7), is inverted in
time. This can usually be done if one of the signals is used as a reference, but
generally the device yields only the correlation of two symmetrical signals and the
convolution of two arbitrary signals.
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Figure 4.7.2 Nonlinear signal processing is accomplished by introducing two sig-
nals at opposite ends of an acoustic wave device (a), and extracting the mathematical
result from transducers in the middle. The acoustic wave representations of two
rectangular pulses approach each other (b) and begin to overlap (c) When the
acoustic signals first touch, the output signal begins to rise (d). When the over-
lapping signals have proceeded to B, the output signal has risen to B’. The output
signal reaches a peak when the two acoustic signals are exactly superposed, and
then begins to fall again. Thus the output signal is proportional to the shaded
area in part {c). The output is termed the convolution of the two input signals.
(After Kino and Shaw [13].)
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Devices of this kind can be used to reverse a signal in time to obtain the
necessary reference for correlation by using the configuration shown in Fig. 4.7.4.
A signal of frequency w, is inserted into the left-hand transducer while a short-
pulsed signal of frequency ws; is inserted into the center transducer. It can be
shown by the process already illustrated that we will obtain an output signal of
frequency w, = w; — w, traveling in the left-hand direction. When an asym-
metrical pulse arrives under the center transducer, a signal will be generated that
is the product of the two signals. However, since the regeneration occurs directly
under the transducer, the tail end of the original pulse will arrive back at the

“'Spike corretation’”

Time-inverted Figure 4.7.4 Configuration used to ob-
pulse back tain time reversal of an input RF pulse.
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original input transducer first and the front part of the pulse will arrive last; thus
the output will be a time-inverted version of the input pulse.

Figure 4.7.5 shows an illustration of results obtained by this process. A short
pulse or delta function is applied to the center transducer and a signal is introduced
in the left transducer. The time-inverted signal then appears at the original input
transducer. This process has been used with two convolvers to generate the cor-
relation between two signals. However, this two-step process is not a practical
way to obtain correlation, for it results in a poor signal-to-noise ratio.

NI .., TOCORREL ATION Figure 4.7.5 Inversion of electronic
signal can be accomplished by nonlinear
signal processing using, for example. the

24

ta) acoustic wave device illustrated in Fig.
—}—o JLepprar 20 4.7.1(a). (a) A signal (top oscilloscope
INPUT AT w trace) is introduced at the transducer at

the left-hand side of the device. A
short pip (middle trace) is inserted by
OELAYED HePyT way of Fhe transsiucc.r in the center of
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Nonetheless, the principle of time reversal or phase conjugation is still im-
portant (see Probs. 4.7.2 and 4.8.1). When a signal exp [j(wt — ¢)] is injected
into a device excited by a signal exp (2jwt) on its plate, the signal generated by the
nonlinearity is of the form exp [j(wt + &)]; thus the phase is reversed. If the
phase ¢ contains a term due to distortion in a transmission medium, the convolver
will reverse the sign of the phase distortion; this process is called phase conjugation.
If the phase-conjugated signal is retransmitted through the medium, the frequency
component exp (jwt) will arrive without distortion. Thus a two-dimensional optical
beam passing through a distorting medium, such as a turbulent atmosphere, and
reflected from a target can in principle be regenerated in a crystal excited by a
uniform field at a frequency 2w. If the phase-conjugated beam is reemitted from
the crystal and sent through the medium, it will produce an undistorted reflected
image (see Prob. 4.8.1) [66].

4.7.3 Spread-Spectrum Communications

The convolver has a sophisticated application to spread-spectrum communications.
If biphase (0 and = phase) or quadriphase (0, w/2, w, 3w/2)-coded waveforms are
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used to represent one bit of a digital signal, then one bit of a digital signal can
consist of several hundred “chips™ of a spread-spectrum code. If the bit is 0, the
code will not be transmitted; if the bit is 1, it will be. A coded waveform may
consist of many “chips” per bit and typically employs a far larger bandwidth than
the original digital signal. When the biphase-coded waveform is correlated with
itself, it will produce a correlation peak corresponding to the bit of interest, but
when the biphase-coded waveform is absent, there will be no correlation peak. A
spread-spectrum system of this kind, because it employs a much larger bandwidth
than the actual signal itself, is better able to reject unwanted signals and will improve
signal-to-noise ratio considerably.

An important application of this system uses different codes for different
receivers, so that several codes can use the same wideband communication channel,
with the signals addressed to different receivers. I iconventional communication
system, the receiver is tuned to the frequency of : .e signal; in a spread-spectrum
system, the receiver code is changed to select the signal required. This gives us
two advantages: Because relatively long codes and correlation techniques are em-
ployed, the signal-to-noise ratio of the received signal can be very small; and since
the types of codes employed are pseudorandom codes, it is very difficult to intercept
spread-spectrum signals without prior knowledge of the code.

A spread-spectrum system needs a device that can correlate with the coded
waveform over relatively long integration times, of perhaps 1 ms or more. A PN-
coded waveform (pseudonoise or pseudorandom code) is often used for this pur-
pose. In one example, due to Morgan et al. [67, 68], an SAW convolver is
employed to correlate segments of the waveform approximately 30 ws long. This
produces correlation peaks, which are subsequently summed coherently in a re-
circulating loop of the kind illustrated in Fig. 4.7.6. The receiver signal input to
the convolver is a biphase PN waveform normally buried in noise. The reference
input is a biphase waveform, coded so that segments of length T, match the time-
reversed version of corresponding segments of the signal code. The convolver
output is therefore a series of correlation peaks with a spacing 7,. To add these
peaks coherently, the recirculation loop has a loop delay equal to 7,. The loop
is cleared by opening a gate after a number of circulations designated N.. The
total signal-to-noise ratio ideally is increased by the same ratio as for a matched
filter, correlating a length N_T, of a waveform, where 7, is the time delay in the
convolver parametric region.

Perhaps the most critical part of this system is the recirculation loop, which
consists of a wideband delay line. The gain in this loop must be equal to unity;
if it is too large, the signals corresponding to early correlation peaks will continue
to increase in amplitude, as will the noise associated with them; if it is too small,
the signals from the earlier circulations will become negligible in amplitude. The
loop is adding the {N + 1)™ correlation peak to the sum of the previous N peaks.
If the bandwidth of the earlier peaks decreases as they circulate, again there will
be severe distortions and we will lose the peak amplitude of the correlation pulse.
A simple delay line with a (sin f/f)? response would have a response after N loops
of (sin f/f)>™. Therefore, a delay line must be designed with a very flat response
over the bandwidth of interest. In the examples illustrated in Figs. 4.7.6 and 4.7.7,
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two sets of transducers in parallel, with slightly different center frequencies, are
used.

Small temperature drifts that, again, would distort the output signals must
also be eliminated. This is done by using a quartz delay line with a crystal cut,
which has a very small change in transit time with temperature.

Figure 4.7.7 illustrates the buildup of the output in the recirculation unit after
30 circulations with a 9.2-Mbit/s code applied to the input convolver. When the
gain is adjusted correctly, the signal grows linearly with time. An automatic-gain-
control (AGC) system, with a test pulse passed through the loop, will keep the
gain exactly constant, but this precaution is not usually necessary.

Figure 4.7.8 shows results obtained by testing the system with an applied
biphase PN signal waveform with a rate of 10 Mbits/s. The output for the seventieth
circulation, when noise was added to the signal at the convolver input to give an
input signal-to-noise ratio of — 41 dB, is shown. The thermally generated noise
was filtered to a bandwidth of 25 MHz, and the time delay T, was 30 ps. The
top trace is a signal without any input noise; the bottom trace is a signal with noise.
The measured output signal-to-noise ratio was 4 dB, with an input signal-to-noise
ratio of — 41 dB. In theory there should have been an increase of 2BN.Tp, = 2
x 25 x 70 x 30 = 100,000 or S0 dB (in a convolver, the output bandwidth is
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Figure 4.7.7 Loop output waveforms
for input waveforms: (a) with no noise
added at the convolver input (details of
the output pulses are shown at 200 ns/
div); (b) twenty-eighth output pulse, for
a signal-to-noise ratio (SNR) of —30 dB
at the convolver input, at 2 ps/div.

b (After Morgan et al. [68].)

twice the input bandwidth), which would correspond to a signal-to-noise ratio at
the output of 9 dB. But in practice, due to the limited bandwidth of the recir-
culation loop and its distortions, the gain was 5 dB less than this value. Never-
theless, this technique can detect signals 41 dB below the noise level.

The same system was also demonstrated with a narrower-band input signal,
using a 1-Mbit PN code and a noise bandwidth of 2MHz, with the input signal 34
dB below noise. After 70 circulations, the output signal-to-noise ratio was 4.5 dB,
which corresponded very closely to the theoretical value of 5.2 dB.

This system demonstrates the great advantage of using spread-spectrum wave-
forms where a wide bandwidth input signal is employed with a matched filter to

Figure 4.7.8 Output of recirculation
unit for seventieth circulation, for 10-
Mbit code. Lower trace, with input
SNR = -41 dB; upper trace, no noise
applied; horizontal, 2 us/div. (After
Morgan and Hannah [67).)
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improve the signal-to-noise ratio. Analog systems of this kind are relatively simple
to use for side bandwidth signals. The same sort of results have been obtained in
digital systems with CCDs and very long codes, but as the need for wider bandwidths
increases, SAW devices become particularly suitable.

Spread-spectrum systems for communications. One might think that
a spread-spectrum system of this nature makes highly uneconomical use of the
radio-frequency spectrum available. Its advantages, of course, are the great im-
provement it makes in signal-to-noise ratio and its ability to employ many different
codes of signals within the same frequency band. This nullifies the disadvantage
of using a wide bandwidth for an individual signal. The separation between the
different signals is now carried out essentially in the time domain rather than the
frequency domain.

The example of spread-spectrum operation given here uses a digital biphase
code, but this is not the only possibility. Other techniques employ frequency
hopping modes, where the frequency rather than the sign of the amplitude is
changed from pulse to pulse. Such modes offer the advantages already discussed,
and are also extremely difficult to jam or intercept unless the observer knows the
exact code.

Systems of this kind require only the correlation peak, not the full correlation
function. In principle, such a correlation peak can be obtained by inserting two
identical signals into a mixer, taking their product, detecting the output, and in-
tegrating the resultant detector output for a time 7. The output would then be
proportional to [I f3(t) dt, where f(t) is the input signal. An analog system is
useful for this purpose, because high-speed multiplication requires high-speed
A/D converters and a large, more complex, digital system. Buton the other hand,
a digital system is well suited to very long narrowband spread-spectrum systems,
such as those used for communicating with distant satellites in the neighborhood
of the outer planets.

This still leaves us with the problem of finding where the two input codes,
the reference and the received signal, are coincident in time, for without coincidence
between the codes, no output is obtained. In practice, we find it by altering the
time of the reference code several times until we obtain an output. Reference
codes can be used at the start of a message for this purpose.

This locking-on process may be relatively slow, because the input signal-to-
noise ratio (SNR) is typically —30 to —40 dB. Hence, for a bandwidth of 10
MHz, integration over 1 ms is necessary for each trial to obtain a satisfactory SNR
to make a decision. The key advantage of a matched filter, such as a convolver,
is that the input signal and the reference signal do not have to be coincident.
Provided that the time difference between them is less than the time delay through
the convolver, we will obtain an output, and the relative improvement in acquisition
time will be equal to the time-bandwidth product of the filter. Thus the locking-
on process is greatly simplified and sped up by a factor comparable to the time-
bandwidth product of the convolver. Again, this system is far simpler and smaller
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than the equivalent digital system, which would have to be extremely large and
complex to handle large-bandwidth short-pulse signals.

Range finding. We have described the use of spread-spectrum signals in
communications. Another important application is range finding. Suppose that
a fixed transmitter A emits a signal code with a carrier frequency f;; the position
of a receiver B is required. The received code is reemitted from B with a carrier
frequency f, and received back at A. The signal received at A is correlated with
the original transmitter code. By determining the time of the correlation peak,
we can directly measure twice the delay time from A to B, and hence find the
range from A to B. We can measure this time, under very noisy conditions, to
an accuracy of one chip of the code. Digital versions of this system have been
used to measure, with extreme accuracy, the distance of satellites approaching the
planets and of course, to communicate with them as well.

This method is also used in the NAVSTAR global navigation system [69].
Each satellite in the system carries an atomic frequency standard and transmits two
1-GHz spread-spectrum signals whose codes are synchronized with the atomic
clock. A user with an accurate knowledge of time (i.e., with an atomic clock in
his or her receiver), can determine the arrival time of signals from as many as six
satellites overhead, and can determine his or her position with an accuracy of 10
to 50 m.

4.7.4 Waveguide Convolver

The convolver we have described above has a major disadvantage: Its operation
is based on the use of a weak nonlinearity in the medium. We shall give a heuristic
argument to predict how the output signal depends on the input signal amplitudes
and the dimensions of the device. The amplitudes of the input signal fields are
proportional to the square root of the input signal power intensities of (P,/wd)!??
and (P,/wd)'?, respectively, where w is the acoustic beamwidth, the parameter d
is proportional to the wavelength and approximately equal to the penetration depth
of the surface acoustic wave, and P; and P, are the acoustic input powers. The
dipole polarization field P, generated by the two input signals can be shown to be
proportional to the products of the input fields or power intensities. This polar-
ization is developed over a region of effective thickness d, the generation layer.
The voltage V, across this dipole layer is V, = Ppd/E, where E is the dielectric
constant and we have taken P, to be the average value of polarization in this
region. Hence it follows that

172 1/2
_&x(P) (B
Vp = - (wd) (wd) d (4.7.10)

where « is a coupling constant.
Suppose that the length of the plates is L and that of the generating region
is L'. The capacities of these regions are C = eLw/h and C' = eL'w/h, respec-
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tively, where A is the plate spacing. It follows that the open-circuit voltage across
the plates, loaded by their self-capacity C, is

_VpC' kL' V2
V_ = = 1. (P,P,) (4.7.11)

op C

Thus the open-circuit voltage output of these devices is proportional to 1/w. If
the pulse length is less than that of the output plate, the signal will rise linearly
with pulse length, as we would expect from our earlier arguments.

The output power P; into a resistive load is proportional to VZ,. Thus P;
will be proportional to the product of the input powers P, and P,, and we can
write the efficiency of the device in the form

_ P
PP,

Fr (4.7.12)

For a typical, practical device made of lithium niobate, working at a center fre-
quency of 100 MHz with a beamwidth of 1.25 mm, this number is approximately
—85 dBm. This implies that when P, = 20 dBm (0.1 W), the ratio P,/P, equals
—65 dB. The noise level of a receiver is a few decibels worse than k7B, where
k is Boltzmann’s constant, T is room temperature, and B is the bandwidth. A
typical noise figure for a 30-MHz input bandwidth and a 60-MHz output bandwidth
is approximately —95 dBm. The maximum input signal level allowed by the
transducers before arcing is approximately 20 dBm, so the maximum output level
is (=65 + 20) dBm = —45dBm. This resultimplies that the maximum dynamic
range, from the largest input signal to the minimum detectable level, is 50 dB.
This dynamic range can severely limit the use of such devices.

Two alternative strategies have been adopted to decrease the problem. One
involves the use of a very narrow acoustic beam in an acoustic waveguide; the
other makes use of the interaction of a surface acoustic wave with a semiconductor.
The first technique uses a thin metal strip, perhaps 50 to 100 nm wide (two to
three wavelengths), laid down on the piezoelectric substrate to form an acoustic
waveguide. A wider interdigital transducer, perhaps 1 mm wide, is used with a
strip coupler to reduce the beamwidth to 100 pm, as illustrated in Fig. 4.7.9(a).
The wide input beam is needed so that the impedance of the input transducers will
be low enough for matching and the voltage across the fingers for a given input
power will be low enough to avoid arcing between the fingers. The metal strip is
laid down on the substrate, as illustrated in Fig. 4.7.9(b). The metal short-circuits
the electric fields of the wave, causing the acoustic wave propagating beneath it
to have a slightly slower velocity than that of the wave in the material outside the
metal strip. Consequently, by Snell’s law, as illustrated in Fig. 4.7.9(b), a beam
approaching the edge of the strip at an angle 6; will be transmitted at an angle 6+,
such that

sin 6, Vi

sin6, v

(4.7.13)
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Figure 4.7.9 (a) Waveguide convolver configuration. (After Defranould and
Maerfeld [70].) (b) Schematic of the interaction of the waves in the guide. Nor-
mally, 6, is imaginary for the waveguide mode of interest. Unwanted modes may
have 8 real, causing them to radiate sideways and be rapidly attenuated.

where V,, is the wave velocity under the metal. Over a certain range of 6, if V >
V., then 6, will be imaginary and there will be total reflection of the waves at the
two edges of the metal. If we arrange the input beam to the strip to be almost
parallel to the edges of the strip, we can satisfy this requirement fairly easily, for
the strip acts as an SAW waveguide to propagate the narrow beam.

Convolvers of this type have been constructed by Defranould and Maer-
feld[70], with the metal stripitself used as one output electrode and two neighboring
strips used as the ground electrodes, as illustrated in Fig. 4.7.9(a). By this means,
they were able to obtain an improvement in efficiency of approximately 20 dB, an
Fyof —65 dBm, and a dynamic range of 70 dB. Such devices are now being
employed in military radar systems and developed for use in spread-spectrum
communications. Other methods that have been used to compress the beam em-
ploy waveguide horns or focused transducers [71, 72].

4.7.5 Semiconductor Convolver

An alternative is to employ one of the two configurations shown in Fig. 4.7.10, in
which the electric fields associated with the acoustic waves interact with a semi-
conductor [64, 73-75]. In the first case, a slab of silicon is separated from a
piezoelectric substrate by rails, which eliminates the mechanical loading of the
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surface acoustic wave. The air gap required is typically a few thousand angstroms.
In the second case, a layer of zinc oxide, a piezoelectric material, is laid down on
the silicon; this gives piezoelectric coupling to a surface acoustic wave on the silicon
substrate. The nonlinearity is now due to the interaction of the electric field with
the semiconductor, with the semiconductor behaving like a type of varactor.

Suppose that the doping density of an »-type semiconductor is N, per unit
volume and the semiconductor is depleted at its surface, with the potential at its
surface negative in respect to the bulk. If the normal component of the electric
field is £, at the surface of the semiconductor, the surface will be depleted to a
depth 4. Integrating the one-dimensional form of Poisson’s equation, it follows
that

dE, N
o _P_ 47 (4.7.14)
dy £ €
OUTPUT
AT 2w A2 CONTACT
Si CHIP
! ?3.02 LAYER

% — Si0 SPACER RAILS

Z% LiNbO;

INPUT 2
AT w

ELECTRODE

{a)

- i
cosnnee 4 I
PO
=
RS

i
i

- -

o
r
rt

#

D TRANSDUCER

\H/”

Au TRANSPARENT

Au PADS [ :’ CONTACT
-——.-/’
~ e ———

h"f_ ; nran / Zn0
)
d

-<— Si0,

'~":\SE(111J

Figure 4.7.10 (a) Schematic of the air
gap convolver configuration. {After
Kino {64].) (b) Schematic of the mon-
olithic zinc-oxide-on-silicon convolver.
(b} (After Khuri-Yakub and Kino [74].)
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where ¢ is the charge of a donor, y is a coordinate normal to the surface. and p is
the charge density per unit volume. Therefore, the field at the surface is

EO = quh

- (4.7.15)

where it has been assumed that E, = 0 at the edge of the neutral region. By a
further integration, it follows that the potential at the surface is

_gN® _  Ege

o = 2 2gN,

(4.7.16)

We suppose that RF fields E(z, r) and E(z, t). excited by the input signals
at each end, respectively, are applied at the surface in addition to the dc field
already present. It is apparent that in this case a voltage proportional to (£, +
E, + E,)* is generated at the surface. This yields an output potential with a
component E E, that can be detected by the metal electrode illustrated in the two
configurations of Fig. 4.7.10.

This system is far more sensitive, albeit more complex, than the simple lithium
niobate convolver. The measured efficiencies F of devices of this kind are in the
range —42 to —60 dBm. Although the devices saturate at lower power levels
than the simple nonlinear acoustic convolvers, the dynamic range is approximately
60 to 70 dB, and devices of this kind have been used in radar systems with time—
bandwidth products of up to 2000 (22 ps length, 96 MHz bandwidth) [75-77].

Most of the existing development has been made in the air gap convolver.
The versions made at Lincoln Laboratories and Texas Instruments are extremely
stable, with spacings between the semiconductor and the piezoelectric material of
only 3000 A [75-77]. However, the optical finishing required makes these devices
expensive and difficult to reproduce on a large scale. The zinc oxide on silicon
monolithic convolver, as developed at Stanford University and elsewhere, shows
good efficiency but has a narrower bandwidth than the air gap convolver [74].
Because of its simplicity, the use of the lithium niobate waveguide convolver appears
to be a better choice.

At the present time, perhaps the most important feature of the semiconductor
convolver is that it has led to other types of related devices, such as the storage
correlator, which will be discussed in Sec. 4.7.8. Furthermore, as surface acoustic
waves can propagate directly on silicon, it follows that such devices can be incor-
porated with other circuit components on the same substrate. The system has
even broader implications, because it follows that any type of SAW device could
be made on silicon or, for that matter, gallium arsenide, as part of a total integrated
circuit.

Where code processing is concerned, the results obtained with semiconductor
convolvers of this type are similar to those obtained with the earlier lithium niobate
convolvers. Lincoln Laboratories and Texas Instruments have demonstrated semi-
conductor convolvers with as much as a 240 MHz input bandwidth and a delay
time of 10 ps, corresponding to a time-bandwidth product of 2400 [77]. This
implies that the analog equivalent of (2400)> = 5.8 x 10° bits of information can
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be processed in 10 us when the convolution is taken between two signals. An
example of using a convolver to process a pseudorandom code of 1024 chips at a
96-MHz rate is shown in Fig. 4.7.11.

4.7.6 Acoustic Convolver Using External Mixers

An alternative to the semiconductor convolver, pioneered by Montress and Reeder
[78]. conducts the mixing process in external nonlinear devices rather than in
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Figure 4.7.11 (a) Split-output elec-
trode convolver used as part of a
spread-spectrum receiver. Depending
on the relative phases of the two parts
of the reference code and signal code
used. the output comes out of the £ or
A port. In this first case the bit code is
1: in the second case it is 0.

(b) Correlation output with a running
pseudorandom code. Each segment
contains 1024 chips at a 96-MHz rate.
The ideal response would be a width of
22 ns at the nulls of the main response.
(c) Response of the device to a bit code
1. The peak = output (top trace) is
more than 20 dB larger than the A out-
put (bottom trace). (d) The output
with a bit code 0. The A output (lower
trace) is more than 20 dB larger than
the X output. (After Goll and Malacha
(76].)
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internal devices. They employ an SAW delay line with taps along it, each tap
connected to an external mixer, as illustrated in Fig. 4.7.12. This device can be
optimized for maximum efficiency because the nonlinear properties and impedances
of the mixers can be chosen independently of the acoustic properties and piezo-
electric coupling coefficient of the delay line material. The mixers themselves can
use the nonlinear /-V characteristic of a diode or another semiconductor device,
or they can use a nonlinear reactive effect, as does a normal convolver.

The optimum design of these arrays becomes a trade-off between choosing
the diode impedance for maximum power sensitivity or for minimum reflection
from the individual elements of the array of tapped transducers. The tapped
transducers themselves, because there are normally a large number, should be
made with split fingers of one-eighth of a wavelength to minimize reflections. The
best sensitivity that Montress and Reeder obtained with diode mixers corresponds
to F ~ —22 dBm, with saturation powers of the order of 0 dBm. By adjusting
the current, they obtained a saturation power of 10 dBm, with £ ~ —33 dBm.
Obviously, a considerable improvement in convolver efficiency can be obtained by
this technique, although as it reaches optimum efficiency, the saturation power is
correspondingly decreased. External mixers do not necessarily increase the dy-
namic range of the system, but they can considerably improve the sensitivity of
the device.

A disadvantage of tapped devices is that they use only a finite number of
sampling points along the delay line, instead of interacting continuously, as does
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a normal convolver. Thus the device can operate as a convolver with a number
of possible input frequencies differing by integral multiples of a frequency that
depends on the tap spacing L,. Consider the situation where the two input fre-
quencies are w; and w,, respectively, so that the outputs obtained at the nth tap
from the center of the device have the forms exp [jw,(t — nL/V)] and exp [jw,(¢
+ nL;/V)), respectively. After mixing, the output obtained from the system at
the sum frequency will be of the form

y(t) = Ae/'(w1+w2)t Z exp () —]nLT(‘u/)l - 0)2)

) (4.7.17)

where A is a constant. It is apparent that the output at the sum frequency, w; =
w; + w,, is strong when the signals from all taps are in phase. Therefore, the
mixed output signals from the taps can be summed in phase if

(0 = @by _ oy (4.7.18)

where M is an integer. Because the taps are periodically spaced, the convolver
can operate at several different input frequencies spaced by V/L;. This result
implies that the maximum bandwidth is limited by this frequency excursion; with
larger bandwidths we would find aliasing of the input signals. Such a result is also
implied by the sampling theorem, which indicates that at least two samples per RF
modulation cycle are required. One advantage, however, is that if the bandwidth
required is much less than either of the carrier frequencies, we need only arelatively
coarse tap spacing.

The general form of this device is shown in Fig. 4.7.12. Using VHF bipolar
transistors as the mixers, the taps themselves can be weighted over a wide dynamic
range. We can obtain a significant reduction in spurious output signal levels
because the high reverse isolation of the transistors, as compared to diodes, provides
greater intertap isolation.

A device of this kind has been operated in a nondegenerate mode. As an
example, with a 32-tap system, the two center input frequencies were taken as — 83
MHz and 70 MHz. The results obtained, using Hamming weighting for a Fourier
transform, are shown in Fig. 4.7.13.

4.7.7 CCD Convolver or Correlator

If the same principles are applied to CCDs, the outputs from two tapped CCDs
can be mixed to provide convolution or correlation. A block diagram of a CCD
convolver is givenin Fig. 4.7.14. It operates by first loading CCD 1 with areference
signal and then clocking a second signal through CCD 2. Since the charge is stored
dynamically in CCD 1, it decays because of thermal leakage and must be refreshed
after 10 to 100 ms. Each stage of the CCD is tapped. The outputs of the cor-
responding taps on the two CCDs are taken to corresponding multipliers, using
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Figure 4.7.13 Fourier transform output: (a) uniform tap weighting: (b) Hamming tap
weighting. (After Montress and Reeder [78].)

the circuit of Fig. 4.7.15. When the signal in CCD 1 is stationary in this config-
uration. it is possible. in principle. to feed the signal in either direction to CCD 2
and obtain either correlation or convolution. In the circuit shown. transistors O,
and Q, act as voltage-controlled resistors in a source-follower configuration. The
balanced configuration overcomes the inherent nonlinearity of MOS transistors
used as resistors.

A 100-stage correlator has been designed by Buss et al. [4] that uses floating-
gate output taps for high charge-transfer efficiency. The device has been dem-
onstrated to perform 100-point convolutions at clock rates up to 5 MHz. Because
floating-gate outputs are used in the device. neither CCD can be stationary. There-
fore. a device operated this way will be suitable only for convolution.
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Buss et al. {4].)

4.7.8 SAW Storage Correlator

The acoustic convolver has three major disadvantages that have limited its use to
certain applications of the type already described:

1. The reference signal must be available at the time when the signal being
interrogated is entering the device. This effect may be partially eliminated
by using a periodically repeated reference and two convolvers, with one
convolver in operation at all times. This does not necessarily cause problems
in spread-spectrum operation.

2. The processing time in an acoustic convolver is at best only a few tens of a
microsecond. In some cases, we may need much larger processing times of
several milliseconds. As we have seen in the example of spread-spectrum
communication, we can obtain this result to some extent by using an external
integrator.

3. Because the device takes only the convolution between two signals, to obtain
correlation we must time-reverse one of the signals. If the time-reversed
version of one of the signals is not available in the form of a reference, a
second convolver must be employed for the time reversal. Such a system
has very limited dynamic range.

In this section, after describing a historically important concept, we shall
describe a single device that can carry out both the required operations of long-
term integration and internal storage of a reference signal. In this way we can

VRD
Veel
Vl °"i 01 . L
Q

v, Qz
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Vbias»-{ Q, I’
v Figure 4.7.15 Circuit for four-quadrant

oL multipliers. (After Buss et al. [4].)
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SIGNAL

obtain correlation as easily as we can convolution, and we eliminate the need for
both signals to be present in the device at the same time. Furthermore, by op-
erating in a different mode, we can correlate two signals, each several milliseconds
long, in a device that normally has an acoustic signal delay time of several micro-
seconds.

Tapped-delay-line correlator. One way to eliminate some of the difficul-
ties of the convolver is to adopt the configuration shown in Fig. 4.7.16. A tapped
delay line is employed with external mixers using integrators on the output of each
mixer. One of the input signals f(z) is fed directly to the mixers, while the other
input signal g(z) is fed through the SAW delay line via the taps to the mixers. The
output from the nth tap is therefore

v = | fog = 5 ar (4.7.19)

where 1, = z,/V is the time delay from the input to the nth tap at position z,,.
The output is the correlation function at time 7,. Thus by switching from one
output tap to another, we can sample the correlation function over a limited range
of time corresponding to the delay time of the delay line.

MULTIPLY

SIGNAL REFERENCE
f(t) glt—7,)

F B

ouTePuT

j fl1) git = 7,)dt pe——3— QUTPUT

(a)

0 0 0 0 0Fwme
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i
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OUTPUTS
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585855

Figure 4.7.16 (a) Common form of active correlator; (b) tapped-delay-line correlator that
is less sensitive to synchronization of signal and reference. (From Maines and Paige [44].)
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We might imagine other versions of this device with internal mixers (i.e.,
strips of silicon placed near the substrate). But a technique is needed that will
put all these components in one device, including the final multiplexing (i.e.,
switching to the output taps). The storage correlator satisfies these criteria.

Monolithic and air gap storage correlators. Consider the monolithic
SAW storage correlator employing zinc oxide on silicon, illustrated in Fig. 4.7.17.
In this device, a row of diodes with a spacing of the order of one-fourth of a
wavelength of the acoustic wave is laid down in the silicon. SAW transducers are
employed at each end of the device, and a top plate electrode is used as an input
or output port in much the same manner as with the convolver.

Consider now what occurs when a signal is read into the device. Suppose
that a short pulse less than half an RF cycle long, with voltage V,, is applied to
the top plate. This will turn on the individual diodes, as illustrated in Fig. 4.7.18.
The capacity between an individual diode and a top plate is therefore charged up
to a voltage approximately equal to V,, with a corresponding charge in the capacitor
of 0, = C,V,, where C, is the capacitance between the top plate and an individual
diode. The diode itself is now reverse-biased, so that the only current flowing in
the circuit comes from the leakage current I, of the diode, which normally has a
very low value. Thus the capacitance remains charged for a time T, = Q /I,
typically in the range 10 ms to 5 s, depending on the design of the diode and its
temperature.

Now suppose that at the same time the pulse is applied to the top plate, an
input signal f(¢) cos wt is also applied to the device, exciting a surface acoustic
wave so that the signal under a particular diode at position z becomes f(r — z/V)
cos w(t — z/V). If the short pulse is applied at a time ¢t = 0, we observe that the
total charge stored in the diode is

wZ

0(z) = C,V, + af(%) cos (7) (4.7.20)

A spatial pattern of charge, representing the input signal, has been stored in the
capacitors, and the device is thereby capable of storing a reference signal.
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DIFFUSION n-TYPE  Figure 4.7.17 Surface acoustic wave
T siqun storage correlator configuration. (After

Tuan et al. [79].)
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Figure 4.7.18 Equivalent circuit of cor-
relator on read-in and read-out.

The reference charge is actually stored in the top plate, in a combination of
the top plate capacitor and the capacitance of the diode itself. The total charge
stored in the depletion layer of the diode with a depletion layer length A is

_ gNhA
€

Q (4.7.21)
where A is the area of the diode. We assume that the depleted region isin an n-
type semiconductor of doping density N, and dielectric constant €. The voltage
across the diode will therefore be

_ _N#A Qe
b = 2 - ZANg (4.7.22)
and we can write that its effective capacitance is
00 A _gNA
== =— =" 4.7.
C 3 P Oc (4.7.23)

The capacity of the diodes depends on the stored charge and hence on the
initial reference signal. Suppose that the initial reference signal has a variation
of the form cos w(¢ — z/V). There will then be a stored charge component Q,
cos (wz/V), because of the exciting acoustic wave. The total charge Q will therefore
be of the form

0=0,+0, cos“’—vz (4.7.24)

This implies that the capacity C has a spatially varying component C,(z) that is

proportional in amplitude to Q, cos (wz/V), where it is assumed that Q, << Q,.
Suppose that a “readout” signal g(t) is now applied to the top plate. This

readout signal will develop a voltage across the diode capacitance of the form

CP
V(t, z) = g() Gt G+ G, cos wt (4.7.25)
From Eqgs. (4.7.24) and (4.7.25), it follows that if C, << Cy + C,, as it often
is, then V(¢, z) will have a component proportional to O, g(t) cos (wz/V) cos wt.
The individual diodes behave like fingers of an interdigital transducer and can
excite acoustic waves propagating in both directions along the device, as though
the device had been excited by a voltage with a spatially varying pattern cos wz/V.
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The input, as we have observed, is stored in the form f(—z/V) cos wz/V.
The output from a particular point is proportional to the product of the readout
signal and the stored signal, so the output obtained from an output transducer at
z = 0 will be of the form

y(t, 0) = o cos wt j g(z - §>f<:f/£> dz (4.7.26)

This is the correlation of the stored signal and the readout signal. Similarly, the
output obtained from an output transducer at z = L will be

y(t, L) = a cos wtfg(t - —Ié + ‘-Z/>f<:l7z-> dz (4.7.27)

This is the convolution of the two input signals.

To put it more simply, if we were to use a short pulse g(¢) = () to read out
from the device, we would obtain either the time-reversed waveform f(—¢) at z
= 0, or the stored signal f(t — T)itselfat z = L, where T = L/V.

It follows that the device can be operated as a programmable matched filter
for an arbitrary input waveform if a reference signal is read into it at an earlier
time. An example of results taken by Ingebrigtsen, who constructed the first
Schottky diode correlator in an air gap configuration, is shown in Fig. 4.7.19, with
a schematic of his device in Fig. 4.7.20. In this device, a large number of Schottky
diodes in the form of small square diodes were constructed in the silicon substrate,
and the silicon was separated from a lithium niobate substrate by means of spacer
rails. The results shown in Fig. 4.7.19 correspond to a 1.5-ps linear FM chirp,
stored for 1 ms and correlated with a similar chirp in the readout. This example

(a) (b)

Figure4.7.19 Correlation of 30-MHz-bandwidth, 1.5-ps linear FM chirpsstored 1 ms: (a) details
of single chirp correlation output: (b) nine stored chirps, each delayed by 180 ns. correlated
with a similar sequence of nine chirps. Delay-line data: center frequency 145 MHz. 3 dB
bandwidth. 30 MHz: Silicon data: 25 Q-cm a-type platinum silicide diodes 4 pm in diameter
on a 5.8-pm center distance. (After Ingebrigtsen [80].)
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Figure 4.7.20 Diode memory correla-
e tor. (After Ingebrigtsen [80].)

corresponds, in fact, to nine stored chirps, each delayed by 180 ns, correlated with
a similar sequence of nine chirps. The envelope of the function obtained, of course,
1s like that of two square pulses correlated with each other, and is hence triangular
in form.

input correlation mode. A second mode of operation is the input corre-
lation mode. Suppose that two signals f(#) and g(¢) are injected into a transducer
and the top plate, respectively. If neither signal is sufficiently large in amplitude
to switch on the diodes, no storage will take place unless the sum of the amplitudes
of the two signals is high enough to do so. In this case, storage occurs only at the
peak of the combined RF waveform. Furthermore, if the diodes are operated
relatively slowly, as they would be with a pn diode, relatively little charge will be
stored on each peak of the RF signal, because the diodes do not turn on completely
and do not store all the available charge.

Suppose the current that flows during the peak of the RF cycle is I(¢); then
the total charge injected into the diode and passing through the capacitor will be

AQ = fo "1 dt (4.7.28)

where 7 is the time for which forward current flows in the diode. If the recom-
bination time for carriers in the diode is 7,, we expect a proportion /7, of the total
charge to recombine in the diode; therefore, the change in charge on the capacitor
after one RF cycle will be approximately TAQ/7,. Because the effect is cumulative,
after many RF cycles we would expect to see a gradual buildup of stored charge
in the capacitor.

This process is highly nonlinear and depends on the peak amplitude of the
two signals present; thus there will always be a stored charge component that
depends on the product of the two signals. This stored charge component, in turn,
depends on the integral of the product of the two signals over many RF cycles.
Therefore, with two input signals f(z) and g(¢) on the interdigital transducer and
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top plate, respectively, we would expect the stored charge, at any position z, to
have a component

4

0@2) = « f f<t - §>g(t) dt (4.7.29)

0
The spatial variation of the stored component of charge corresponds to the cor-
relation of the two input signals.

In this system, the floating variable in the correlation function is time ¢; this
can be relatively long compared to the delay time T of a surface acoustic wave in
the device itself, and may be comparable to the storage time of the device. Thus
correlation can take place over extremely long time periods, and the device can
handle signals with a time-bandwidth product comparable to the product of the
storage time and the bandwidth of the device. The storage times can be tens of
milliseconds for any bandwidth that can be accepted by the input transducer; thus
the possibility arises of correlating signals with time~bandwidth products as large
as 105. In practice, correlation has been observed in these devices with time-
bandwidth products up to 100,000 (in one case corresponding to a bandwidth of
20 MHz with an integration time of 5 ms) [80-82].

Note that the correlation peak occurs at z = 0; this may correspond to a
spatial position outside the top plate itself and therefore may not be a readable
point. To place the correlation peak at the center of the device, we must use a
delay line to delay g(z) by half the time delay in the device, as illustrated in Fig.
4.7.21. The correlation peak itself may be read out using a short interrogating
pulse for the readout. If we use a more complicated waveform for the readout,
of course, we can obtain correlation or convolution of the readout signal with the
stored information. It is apparent that a wide range of signal processing techniques
1s possible with this configuration.

In one example, shown in Fig. 4.7.22, two chirps, each 5 ms long with a
bandwidth of 6 MHz, were read into the device. One of the chirps was modulated
with a signal of 186 Hz, using two sidebands on the carrier 372 Hz apart. The
correlation of the function therefore consisted of two peaks. In this case, two
peaks approximately 350 ns apart were observed, corresponding to a theoretical
difference of 420 Hz in frequency. The agreement is reasonable, for it was not
known how linear the chirps were, and there was some uncertainty as to their exact
bandwidth. By varying the chirp lengths, components in different ranges could
be observed, and thus the device could be used as a variable-bandwidth spectrum
analyzer. The top trace shows the output signal and the short readout pulse alone
as applied to the device. This represents the spurious signal levels of the device,
which created considerable difficulties. These spurious signals occurred because
there was some direct feedthrough of the signal injected on the top plate into the
output transducers.

Spread-spectrum communications. The storage correlator is ideally suited
to signal processing of spread-spectrum signals, for it carries out the required
integration and correlation functions. Ideally, to correlate a PN cod< or another
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Figure 4.7.21 Modes of operation:

!“—5 ms_"i (a) input correlation; (b) AM modula-
tion of one of the input chirps. (After
(b) Tuan and Kino [81].)
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CORRELATION PEAK AMPLITUDE (mV)

Figure 4.7.22 Correlation output of
AM modulation experiment. Top
trace, no signal present; bottom trace, a
modulated chirp modulated at 186 Hz is
used as the input signal. (After Tuan
and Kino [81].)

type of code suitable for spread-spectrum communications, the device should build
up the correlation peak continually with integration time. This experiment has
been carried out with a reference code 1 ms long [83]. As shown in Fig. 4.7.23,
we see that the correlation peak amplitude increases linearly with integration time,
as it also does with the amplitude of the input signal. Figure 4.7.24 shows an
example of the correlation peak obtained with a PN code 1 ms long and 5 MHz
in bandwidth, corresponding to a time-bandwidth product of 5000. The three
traces shown correspond to codes read in with slightly different delays between
signal and reference ports. Similar results were obtained with codes as long as 10
ms, corresponding to a time-bandwidth product of 50,000.

MEASUREMENT QF INTEGRATION LINEARITY
IN INPUT CORRELATION MODE
INPUT — REFERENCE
l——:; [ AND READ
outeut Y 1
[-54 dBm] INPUT SIGNAL: 0-1 sec; +16 dBm
REFERENCE SIGNAL: 1 m sec; +28 dBm
0.7~ READOUT: 200n sec; +32 dBm
INPUT AND REFERENCE: PN-PSK CODED
06|~ WAVEFORMS5MHz CLOCK RATE 1
05+
I
0.4
031
0.2 -
0.1+ OUTPUT DYNAMIC RANGE = 20 dB
! ! 1 L ! ! i Figure 4.7.23 Measurement of device
0 01 02 03 04 05 06 07 08 08 1.0 jipearity with input signal duration.
INTEGRATION TIME (m sec) (After Tuan et al. [83].)
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Figure 4.7.24 Output signal from large
time-bandwidth product PN-PSK
matched filter. (After Tuan et al.

(83].)

PROBLEM SET 4.7

1. Consider nonlinear interactions in an SAW structure. Suppose that the propagation
constants of the waves at the fundamental frequency are k,, and at the second harmonic,
k, = 2k, + Ak. We put

él(Z, t) = al(z)ei(wu—k,_—)

a_,(z)ej(wzr—k“.:)

dxz, 1)

(a) Assuming that the system possesses a second-order nonlinearity so that there is an
excitation at the second harmonic frequency proportional to &,(z, ¢)?, find a coupled-
mode equation at the frequency w, with an arbitrary coupling parameter to (4,)-,
which represents how 4,(z, ¢) changes with distance.

(b) Now, assuming that the power in the second harmonic is small compared to that in
the fundamental, we can write a,(z) = constant. In this case, find how a.(z) varies
with distance from the input when k&, = 2k, and when &, # 2k,. The problem
illustrates that slight dispersion will tend to make second harmonic generation very
weak. Without dispersion, the second harmonic will build up indefinitely, and the
fundamental amplitude will eventually decrease (i.e., there will be saturation with
increase of the fundamental input signal).

2. (a) Consider mathematically what occurs when a signal f(¢) exp (jwt) is injected in one
port of a convolver, and a modulated RF signal g(¢) exp (2jwt?) is injected at the center
plate such that g(¢) is a short pulse approaching a & function. Show that a time-
reversed signal of the form f(7T — ¢) exp (jwt) is emitted from the input port.

(b) What are the forms of the outputs from each end of the device when two signals f(¢)
exp (jot) and g(¢) exp (2jwt) are injected at one acoustic transducer and the center
plate, respectively?

3. Find the dc potential generated on the surface of a semiconductor placed near a piezo-
electric substrate by a surface acoustic wave RF signal field normal to the semiconductor
surface of value E, exp [j(wt — kz)]. This phenomenon is known as the transverse
acoustoelectric effect. Suggest how measurement of this potential might be used to
determine the carrier density in the semiconductor.
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4. A zinc-oxide-on-silicon convolver has a dispersive characteristic so that the phase velocity
in the device varies with frequency. The phase velocity is defined as V, = w/k and the
group velocity is V, = dw/dk. The group velocity is the velocity at which the modulation
travels through the system. Let us assume that the propagation constant is a parabolic
function of frequency. Thus we can write

ok . L 0k
k=k0+(m—wu)a—wm+3(w —w(,)-ﬁw (1)
or
®w - o (0w — wy)? 7
k = k + 0 _ 0 - (2)
¢ Ve 2 Vg
where
1 ok
Veo T dw wo 3)
and
1 9V,
s @
g0 0@ |

(@) First, consider physically what occurs when two short pulses of frequency w, are
inserted into each end of a convolver of length L at a time + = 0. When does the
output pulse occur? If the signal frequency is changed to w,, when does the output
pulse occur? Finally, if a linear up-chirp varying in frequency from w, to w,; is
convolved with a linear down-chirp whose frequency varies from , to w,, and both
chirps are of a time length T, less than the phase or group delay time through the
convolver, what would be the approximate minimum length of output pulse that you
would expect if: (i) there were no dispersion? (ii) there were dispersion? Use only
Dphysical arguments and no detailed mathematical derivations other than differentiating
Eq. (2).

(b) Try the): same argument on a dispersive storage correlator of length L, in which the
same up-chirp is injected at an acoustic port and stored by putting a very short
electrical pulse on the plate. The correlation is then read out with the same chirp
as the stored chirp. Would dispersion now be expected to affect the output pulse
width?

(¢) From physical arguments, what effect would you expect a uniform attenuation per
unit length to have on the form of the output of both devices (the convolver and
correlator) when they are excited with a pulsed asymmetric signal with a carrier
frequency w,, assuming that they are nondispersive?

(d) Now treat the dispersive convolver and correlator mathematically. Consider signals
f(t) and g(?) inserted at each end of the convolver. Write

f@ = Lﬁ J'; F(w)e™ dw (5)

and

g = 2%_ f 1 G(w)e dw (6)
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where

t =qa [ Jwil

(@ (e (7)
[y/t\ — hiAaniwot

and the signals are narrowband, as :nd of Sec. 4.4.5.

Show that the convolver out iput-modulated signals of carrier
frequency w, is like that of a theor 10ndispersive convolver in which
the output is passed into a chirp fil domain response

Ke[(Zuu'v — ety (8)

where K is a constant and

oo L .
YT 2v, ©)

Taking L = 2cm,7 =35 X 107'%s,and V,, = 2.8 X 10° cm/s. estimate the maximum

usable input bandwidth of the convolver. Suggest what filter could be used on the
output terminal to eliminate the problem with dispersion.

Note: You will find it convenient to use the method of stationary phase in
Appendix G to work out what happens to each Fourier component of the input signal,
and to find the inverse Fourier transform of the output signal and how it is distorted.

4.8 ADAPTIVE FILTERS
4.8.1 Introduction

We have thus far described various types of fixed transversal filters, and convolvers
and correlators whose parameters can be adjusted by using a reference signal as
the input to match a required characteristic. In some cases, however, the required
filter characteristic is unknown; we know only the output required from a test input
signal. When a signal is distorted by transmission through a random medium,
such as the atmosphere, or an imperfect communication system, we need a filter
that can deconvolve or equalize the distorted signal to produce the original, un-
distorted signal. Such a filter is termed an adaptive filter: it must adapt itself to
the distortion present in the system.

In some cases, such as propagation of waves through a turbulent atmosphere,
the filter need only remove the phase distortion of a signal; in others, where we
need to improve the response characteristics of a sonar transducer, for example,
in order to obtain the shortest possible pulse, we may also want the filter to obtain
a flatter amplitude response as a function of frequency. To remove unwanted
echoes in a television ghost signal, for instance, we need a filter that can change
both the amplitude and the phase characteristics of the received signal.

Another common application of an adaptive filter is to eliminate an interfering
signal. Consider, for example, the difficulty of observing a fetal heartbeat in the
presence of the mother’s much stronger heartbeat; an adaptive filter is needed to
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eliminate the mother’s heartbeat. Similarly, in a communication system, when
the presence of an interfering signal masks the required signal, we can use an
adaptive filter to eliminate the interfering signal.

We describe here a number of adaptive filter concepts that can be used for
these purposes. We consider examples employing SAW fiiters, CCD filters, and
acoustic storage correlators.

4.8.2 Removing Phase Errors with an Adaptive Matched
Filter

An adaptive filter can eliminate phase errors that arise from distortion in a prop-
agating medium or a signal processing system. Suppose that the distortion of a
test impulse x(¢) = 8(¢), which has a uniform amplitude as a function of frequency
when it passes through a transmission medium, is H(w), where

H(w) = A(w)e /¢ (4.8.1)

and A(w) is a real function.
If a compensating matched filter is constructed with a response H*(w), the
resultant output, when a signal X(w) is passed through the medium, will be

Y(0) = X(0)H(w)H*(0) = AX(w)X(0) (4.8.2)

All phase errors due to the transmission medium are removed by this process, and
the output of a test impulse, after passing through the distorting medium and the
matched filter, has no phase variation with frequency. The transform of this output
signal will be y(¢), and the combined response of the transmission system and the
equalizer will be the autocorrelation function of h(f) convolved with x(¢).

By removing the phase errors, an output at z = 0 that corresponds to the
peak of the autocorrelation function of A(f) can be obtained from an impulse input
[x(¢) = 3(¢)]. If H(w)H*(w) is constant in amplitude over a finite frequency range
), so that H(w) = I[(0 — wg)/f1], the output with an impulse input will be a sinc
function of time. If there are major peaks in the frequency spectrum, the time
response will exhibit severe ringing, but provided that the input spectrum is rea-
sonably smooth (ideally, a Gaussian function), the time-domain response corre-
sponding to H(w)H*(w) should be reasonably compact with no severe ringing.

Suppose that a reference impulse is sent through a distorting medium. Ifa
distorted pulse h(?) is stored in a storage correlator, phase distortions caused by
the medium can be removed from it. Now any other signal x(¢), sent along the
same path into the correlator where the reference pulse is stored, will be convolved
with the stored reference H*(w) or h(—t) and will have its phase distortions re-
moved.

A practical application of this technique is to improve resolution when a
transducer with a poor pulse response is used in a pulse echo NDT or sonar system
(84]. To demonstrate this application, a 3.25-MHz-center-frequency, 2.5-MHz-
bandwidth P ZT transducer was placed 16 cm from a plastic block in a water tank,
as illustrated in Fig. 4.8.1. The transducer was excited with a linear FM chirp of
constant amplitude. A 6-ps-long, 2.5-MHz segment of the first reflected pulse
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from the plastic block was gated, mixed with 98 MHz, and stored in the correlator.
The gate to the top plate was then reopened to allow a second echo pulse to
correlate with the stored first reflected pulse. This second echo was the triple
transit signal returning from the plastic block, reflected from the transducer face,
reflected a second time from the plastic block, and received approximately 210 ps
after the first one was used as the stored reference. Figure 4.8.2(a) and (b) show
the correlation peak obtained and, for comparison, the impulse response of the
transducer. The width of the correlation peak corresponded to a compression
ratio of 9, compared with the time-bandwidth limit of 135.

The same experiment was tried a second time with a poor-quality transducer
that exhibited severe ringing in its impulse response. Figure 4.8.2(c), (d), and (e)
show the first reflected pulse, the correlation peak, and the transducer impulse
response, respectively. The correlation peak width was essentially the same as
that obtained with the original high-quality transducer. The results showed that
by using a storage correlator with a poor-quality transducer, we could considerably
improve the response of the pulse-echo system.

Similar techniques have been used in optics to remove phase errors. A
distorted optical beam is used to store a holographic grating in a photosensitive
material. This grating is then used to remove distortions in an image when the
optical beam has passed through the same distorting medium [85].

4.8.3 Inverse Filter

The basic principle for constructing an equalizer or deconvolver is to send a ref-
erence pulse through the distorting medium and then use a transversal filter to
remove the distortion. Consider a general input signal of the form X(w). After
passing through the distorting medium, whose response is H(w), it will be of the

WATER TANK
ACOUSTIC\ r— REFLECTING

PLATE ECHOES
TRANSDUCEL\J D/ FROM FRONT

/4 3.25 MHz CENTER
£ Y FREQUENCY

" CORRELATED
OUTPUT

CHIRP |
GENERATOR

AMPLIFIER

STORAGE PULSE AT D Figure 4.8.1 Acoustic pulse-echo sys-
TIME OF FIRST ECHO tem. (After Borden and Kino [84].)
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(b) IMPULSE RESPO

| psec/div — b

(e) IMPULSE RESPONSE

Figure 4.8.2 Pulse-echo experiment results carried out with both good and poor
transducers. (After Borden and Kino [84].)
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form
Y (w) = X(w)H(w) (4.8.3)

We have already seen that a matched filter of the form H*(w) can remove the
phase distortions due to H(w). Such a filter will, however, accentuate amplitude
variations over the frequency range of interest, for the response will now be
H(w)H*(w), or essentially the square of the original amplitude response. To
recover the original signal X(w), we ideally want to construct an inverse filter, that
is, a transversal filter with a characteristic frequency response W(w) = 1/H(w).
The output after passing the distorted signal through the inverse filter will be

_ X(o)H(w) _
Y, (w) = Hew) X(w) (4.8.4)
and the effective value of H(w) of th d system, which we shall call H'(w),
will be
H(w, — —— = 1 4.8.5
(o, H() (4.8.5)

A filter with a response W(w) = 1/H(w) is known as an inverse filter. This
filter is obviously impossible to realize because it needs an infinite response at the
points where H(w) = 0. Thus only some approximate form of equalizer, at best,
can be constructed. One way to do this, of course, is to measure the characteristic
response H(w) of the system. If H(w) is finite over the frequency range w, < w
< w,, we can multiply the output by W(w) = 1/H(w) over this frequency range
and put W(w) = 0 at all other frequencies. This procedure yields a uniform
response H’'(w) = 1 in the frequency range wy, — /2 < w < wy + /2 with zero
output outside this frequency range, as illustrated in Fig. 4.8.3. The time response
of this filtered system is then

Q (Qe12)

h'(t) - — e/mot

2% (072 (4.8.6)

Another possibility is to apodize the response of the inverse filter with a
Hamming weighting to obtain a smooth frequency response or a smooth and com-
pact time response. In all cases, unless some type of gating or apodizing function
is used, the noise output will vary as 1/H(w) and will be very large in the regions
where H(w) o — 0 and 1/H(w) o — <.

A CCD or an acoustic transducer with the required inverse filter response
over this frequency range can be constructed on this principle. This process has
been carried out by Kerber et al. [86] using an SAW filter to compensate for the
characteristics of an acoustic bulk wave transducer. There are also several ex-
amples in the literature that use a computer-based system for this process [87].
Computer-based systems, however, will not easily give large bandwidths and real-
time processing.

Consider the system illustrated in Fig. 4.8.4. A reference pulse is sent into
a tapped analog delay line. The output taps can be varied in amplitude by a
weighting network that is controlled by computer or microprocessor. If the weight
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of the delay line can be adjusted to compensate for the distortion of the medium,
the delay line becomes a real-time inverse filter, which can compensate for the
distortion of any signal passing through the same distorting medium. The device
is trained relatively slowly, using a repeated distorted input pulse that eventually
produces an output pulse of the same form as the known undistorted reference
pulse. The signal x(¢) entering the delay line is sampled at a rate f; = 1/, which
corresponds 1o the delay time between taps. If the weighting of the nth tap is w,,,
the output from the device at a time ¢ = m7 will be
N
y(mz) = 2 wxl(m — n)i] (4.8.7)

n=1

To train the device in the manner prescribed, we therefore require that

yims) = 1,m =k (4.8.8)

y(mz) = O;m # k

where the kth tap is called the reference tap.

The process was carried out in this example with a Reticon TAD-32 tapped
analog delay line controlled by a microprocessor. The filter tap weights were
adjusted by a process known as a zero-forcing algorithm, which is now commonly
used for automatic equalization of digital communication systems employed in the
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telephone system. In the telephone system, for instance, by adjusting the weights
of a tapped electromagnetic delay line, such methods have made it possible to
upgrade standard telephone lines, which formerly operated in the frequency range
below 3 kHz, to process digital codes with frequencies as high as 64 kHz. Such
equalizers automatically come into operation to compensate for distortions over
the changing paths used in a switched telephone network; this eliminates errors
when telephone lines are used for transmitting digital codes.

The zero-forcing algorithm used in this example was first employed for tele-
phone lines by Lucky [89]. It uses one tap, designated as the reference tap, whose
weight is maintained at a constant nonzero value. The algorithm operates by
increasing or decreasing each tap weight by one step, according to whether the
filter output is positive or negative during the corresponding clock period. This
forces the filter output to a maximum during the clock period corresponding to
the reference tap, and to zero during the clock periods corresponding to the other
taps of the delay line. The algorithm has the advantage of great simplicity and
relatively high speed convergence. Its disadvantage is that it does not converge
for any arbitrary distortion; however, it does converge for a large class of waveforms
of the types associated with digital codes. As it was relatively easy to implement,
it was the first one tried with CCD and BBD filters.

In the example shown, an LC resonator was constructed to simulate the
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response of a distorting medium [88]. This resonator was pulsed and gave a ringing
signal, as shown in Fig. 4.8.5, and the CCD adjusted itself until it converged on
an output pulse after 300 iterations. We expected the required filter to superimpose
a second ringing waveform on the first one, delayed by one-half an RF cycle but
reduced in amplitude, which would just cancel out the rest of the ringing waveform.
Thus the inverse filter had to consist of a weighting corresponding to two impulses
of opposite sign, one following the other. This was basically the form of the filter
produced, as shown in Fig. 4.8.6. In another example, illustrated in Fig. 4.8.7.,
more complicated signals were injected into the device after the filter was adjusted
and the distortion was then eliminated from them.

A completely monolithic LSI transversal filter has been constructed on the
same principles [90]. This device uses BBD filters in the configuration shown in
Fig. 4.8.8. To avoid making a tapped BBD, 16 separate BBDs, with time delays
in steps from T to 167, are used with their outputs summed. The amplitude of
the input signal to each BBD is varied by multiplying D/A converters. These
devices behave like variable attenuators whose attenuations can be set by a digital
input. In this case the digital inputs are set by a microprocessor. The 16 BBDs
are therefore equivalent to a tapped delay line in which the signals are inserted

a Reference input

b Initial filter input

¢ Output after 50 iterations

d 100 iterations

e 150 iterations

f 300 iterations

Figure 4.8.5 Convergence of the CCD
filter. (After Corl [88].)
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Figure 4.8.6 Inverse filter impulse re-
sponse. (After Corl [88].)

into the taps. An adaptive inverse filter using the Lucky forcing algorithm was
made with this system to obtain the results shown in Fig. 4.8.9.

4.8.4 Wiener Filter

A matched filter can remove phase errors but not amplitude errors. A more
general filter, as we have seen, is the inverse filter. Unfortunately, this filter
cannot be practically realized, because at certain frequencies it would require an
infinite response.

a  Two overlapping distorted pulses

b Inverse filter output

[ Two overlapping distarted pulses

d Inverse filter output

e  Three overlapping distorted pulses

t inverse filter output
Figure 4.8.7 Deconvolution of over-
lapping distorted pulses using the in-
verse filter. (After Corl (88].)
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The best approximation to such a filter is one with the best mean-square
amplitude error over the passband; this is known as a Wiener filter. Suppose that
the distorted signal is of the form x(¢) with a Fourier transform X(w). After
removing the distortion, the required signal is d(r) and its Fourier transform is
D(w). Suppose that in addition to the input signal, there is noise present with a
spectrum N(w). When the input signal plus noise is inserted into a filter with a
response W(w), the output is

Y(w) = W(0)[X(w) + N(w)] (4.8.9)

Figure 4.8.9 Adaptive inverse filter
waveforms: (a) input impulse;

(b) distorted input signal; (c) sampled
input signal to the filter; (d) restored
impulse output of the filter. (After
Tanaka et al. [90].)
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The error between the desired signal and the filter output 1s
e(d) = d(r) — y(2) (4.8.10)
or
E(w) = D(w) — Y(w) (4.8.11)

Our criterion in the time domain for an optimum filter will be to choose the
parameter € defined by the relation

g = fo i (€2(t)) dt (4.8.12)

to be minimum in the time length T of the signal. This is equivalent to requiring
that

1
e = f (|E¥(w)]) do (4.8.13)

be minimum over the frequency range of interest. In each case, the symbol { )
indicates the expectation value after a long period or many repeated pulses. Thus
we choose the Wiener filter because it gives the least-mean-square error between
a desired function and the output of the filter over the time or frequency range of
interest.

It will be seen that

|E¥(w)| = E(w)E*(0) = (D — Y)(D* - Y*) (4.8.14)
so that
IEX(w)| = [D — W(X + N)[D* — W*X* + N*)]
= DD* + WW*X + N)(X* + N*) — WD*(X + N) (4.8.15)
- W*D(X* + N*)
Because the noise signal can be assumed to be uncorrelated with x or d, there is

no phase coherence between N or X and D. Hence, over a long period, (ND*)
= 0, (NX*) = 0, and so on. Thus we can see that

(|E¥(w)|) = DD* + WW*[XX* + (NN*)] — DW*X* — D*WX (4.8.16)

The conditions for minimum error are dP/oW* = 0 and oP/oW = 0. We differ-
entiate inside the integral of Eq. (4.8.13) and equate the differential of the integrand
to zero; this process yields the conditions that the differentials with respect to W
and W* of the integrand must be zero. In addition, we have regarded W and W*
as independent quantities, as are their real and imaginary parts. This condition
yields the relation

0
ow*

Thus the simplest condition for minimum mean-square error between the desired
function and the filtered distorted function is that at any frequency within the range

(EX(w)]) = W(XX* + (NN*)) — DX* =0 (4.8.17)
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of interest

B DX*
T XX* + (NN*)

w (4.8.18)
This equation defines the Wiener filter.

We note that if XX* >> (NN*) and the signal-to-noise ratio is large, with D
= constant, then W — 1/X, and the filter behaves like an inverse filter. On the
other hand, if XX* << (NN*), then W —» DX*/{NN*). If D(w) and (NN*) are
constants, the latter response has the form of a matched filter.

It is possible to use Fourier transform techniques to program a computer to
set the taps of a delay line transversal filter to the filter of Eq. (4.8.18). This filter
will then give the lowest mean-square error between the response desired and the
response obtained.

Pseudo-inverse filter. A Wiener filter, as defined in Eq. (4.8.18), is an
ideal filter. It is difficult to realize such a filter in practice for two reasons: (1)
we must know N(w) precisely; and (2) a filter based directly on this principle would
not be useful because slight changes in the noise level or the input distortion could
change the output signal radically.

There are many approaches to make the design less critical. One method is
to construct a filter with a characteristic

(4.8.19)

where & is chosen to be a constant considerably larger than the maximum value
of (NN*) in the passband of interest. Such a filter is known as a pseudo-inverse
filter.

An illustration of the power of this type of filter has been made using a digital
computer to process real signals; a schematic of the system is shown in Fig. 4.8.10.
An ultrasonic transducer operating at a center frequency of 300 MHz was driven
by a 2-ns electric pulse. The transducer excited an acoustic pulse in a solid; this
pulse was reflected from the back surface of the solid and used to probe for flaws
within it. For good range definition, the shortest possible acoustic pulse is desir-
able; thus, in this example, a test echo (the reutrn signal from the rear surface of
the sample) was made as short as possible after filtering to improve the effective
response of the transducer when used as both transmitter and receiver.

The signal received at the transducer was passed into a sampling oscilloscope;
this yielded an output that was a slowed-down version of the pulse. An analog-
to-digital converter sampled the output and digitized it for insertion into a PDP
11-10 minicomputer. The computer was used to take fast Fourier transforms and
to correct the received signal by constructing a pseudo-inverse filter of the form
given in Eq. (4.8.19). The value of ® was fixed at a constant arbitrary value,
typically 20 dB below the peak signal value at the center frequency of the transducer.
This made the filter less sensitive to slight changes ininput conditions. In practice,
the smaller the effective value of {{N?|) or ® used in the design, the more critical
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the parameters required. We expect this because we need the pseudo-inverse filter
to make far more severe corrections when @ is effectively very small.

An example of the results obtained are shown in Fig. 4.8.10(a) and the
frequency response in Fig. 4.8.10(b). We chose (NN*) or ¢ with a value 20 dB
below the peak value of X(w)X*(w); thus the effective bandwidth of the system
now became that of the transducer between its 20-dB points. The output of the
Wiener filter is shown in Fig. 4.8.10(c). After gating this output over the frequency
range between the original 20-dB points, and retransforming it, we obtained the
much improved pulse response shown in Fig. 4.8.10(d). With the pseudo-inverse
filter in place, the transducer was successfully used to probe for flaws in solid
materials. The transducer could be moved over the surface of the object without
readjusting the signal compensation in the computer.

4.8.5 Storage Correlator as an Adaptive Wiener Filter

The storage correlator lends itself well to such applications as an adaptive Wiener
or pseudo-inverse filter. One way to construct this type of adaptive filter is to let
a computer set the taps of a transversal CCD or SAW filter; this has been done
with good results. Another possible application uses a storage correlator in a
feedback loop in which the correlator sets itself for minimum error after several
iterations. The iteration technique employed is closely related to the LMS al-
gorithm (least-mean-square algorithm), due to Widrow and his co-workers [91].

We demonstrate this iterative mechanism with a mathematical derivation
carried out in the frequency domain. Suppose that the filter is adjustable and that
after the kth iteration, its response is W, (w). Then with a signal X(w) inserted,
the output is

Y, = Wu(X + N) (4.8.20)
I.OE
a . N ;
@) 0 %0 120 160
E T (nsec)
-0
§ o
3 E /\
b § e . N . ;
< 400 800 200 1600
20 F(MH2)  Figure 4.8.10 (a) Impulse response of
= zinc-oxide-on-sapphire transducer; (b)
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§ ° 400 | o0 sapphire transducer; (c) frequency re-
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800
o . .
E l filter (note that frequencies above 600
d ,
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where N(w) is the noise spectrum. The error between the desired signal and the
output is

Ek = D - (X + Nk)Wk (4.8.21)

Suppose that we try to minimize |E,(w)[2. If we do this, the final value of W,(»)
should correspond to a Wiener filter. On the kth iteration W, (w) changes to
W, . 1(w), where

W, — W, = AW, (4.8.22)
If we write S, = (E.J), it follows that
AS, = Si+1 — S« = (Ef AE, + E, AE}) (4.8.23)
T'herefore, from Eqgs. (4.8.21) through (4.8.23), we see that
AS, = (- E}(X + N,) AW, — E (X* + N;) AW}) (4.8.24)

We wish to choose AW, so that AS, is always negative and S;,; < S,. This is the
condition for the error to decrease on each iteration. A good choice for this
purpose is to put

AW, = W,,, — W, = pE(X* + N}) (4.8.25)
where W is a constant. In this case it follows that
ASk = Sk+1 - Sk = -2|J-Sk (XX".r + (NN*>) (4.8.26)

For simplicity, we assume that each frequency component is independent and the
noise is negligible. We can then write

Se+1 = Si[1 — 2p(XX* + (NN*)] (4.8.27)
Thus after k iterations, it follows that
S = So[(1 — 2u(XX* + (NN*)] (4.8.28)

The error converges to zero as K — «, provided that 1 —2p(XX* + (NN*)) <1
or n.XX* <1 at all frequencies of interest. It also follows that the filter converges
to a Wiener filter as k — .

We can explain the operation of the device equally well in the time domain.
The output from the filter, when the weighting is w,(¢) and the input is x(¢), is

yi(t) = x(1) « wi(0) (4.8.29)

This is the time domain form of Eq. (4.8.20) with the noise term omitted. We
subtract the output from the desired signal d(¢), and it follows from Eq. (4.8.25)
that the weighting must be changed by

Aw,(t) = pe,(r) ¥ x(2) (4.8.30)
or by correlating e,(t), the error in the time domain, with the input signal.

The. storage correlator is well suited to carry out these operations. Such a
procedure has been carried out by Bowers et al., and the two configurations used
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Figure 4.8.11 (a) Adaptive Wiener filter using a storage correlator; (b) second
implementation of the adaptive Weiner filter. (From Bowers et al. [92).)

are illustrated in Fig. 4.8.11. The experiment consisted of applying a modulated
RF signal x() at the acoustic port of a monolithic storage correlator to represent,
for instance, a television signal followed by a later echo or its ghost. Using a test
signal, such as the line sync pulse, the correlator was required to give a desired
output d(¢), which ideally would be the signal with the ghost echo removed. The
feedback loop carried out the iterative process to make the output y(z) approach
the desired single d(¢) (a signal pulse) as closely as possible. The received signal
x(#) and desired signal d(¢) were entered repetitively into the storage correlator for
several iteration cycles, where one cycle consisted of two samples of x(¢) and one
sample of d(¢f). The whole process involved two basic operations, illustrated in
Fig. 4.8.11(a):

1. The convolution between x(¢) and the stored impulse response of the cor-
relator w,(¢) was obtained on the kth iteration. The output after the kth
iteration was

L

i) = f x<t - %,)wk(Z) dz (4.8.31)

0
where z is the distance along the correlator, V is the acoustic wave velocity,
and L is the length of the device, where L = VT. The error e (t) = d(z)
— y«(t) was then obtained.

2. The cross-correlation between x(¢) and the error signal e, was taken by
inserting e, and x(¢) into the device. Note that a delay line was used to
give time to clear the device of the original input signal. This process changed
the stored weights to w, ., ,(z), where

L =z
Wiiq(2) = w(z) + 2 fTo x(t)ek(t -V + ‘—/> dt (4.8.32)
and T is the length of the error signal. The factor 2u is now a multiplication
factor proportional to the gain in the feedback loop and determines the

convergence rate. The delays in the system are chosen so that w, . ,(z) and
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wi(z) are lined up with each other. This implies that the signals d(f) and
x(t) are repeated periodically and that e,(f) starts at a time ¢t = T = L/V.
We recognize the integral term as the cross-correlation between x(¢) and e,(¢).
The process was then repeated. Finally, the output was taken from point A
after opening the feedback loop with the switch.

If the x(¢) and d(¢) are modulated carriers, with the same carrier for
both signals, a delay line with the same delay as the storage correlator can
be used to delay d(¢). In this case the response will be independent of the
carrier frequency, provided that this frequency is within the bandwidth of the
device.

A somewhat more complicated circuit, like that of Fig. 4.8.11(b), has also
been used. The actual configuration uses an RF switch A at the acoustic port,
driven synchronously with switch B at the plate. This configuration requires less
signal for error correction, using the acoustic port as the input, and does not suffer
from reflections at a second interdigital transducer.

An experiment was carried out using this configuration with a zinc-oxide-on-
silicon monolithic storage correlator with a bandwidth of 10 MHz, a center fre-
quency of 124 MHz, and a time delay of 3 ps. The signal x(¢) consisted of a pulse
followed by an echo 6 dB lower in amplitude than the main pulse; each pulse was
0.4 ps long and separated from the next by 0.8 us. The aim was to remove the
echo pulse and to obtain an output consisting of a single pulse.

Figure 4.8.12 shows the signal output before iteration, after one iteration
(when the output is the correlation of the distorted signal with itself), and after 22
iterations. The device has been shown to decrease the echo level by approximately
10 dB. This type of filter performs far better even after two iterations than a
simple correlation filter, for it is a better approximation of an inverse or a Wiener
filter. Other experiments indicate that the time for final convergence is of the
order of 200 ps and that it should be possible to improve the performance. The
results clearly agree with computer simulation, so the operation of the device is
well understood.

4.8.6 Elimination of an Interfering Signal with an SAW
Correlator

One technique for eliminating a CW interfering signal has already been described,
in Sec. 4.5.4 [46]. This employs a Fourier transform system with a limiter on the
Fourier transform output to whiten the spectrum. Another technique uses a stor-
age correlator as an adaptive filter; this forms a notch filter, which will eliminate
a CW interfering signal. In this case, if we regard the interfering signal as an error
signal, we program the filter to make the error zero. One method of doing this
is similar to the system already described. Another, which has been demonstrated,
is to use the system shown in Fig. 4.8.13. In this system, the device is used to
eliminate CW interference from a wideband PN code. Both signals are inserted
into the storage correlator at the same time, so that both switches shown are in
position 1; the storage correlator then correlates the input signal with itself.
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The PN code gives a correlation peak outside the device. so it has no effect
here. With the CW interfering signal, however. the stored weight is of the form

T d
w(z) = A JO COS Wyt €COS w0<t - —f;) dt =3 AT cos w% (4.8.33

where A is a constant. If a later signal is read into this device, it will form a
narrowband filter. This filter will have a response of the form

sin (w0 — wg)L/2V

Thus its bandwidth will be approximately Af = 1/T, where T is the time delay in
the storage region of the device.

Returning to Fig. 4.8.13, the switches are switched to position 2 and the
storage correlator now functions as a narrowband filter for the CW signal. By
adjusting the attenuator, we can use this device to cancel out the direct CW signal
passing into the summer. Thus only the PN code is observed at the output. In
general, once the attenuator has been adjusted, and provided that the amplitude
of response of the device is constant over a given band and the delay in the delay
line is equal to that in the correlator, the device will act as a filter for any frequency
within this band. Using this technique in the experiment, the 5S-MHz rate PN code
on a 120-MHz carrier was injected at the same time as an interfering CW signal.
By this means, a 30-dB notch with a bandwidth of 330 kHz was introduced into
the CW signal, and the CW interference was thus reduced by 30 dB. The cor-
relation peak in the final matched filter for the PN code can be seen clearly in Fig.
4.8.14. The device is capable of simultaneously notching out one or more inter-
fering frequencies anywhere within its 8-MHz bandwidth.

Other and better forms of an interference removing filter are based on the
premise that as the error between the filter output and the desired signal decreases
on each iteration, the system can be trained with the interfering signal entering
each port of Fig. 4.8.11, or with d(t) = x(¢t) = i(t), where i(z) is the interfering
signal. The system makes the error zero. If d(¢) is replaced by a signal corre-
sponding to the required signal s(¢) and the interiering signal i(¢), the output from
the operational amplifier will consist of only s(z). Thus the system automatically
nulls out interference [95]. If a radar system, for example, is trained on a jamming
signal and its own transmitter is then turned on, the jammer will still be canceled
out.

W(w) =

(4.8.34)

Other uses for adaptive filters. Several other types of adaptive filters that
use the LMS algorithm to find the optimal set of tap weights have been developed.
In one example, a CCD adaptive filter was made with analog tap weights held in
sample-and-hold circuits. [96]. Another system uses an analog—digital hybrid
approach with MOS-LSI technology. This has the advantage oflowering the power
consumption and allowing 32 taps to be used without undue complexity of the
external circuit. This technique yielded a large dynamic range, but the bandwidth
was limited to less than 1 MHz [97].

An alternative approach for implementing filters with as much as a 500-MHz
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Figure 4.8.14 SAW adaptive filter
demonstration. (After Tuan et al.
(83].)

bandwidth has been developed by Masenten [98]. It uses tapped SAW filters with
a large, complex, computer-controlled system to adjust the tap weights. This
system has been used to cancel out interference and to put nulls into an antenna
pattern to remove an interfering source.

PROBLEM SET 4.8

1. (a) A modulated RF acoustic pulse (a tone burst) of length 7 is injected from a source
of very small width D (D << A) into a piezoelectric crystal. This pulse passes into
the crystal and may be reflected several times from its various surfaces. A very short
RF tone burst of frequency 2w and length 74, where 7, << 7 excites an electric field
between the two plates, is excited at a time T > 7, as shown. Show that an undistorted

but time-reversed pulse should arrive back at the original source after a further time
T.

—»—— READING PULSE

.||___
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One way to deal with this problem is to take an excited signal of frequency w, + ), amplitude

F(Q),

and phase &(x, y, z), together with a reading signal of frequency 2w,, and consider

in general what occurs when a carrier of frequency w, is amplitude-modulated by a signal
f(t). The other way is to deal with the problem directly in the time domain and consider

the reading pulse to be very short.
(b) Show that if a spatially varying tone burst f(x, y) exp (jwf) is injected at the surface

2. (a)

z = 0 (the front surface of the crystal) and interacts with a short RF E field pulse
of frequency 2w after a time T, there will be a signal received at the input surface at
atime 27. Suppose that this received signal is retransmitted at this time and a further
2w pulse excites the crystal at a time t = 3T. Show that the main component of the
received signal returning to z = 0 at a time ¢t = 4T will be f(x, y} exp (jwt), so that
all spatial and time distortions due to multiple reflections have been removed. You
will need to consider carefully the phase of the signals involved, writing phase &(x,
¥, z) along the beam as &(x, y, z) = of — kx — k,y — k_z.

Hint: In part (a), the source on the crystal of width D can be regarded as a
point source. The problem is set up to avoid difficulties, with the source being a
finite number of wavelengths wide. Carry out a simple analysis for a ray propagating
at an angle 0 to the axis, and derive the rest from physical arguments in parts (a)
and (b).
Consider the system shown below. A sonar device emits a plane parallel beam from
a pulsed source of frequency w, through a plane parallel crystal which has nonlinear
characteristics. The parallel beam passes through a lens and is focused in water at
the point 0, 2. A signal is reflected from an object at this point, returns to the lens
and the crystal, and is received on the same transducer, which can only respond to
a parallel beam [&(x, y, z) = constant].

SOURCE
wy PULSE 2wy B

0,2

Now suppose that the water through which the focused beam passes is turbulent, so
that the beam is distorted. The return echo signalfrom 0, z then arrives with distorted
wave fronts after a time 7. When the return echoes pass through the short crystal,
it is excited with a frequency 2w,. Show that an acoustic beam will be emitted that
will return from O, z as a parallel beam, whatever the distortion of the medium. You
can regard the lens and turbulent medium as a system that introduces a phase change
&(x, y, z). If there is no turbulence, ¢(x, y, z) = constant at the plane BB'. You
do not need to know &(x, y, z).

Hint: For simplicity, ignore multiple reflections at the surface of the crystal.

(b) You may wonder if it is possible to obtain a signal large enough to be retransmitted

out of the crystal. Consider an equivalent one-dimensional problem by coupled-
mode theory. Let the signal entering the crystal be

a,(z, t) = A,(2)e™ 1)
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and the signal emitted from the crystal in the backward direction be
ax(z, 1) = Ay(2)e @

and the signal (or pump) exciting the crystal between the plates be
ay(t) = Aser 3)

where A; does not vary with z.  As the generated signal must depend on the product
of the other signals, we can write

dA . ) .
7;’ + jkoA, = jaA;A;] (4)
The second wave is traveling in the backward direction. So we can put
dA . . .
== = ko = —jad Al (5)

where a is a coupling constant. Note the changes in sign in Eq. (5) from the
equivalent forms in Egs. (4.6.5) and (4.6.6), or Eq. (4).

Beginning at the line before Eq. (6), the problem should read: Prove that it is
still true, in this case, that

A,A* + AA7 = constant (6)

Note that this result is a degenerate form of a more general formula. The power in
a transmission line of impedance Z,, in which there is a voltage V,e~/*z propagating
in the forward direction, is P, = V,V}/2Z,. The power propagating on a transmission
line in the backward direction with a voltage Ve’ is P, = V,V3/2Z,. Thus, Eq.
(6) does, in fact, correspond to P, = P, = constant if P, is defined as being in the
backward direction, and V, a A;, V, a A,.

Power P, is supplied to the system, so this is an ‘“‘active” system, an amplifier
which can supply more power output than the input power. In a passive system, in
which a forward wave is coupled to a backward wave, conservation of power requires
P, + P, = constant. Here, the situation is more complicated, and the Manley-
Rowe relations (conservation of the number of quanta N = P/iw, or N; = N, +
N,), and conservation of power P must be satisfied.

Now solve for A, and A7 using the appropriate boundary conditions at each
end of a crystal of length L. Show that A,(z) has the form

cosk(z —L)

= - jkoz
A\(2) = A,O)e i 2 E—

(7)
where k = a(A;A3)"2.  You will find it convenient to assume that A, is real. Find
A,(0)/A,(0) and show that the system can self-oscillate if kL > «/2 (i.e., there will
be infinite gain). A device of this kind is known as a parametric amplifier or a
parametric oscillator.
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4.9 ACOUSTO-OPTIC FILTERS
4.9.1 Introduction

Light and sound waves interact when they are passed through the same medium.
Light is scattered by sound in much the same way as by a diffraction grating, so
we canregard the sound wave as a moving diffraction grating. Since the wavelength
of a very high frequency acoustic wave can be comparable to the wavelength of
light, the light beam can be scattered through relatively large angles, thus allowing
us to observe a number of important effects. For example, this scattering phe-
nomenon provides an important diagnostic tool for measuring the wavelength, type,
and direction of propagation of sound waves and thermal phonons in solid and
liquid media. It is also a very useful technique for deflecting a light beam: The
amplitude of the deflected beam depends on the amplitude of the sound wave, and
the angle of deflection of the beam depends on the acoustic frequency or its
wavelength.

The deflection of the optical beam varies almost linearly with the frequency
of the acoustic wave, which implies that the light pattern formed by the deflected
beam is the Fourier transform of the acoustic beam modulation. If we utilize this
type of interaction, a wide range of signal processing methods become available.
If we also employ the ability of the optical lens to perform Fourier transforms or
use interactions with two acoustic beams, we open many other possibilities for
signal processing with acoustic waves in an acousto-optic system, including appli-
cations to real-time wideband convolution and correlation of electrical signals.

We can also use the light wave as a “pump” to generate very high frequency
sound waves. This technique provides an important means of generating optical
phonons in the far-infrared range. Its disadvantage, however, is that laser light
of high intensity may unintentionally generate sound waves in certain materials,
creating fine damage lines or fractures along its path.

The coupling between light and sound waves results from two effects:

1. The photoelastic or piezo-optic effect. Strain due to the presence of a sound
wave causes a change in the atomic lattice spacing and hence to the dielectric
constant. Thus the relative change in dielectric constant Ae/e is generally
proportional to the amplitude of an acoustic wave passing through it, a relation
to be described quantitatively by Eq. (4.9.8).

2. The converse electrostrictive effect. The presence of an electric field causes
a strain essentially proportional to the square of the electric field.

4.9.2 Photoelastic Effect

It is convenient to define the dielectric impermeability B as the reciprocal of the
relative dielectric constant. In one-dimensional form, we define B by the relation

B = 80% (4.9.1)
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where E is the electric field and D the displacement density. For small signals,
the dielectric constant € would be defined in the same way as aD/aE.
We can write Eq. (4.9.1) in the more general tensor form

oE;
B‘.). = soa (4.9-2)
It follows that the one-dimensional relation between € and B is
B=2=% (4.9.3)
€
More generally, we write
E""
> 2B, =1 (4.9.4)
i Eo
or,
E;
2 ~ By = By (4.9.5)
i %o

where &, = 1,i = k;8,, = 0,i #+ k.

The photoelastic effect relates the change in dielectric impermeability to the
strain (the relative change in a length / of the material, defined as S = Al/l), as
follows:

AB = pS (4.9.6)
where p is the piezo-optic coefficient. More generally, we can write
AB; = pyuSut (4.9.7)

where p,;, or p, is the piezo-optic tensor.

For a cubic crystal, which has an isotropic permittivity, the effective photo-
elastic constant will depend on the polarization of light relative to the crystal axes
and the sound waves. The one-dimensional form of B, or B,, which we can use
for plane waves, varies with the angle between the direction of sound wave prop-
agation and the direction of the light waves. Different coefficients are required
to describe the interaction of light with longitudinal or shear waves, but the relation
retains the same form.

It is interesting to note that because of the symmetry relations of the tensors,
light diffracted by a longitudinal wave normally gives rise to a diffracted light beam
with the same plane of polarization. Light diffracted by a shear wave, however,
results in a light wave with a plane of polarization perpendicular to the polarization
of the incident light. ’

It follows that if we keep only first order terms in AB/B, Ae/e or An/n, in the
one-dimensional relations, then

Zn _Qe_ _E s (4.9.8)
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where n, is the refractive index of the medium and ny,? = e/e,.
We expect the relative change in the dielectric constant to be of the same
order as the relative change in density, so that
Ae

€ — §p

~ —S (4.9.9)

Thus we expect p ~ €4(e — go)/e2. This is a reasonable approximation to the truth
for many materials.
We can carry out a simple analysis, based on the Lorentz—Lorenz law, for a
gas or liquid. If the number of molecules per unit volume in the medium is N,
the Lorentz—-Lorenz law states that
€E — gy 1
———— — = constant 4.9.10
£ + 2¢o N ( )
For a plane wave, where the strain [S = (Al/l)] is assumed to be small, we may
write

N = Ny(1 - §) (4.9.11)
It follows that

Ae _ (& + 2eg)(e = &) (4.9.12)
€ 3808

or

_ (e + 2g0)(e — 2g)

20 (4.9.13)

Example: Piezo-Optic Constant of Water
For water with an index of refraction n, = 1.33 for light, e/, = 1.769, Ae/e =

—0.546S8, and p = 0.31. This compares with a measured value of p = 0.31. Values
of p for a number of solid materials are given in Appendix B.

4.9.3 Light Diffraction by Sound

An acoustic wave propagating through a solid or a liquid diffracts a light beam
much as a diffraction grating does. The sound wave creates a periodic variation
of the permittivity of the medium in time and space. Because it travels through
the medium with a finite velocity, rather than remaining stationary in space, the
acoustic wave Doppler-shifts the frequency of the diffracted light beam, as well as
exciting it at an angle to the incident beam.

We first consider a simple physical model for Raman—Nath diffraction, when
an optical wave of frequency w, and propagation constant k, in the material prop-
agates in the z direction. The optical beam interacts with a sound wave of fre-
quency w, and propagation constant k, = 2m/\A,, propagating in the x direction.
We determine the phase shift of the optical beam by using a simple integration of
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the phase shift across the acoustic beam. As we shall see later, the results we
obtain are valid only when the Raman—Nath parameter Q, defined as

2

g = k¥ (4.9.14)

ko
is such that Q << w/2, where w is the acoustic beam width [99]. Several diffraction
spots, or orders of diffraction, occur, as illustrated in Fig. 4.9.1. We shall also
derive the same results more rigorously and in a convenient normalized form as
Eq. (4.9.61) in Sec. 4.9.5.

In Sec. 4.9.5 we shall consider Bragg interaction, which occurs when the angle
between the direction of propagation of the input optical beam and the z axis is
+ 0z, where sin 05 = k,/2k, and 05 is called the Bragg angle, in analogy to Bragg
diffraction of x—rays from crystals. In this case, discussed in detail in Sec. 4.9.5,
when Q >> =/2, only one diffraction spot occurs.

It is convenient to write the variation in the dielectric constant in the form

Ae

= Re [aef(“’“""“")] (4.9.15)

or

a cos (Wt — K,x) (4.9.16)
where

a = EipsQ = 13pS, (4.9.17)
0

ACOUSTIC A8 s
BEAM

- 3 0th ORDER DIFFRACTED WAVE
OPTICAL BEAM

Tst Orpgg

S

Figure 4.9.1 Raman-Nath diffraction.
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and §, is the peak strain. As an example, since the acoustic wave velocity in water
is 1.5 km/s, the wavelength X, at a frequency of S MHzis 300 wm or 0.3 mm. This
is far larger than the optical wavelength, which is typically less than 1 pm.

We shall assume that the input optical wave in the medium is of frequency
wo, With propagation constant k, in the z direction in the material, which has a
refractive index n,. A simple approximation to the phase change per unit length
of the optical wave is therefore

ad As An
— = -k - = - — 9.
3z 0(1 + 28) ko (1 + no) (4.9.18)
It follows that
od o
o —ko[l + 5 cos (w,t — k,,x)] (4.9.19)

where k3 = w?pe. The phase change of a wave passing a distance z through the
medium is therefore

b = —koz — %’L a cos (w2 — kgx) dz (4.9.20)
We define an amplitude parameter v(z) by the relation
v(z) = %fo koo dz (4.9.21)

This type of interaction between light and an acoustic beam depends on the integral
of the amplitude across the acoustic beam.
If the acoustic beam is uniform over a width w, the phase change in a length
w is
s

b= —kow[l + 5 cos (w,f — k,,x)] (4.9.22)

where
koaw
2

v(w) = (4.9.23)

Acousto-optic figure of merit. If A is the area of the acoustic beam, the
power in the beam is

P = 3AZ,V.s? (4.9.24)
= %AprnOVgS(z)
where p,,o is the density of the material, V, is the sound wave velocity, and Z, is
the acoustic impedance.
It follows that we can write v(w) in the form

12
ww (2PM TWan,
= — | — = —— 4.9.
v(w) A ( a1 ) (4.9.25)

A
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where A is the optical wavelength in free space. The parameter M is defined as
the acoustic-optic figure of merit with

2,6
Py

- pm0V2

A table of the parameter M for various materials is given in Appendix B.

For most materials, M is less than the value for water, but for a few exceptional
and technically very important materials like tellurium dioxide, M is larger than
the value for water.

(4.9.26)

Example: Calculation of v(w) for Water
For water, p = 0.32,n, = 1.33, Z, = 1.5 x 10°kg/m*>—s,V, = 1.5km/s, and P =
1.69 x 102 ASZ watts. With A = 10> m? and P = 1 W, it follows that S, = 2.43
x 104, Thusfor A = 0.63 pmandw = 3 X 10-3 m, it follows that « = 1.38 X
104, v(w) = 2.75.

Returning now to the calculation of phase, it follows that at a position z in
the medium, the field E(x, z) is of the form

E(x’ Z) = Eoej[wot ~ koz — (akoz/2)cos(wat — kax)) (4 927)

where E, is the entering plane wave field at z = 0. This is an expression for a
phase-modulated wave which can be written in the form

E(x, 2) = Eoei(w-koz) z (_j)n]lnl(,v)ejn(wat—kax) (4.9_28)

where J,(v) is an nth-order Bessel function of the first kind and v = akyz/2.
We observe that the nth component of the wave has an effective propagation
constant

k = ak,+ank, (4.9.29)

where a, and a, are unit vectors in the x and z directions, respectively. These
waves propagate at angles *+nA0 to the axis, where A8 = 205 and 0 is the Bragg
angle, which is defined as
sin 05 = Ky (4.9.30)
B 2ko - .
Here we have assumed that A6 is very small.
After a distance w, the intensity of the nth order scattered waves is

I, = I,J3(v) (4.9.31)

where I is the intensity of the entering optical beam and v = akow/2. The nth-
order diffracted beam propagates at an angle nA# to the axis. A plot of [J,(x)]?
for various orders of n is given in Fig. 4.9.2.

From Snell’s law, we call the diffraction angle in air

A6(air) = nyA8 (medium) (4.9.32)
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Figure 4.9.2 Plot of the function [J(x)]* forn = 0, 1, 2, or 3 as a function of x.

where n, is the refractive index of the medium through which the acoustic wave is
passing.

We expect to see a series of diffraction spots, the Raman—Nath diffraction
spots, at angles 6, = nA6 (air). The rays at these angles are Doppler-shifted to
frequencies

® = wy + ne, (4.9.33)

If the parameter v is such that v << 1, the first-order diffraction spot has an
amplitude proportional to v, and the nth-order spot has an amplitude proportional
to v*. If v is larger, the amplitude of the zeroth-order spot decreases to become
0 when v = 2.40S, while the amplitude of the first-order spot becomes maximum
when v = 1.84. When v is sufficiently large, we see many diffraction spots,
sometimes 20 or more.

We can observe the individual diffraction spots separately only if the beam
diameter is somewhat smaller than the separation between spots. Suppose that
the beam passes through a hole in a diaphragm of radius a. We can then show,
from Fraunhofer diffraction theory (Sec. 3.2), that if the distance from the source
is z >> a?/A, as illustrated in Fig. 4.9.3, the angle at which the beam amplitude
becomes zero is

0.61A

8:(0) = (4.9.34)

(%3
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COLLIMATED LIGHT _ __
BEAM SOURCE|

Figure 4.9.3 Cc'limated beam light source passed through a hole of radius a.

Each acoustically diffracted beam will behave the same way. If we place the
maximum amplitude of the diffracted spot at the zero amplitude point of the
neighboring spot, each spot should be distinguishable. This condition is the same
as the Rayleigh criterion for the definition of a lens, where we require A8 > 6.(0),
which is equivalent to saying

k, _ 0.61A
=>
> =2 (4.9.35)
or
a

a

where K = 2w/A. Such a condition is valid only at distances z from the diaphragm,
where z >> a?/A, or the Fresnel length.

Suppose that @ = 0.5 mm and A = 6300 A. In this case, @A = 40 cm.
The Fresnel length varies as a2, so the condition of Eq. (4.9.35) may be difficult
to realize unless we use a lens to refocus the beam. In this case the condition is
satisfied at the image plane of the lens.

On the other hand, if we observe the collimated beam at some plane z < a2/
A, the beam radius is approximately a and we require that

k, ) 2a
— = >= 9.
X A0 (air) > (4.9.37)
or
Az
a< N (4.9.38)

Limitations of Raman-Nath theory. We have assumed that k, = k,
throughout the analysis. The nth diffracted ray is diffracted at an angle 2n6z so
its phase change in the z direction becomes approximately kow cos 2n6;. The
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Raman-Nath theory neglects the difference between this phase shift and kqw.
Therefore, this theory is valid only if

kow(1 — cos 2n85) << E (4.9.39)
For n6y; small, this relation becomes
22k w3, << % (4.9.40)

where

k, w,C

—~

O = k.~ 2V

(4.9.41)

and c is the velocity of light in the photoelastic medium. If Q = 4k,w0%, it follows
that the criterion for Raman—Nath diffraction of the first diffraction spot is

0 << ’—; (4.9.42)

Example: Raman-Nath Criterion for Water

At f = 5 MHz in water, refractive index n, = 1.33, acoustic velocity V, = 1.5 km/
s, we define the maximum value of w for Q = w/2 as w,,,. With an optical wavelength
A =063 pumandn = 1, thenw,,, = 48 cm. Forn = 2, w_, decreases to 1.2
cm. Forf, = 50MHzandn = 1,w,., = 0.5mm. Forf, = 500 MHzandn = 1,
Whax = 9 pm.

We can also see that at f = 5 MHz, with A, = 0.3 mm and the wavelength in
air A = 0.63 um, the Bragg angle is 8z(air) = 0.06°. At 500 MHz, 6z(air) = 6°.
Thus, for low acoustic frequencies, 6 is very small.

4.9.4 Schlieren Effect

The Schlieren effect is an important application of Raman—Nath diffraction used
in measuring acoustic beam profiles. Consider what occurs when a wide optical
beam of width L is passed through a rectangular acoustic beam of width w whose
profile is nonuniform in the x and y directions, as illustrated in Fig. 4.9.4. It
follows from Egs. (4.9.28) and (4.9.31) that the acousto-optic interaction yields
two first-order diffracted beams, each with an amplitude

lE(y7 Z)f = 'EOJI[kowa(y, Z)]| (4943)
=1 |Eokowa(y, z)|  (keaw << 1)

We suppose that after the optical beam passes through the acoustic beam, it
enters a convex lens. The undiffracted component of the beam passes through
the focal point of the lens. We can remove this component with a stop consisting
of a small dot on a glass plate, or with a knife edge, which removes not only the
undiffracted beam but one of the first-order diffracted beams as well. It is some-
times convenient to keep both first-order diffracted components to maximize the
available light; in this case we use the dot instead of the knife edge.
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Figure 4.9.4 Schlieren optical system. The first-order diffracted rays are shown as dashed
lines. Not all the i-order rays are shown; they may be eliminated by using an opaque dot
or a knife edge as a stop.

We then display the diffracted beam on a distant screen. Each point on the
screen x;,y; has a corresponding point in the acoustic beam x, y, where
z - F

F

z — F
yir =Yy F (4.9.45)

X=X (4.9.44)

F is the focal length of the lens and z is the distance of the screen from the focal
plane of the lens.

This diffracted beam has each ray displayed by an angle A6(air) from the
corresponding undiffracted ray. If Af(air) is small, we can display both diffracted
rays without significantly blurring the intensity image of the acoustic beam. But
if we want a highly defined image, we use a knife edge stop with only one diffracted
beam, which yields an image corresponding to the intensity variation a?(x, z) of
the acoustic beam. An image of a square acoustic beam taken with a Schlieren
optical system is shown in Fig. 4.9.5(a) and compared to a theoretical diffraction
calculation for the same beam in Fig. 4.9.5(b).

If we use a high-intensity laser, an argon laser beam for instance, and pulse
both the optical and acoustic source, we can observe the way in which an acoustic
pulse propagates through a medium and even how longitudinal, shear wave, and
Rayleigh wave modes are generated as a wave is reflected from a solid surface.
(Other examples of the use of such a Schlieren optical system are shown in Figs.
2.5.8 and 4.9.15.)
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Figure 4.9.5 (a) Schlieren image of the
near field of a square transducer with a
ratio of width to acoustic wavelength of
14/37. (After Osterhammel, as noted
by Cook et al. [100, 101].) (b) Schli-
eren image numerically calculated by
Cook for the same transducer. (After
Cook et al. [101].)

(b)

4.9.5 Bragg Diffraction by Sound

We now consider Bragg diffraction, a condition that occurs when the width of the
acoustic beam is large, O >> /2, and there are cumulative effects as the incident
optical beam is injected at an angle 65 to the wavefront of the acoustic beam. In
this case, the wave is diffracted at an angle —6 to the acoustic wavefront and
there is only one strong diffracted beam. The mathematical formalism we shall
use is a rigorous one, suitable for dealing with Raman—Nath as well as Bragg
diffraction.

We consider the configuration shown in Fig. 4.9.6, in which a sound wave
passes in the x direction through an isotropic solid or liquid. Suppose that a light
wave is incident on the material at an angle 6; to the z direction, and diffracted by
the sound wave at an angle — 6y to the z direction, as shown in this example. We
assume that the sound wave has frequency w, and propagation constant k,, and
we take the vector k, to be in the x direction. If we want to see continuous and
cumulative interaction over a finite length of the crystal, resulting from nonlinear
interaction with the sound wave, all contributions to the diffracted wave must be
added in phase. This implies that

Wy = W, = W (4.9.46)
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A 4

Figure 4.9.6 Bragg diffraction by
sound. The solid-line vector diagram
shows 6; positive and k, in the +x di-
rection; therefore, k, = k, — k, and a
diffracted optical beam travels in the

— 2z direction. The dashed lines illus-
trate Bragg diffraction with 6, negative
and the entering optical beam traveling
in the —x direction; k, = k, + k, and
a diffracted optical beam travels in the
+x direction. In the first case the fre-
quency of the diffracted beam is down-
shifted; in the latter it is upshifted.

Y\f
f/"

and

ko = k, = k (4.9.47)

where all parameters and angles are defined in the material where the interactions
take place.

If we take the negative sign and use the angle convention given in the figure,
it follows that

Wy — W, = W (4.9.48)
kosin 0, — k, = —k, sin 04 (4.9.49)

and
kocos 6; = k, cos Bg (4.9.50)

When we consider diffraction by a sound wave in the UHF range, where w,
<< wqg Or w;, we also see that k; = k,, at least in an isotropic material, in which
all light waves of the same frequency have the same propagation constant.t It
follows that as k; = ko, Eqs. (4.9.49) and (4.9.50) yield the results

9,- = BR (4.9.51)
and
. . ka N _ .
sin 0; = sin 6 = ke sin 6 (4.9.52)

respectively. The latter condition is the familiar Bragg scattering relation, with
the spacing d of the crystal lattice spacing replaced by the acoustic wavelength A,

Note that because A,, the light-wave wavelength is typically much smaller
than the acoustic wavelength A, and the diffraction angles are normally very small.

7The reader is referred to Appendix J for a discussion of Bragg diffraction in anisotropic materials.
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We can also consider the solution using positive signs in Eqgs. (4.9.46) and
(4.9.47). In this case the frequency w, is the upper, rather than the lower, sideband.
Now |8 = 8| as before, but the incident and diffracted rays, shown by the dashed
lines, have positions on the other side of the z axis for those given in the first case.

Diffraction theory. We can now estimate how the amplitude of the dif-
fracted wave increases with distance. The wave equation for the optical waves
has the approximate form

Pod  Fb P
o2t 3~ g Mell + acos (wg — k,x)) = 0 (4.9.53)

where ¢ is any component of the E field.
We look for a solution of the form

b = ef(wot—kozcose— koxsing,) 2 ein(wat—ke) gy (7) (4.9.54)

n= —x

We assume ¢,, to be a relatively slowly varying function. We write

2
aizz (d),,(z)e‘f"z) =~ —<k2¢,, + 25k % + %)e’f"z (4.9.55)

Since ¢, is a slowly varying function, we neglect the last term, $,/0z2, in the
parentheses on the right-hand side of Eq. (4.9.55) compared to 2jk(8¢,/3z).
We now consider the term that varies as

el [(wo+ nwat) — (kosing; + nka)x — kozcos;]

We substitute Eqs. (4.9.54) and (4.9.55) into Eq. (4.9.53) to obtain, after some
algebra, the following result:

3¢

Tz Bt = = 70g Bnss F dani) (4.9.56)
where
2nkok, sin 6; + n2k?
B, = T . (4.9.57)

and we have assumed that |nw,| << w,.

Raman-Nath interaction: Q << @w/2. Here we put 6, = 0 and assume
that wn?k2/(2k, cos 6;) = 0, or Q — 0. Thus we can also assume that B, = 0.
Now consider the recurrence relation for the Bessel function:

aJ,
E ne1(2) = Jmi(2)] (4.9.58)
and compare it to the simplified form of Eq. (4.9.56) with B, = 0:
9& = — ._l.g!%_
3z = 4 cos 9,- (¢n+1 + ¢n-1) (4959)
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If we write ¢,, = (—j)",, and set 6; = 0, we find that

A’ — vk ,
— (bn+  dn-1) (4.9.60)
(o 4 4
Thus the solution to Eq. (4.9.60), if 4(0) = 1, is
pYp]
kooez wz( PM ,
! = = —|— 4.9.61
o= () - | 5(H) ] ool

This leads us to the Raman—Nath solution described by Eq. (4.9.28) and (4.9.31),
with the same limitation, that Q << /2.

Bragg regime: @ >> w/2. We now assume that the only waves of impor-
tance are the n = 0, and either the n = 1 or n = —1 components. When only
the n = 0 and n = 1 terms matter, Eq. (4.9.56) leads to the results

ok
s B . I (4.9.62)
and
9z 4 cos 6,.¢1 (4.9.63)
If B; = 0, it follows from Eq. (4.9.57) that
. k, .
sin 9, = — % = — sin 6 (4.9.64)
The similar condition for n = —1 is exactly the same as the Bragg condition of

Eq. (4.9.52), while Eq. (4.9.64) simply corresponds to the Bragg condition when
6, is negative.

When the Bragg condition is satisfied, the interaction is cumulative. When
a is constant, ¢, initially increases linearly with distance. Equations (4.9.62) and
(4.9.63) take the form of two simple coupled-mode equations. For a constant,
Eqgs. (4.9.62) and (4.9.63) give the solution

bi(2) = —jbo0) s~ ) (4.9.65)

cos 6;

So the ratio of the diffracted beam intensity ident beam intensity I, is

L _ goalmz [PM) 4.9.66
I, A\ 24 (4.9.66)

We observe that the intensity of the diffracted beam initially increases as the square
of the distance, reaches a maximum value, and then decreases.

Response as a function of acoustic beam profile. In the general case
when the Bragg condition is not exactly satisfied and we assume « to be nonuniform,
we can obtain the solution to Eqs. (4.9.62) and (4.9.63). For simplicity, we shall
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assume from now on that the interaction length is short enough so that &(z) is
constant. We can then solve Eq. (4.9.62) by writing it in the form

—ipiz 2 gy = — L0
€ 3z (d1e7#) 4 cos 6, bo (4.9.67)
with the result
— w : —JjBi1z
o = 40058, Jo a(2)e daz (4.9.68)

It follows that, in this case, ¢, is the Fourier transform of the acoustic beam
profile.

Response as a function of input angle 0;, When B, is finite and 6, #
— 03, then it is convenient to write, for 85 small,

0, = —05 + A6 (4.9.69)
It follows from Eqgs. (4.9.57) and (4.9.69) that B8, = k, A6 and

]'koe —jkazA9¢0 z

b,(40) = 4 cos 6 . a(z)e/kez88qz (4.9.70)
B

If we rotate the crystal through an angle A8 from the correct incident angle 65,
Eq. (4.9.70) implies that the Fourier transform of the acoustic beam profile will
be ¢,(A0).

Response as a function of input frequency. We can find a similar relation
for the response as a function of input frequency. From Eq. (4.9.54) we see that
if the n = 0 term has a constant amplitude, the n = 1 diffracted wave varies as

cb(x, Z) = ¢lej(wo+wa)ze—ikozcose.-e—j(kosine,-+ka)x (4_9'71)

If 6, is kept constant and w, is varied, the output angle is 6z, where the propagation
constant of the diffracted beam in the x direction is k, = k; sin 0g, and
k, + kg sin 6;

ko

sin OR
(4.9.72)

= sin 6 +I—(£
= sin 0, x,

If we take the center frequency to be w,, corresponding to a value of ko, where

ka0

—~sin 0, = —— = sin O, = sin 04 (4.9.73)
2k,
and we assume that 6 and 0, are small, we find that
k, — k
0 =~ —=—2 4+ 0p0 (4.9.74)
ko
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The angle of the emerging beam therefore varies linearly with the frequency of
the acoustic wave. For general values of 6z and 6, the x position of the diffracted
beam spot at the plane z is

. . ko — kao
X =2sin0g = zsin0Bgy + —= 2
Kao

Therefore, the x position of the diffracted spot varies linearly with frequency, and
the amplitude variation of the diffracted beam with x position is the Fourier trans-
form of the time response of the input acoustic signal.

When we vary the frequency, it follows from Eq. (4.9.57) that as 3, = 0
when k, = k,, then to first order in (k, — k),

Bl = "(ka - kao) tan 6,’0 (4.9.76)

If we substitute Eqs. (4.9.73) and (4.9.74) in Eq. (4.9.76), we see that for 6z, and
IGR - 9R0‘ Sma",

(4.9.75)

B, = _(_9!;:_59&’_)_1(_“9 (4.9.77)

We can then show from Eq. (4.9.68) that for a beam of width w, the variation of
the diffracted beam amplitude with B, is

&
$10

where ¢, is the amplitude of the output beam when 6, = 6,5 and w, = wg.
The angular range of the output beam to the 3-dB points is

0.89\,,
w

sin 3,w/2
Byw/2

(4.9.78)

A6,(3 dB) = (4.9.79)
Similarly, if we observe the output beam at a constant angle 6o, the bandwidth
B between 3-dB points is

Va
B = 0.89 m (4.9.80)

If the length of the acoustic beam is L, however, we can show that the diffracted
optical beam has an angular extent to the 3-dB points of

0.89n,

AB8.(3 dB) = 3 (4.9.81)
It follows that the number of resolvable spots N in the beam is
A8 L Ay
N = — = — e
A8, w Ay (4.9.82)
or
N = 1.12BT (4.9.83)

where T = L/V, is the time delay of the acoustic beam in a length L.
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The basic physical principles governing each of the transversal filters we have
examined in this chapter lead us to the same conclusion: The number of resolvable
points in any signal processing system is approximately equal to the time—bandwidth
product of the device.

4.9.6 Application of Bragg Deflection Systems

The first demonstrations of Bragg interaction used bulk waves and gave only limited
angular and frequency bandwidths, as Eqs. (4.9.80) and (4.9.81) predicted. To
circumvent this limitation in practical systems, several separate transducers, each
with a different center frequency, are used. The individual transducers are placed
at the optimum angle to the incident optical beam for efficient acousto-optic in-
teraction. By this means, we can divide the total bandwidth into several frequency
ranges to obtain a flat confined response over bandwidths of several hundred
megahertz.

Surface acoustic waves are often used to deflect the optical beam. This makes
it possible to employ a guided optical wave in place of the large optical components,
attached to a stable table, that are usually required in a system using bulk acoustic
waves. A layer of material is typically deposited on an SAW substrate, as illus-
trated in Fig. 4.9.7, and this waveguide layer is then arranged to propagate light
waves with lower velocity than the substrate. As we saw earlier in our discussions
of acoustic waveguides (Chapter 2 and Sec. 4.7), this implies that the total internal
reflection of the light occurs at the top and bottom edges of the layer. Thus this
layer acts as a waveguide, one that can consist, for instance, of a zinc oxide layer,
like those used in the SAW devices described in Secs. 4.7 and 4.8. We can also
form a high-quality, low-loss guide by diffusing titanium into lithium niobate.

4
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Figure 4.9.7 Guided-wave Bragg dif-
T \ WAVEGUIDING LAYER fraction from single-surface acoustic
wave. (After Tsai [102).)
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Figure 4.9.8 Experimental configuration for guided-wave acousto-optic Bragg
deflection. (After Tsai [102].)

We introduce the optical beam into the guide by means of a prism coupler,
illustrated in Fig. 4.9.8, a device operated on the same principle as the wedge
coupler used with surface acoustic waves, which was described in Sec. 2.5.2. The
prism is normally constructed of a material with a larger refractive index than the
waveguide material. Thus if the propagation constant of a wave in the prism is
k, and the angle of the prism is 6, the effective propagation constant along the
surface of the guide is k, sin 6. If k, is the propagation constant of the guided
wave and

k,sin 0 = ko (4.9.84)

the two propagation constants will match and we can excite a waveguide mode.
Using this method, optimum optical conversion efficiencies of the order of ~ 80%
have been observed.

The Bragg deflector can be used for broadband operation if several SAW
transducers, tilted with respect to each other, are employed, as illustrated in Fig.
4.9.9. Using three transducers in this arrangement, shown in Fig. 4.9.10, Tsai
obtained a bandwidth of 385 MHz for a Bragg deflector.

Devices of this kind have been employed as wideband spectrum analyzers,
operating in real time as acousto-optic modulators and acousto-optic phase shifters.
Thus they provide a very useful component for optical waveguide systems.t

4.9.7 Acousto-Optic Convolver

An important type of signal processing device can be constructed using two acousto-
optic deflectors in succession, as illustrated in Fig. 4.9.11. In such a device, known
as the acousto-optic convolver, the optical beam enters at an angle 6, to the normal

TAn alternative technique which uses anisotropic materials to obtain broadband operation is
discussed in Appendix J.
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Figure 4.9.9 Guided-wave Bragg diffraction from multiple tilted surface acoustic
waves. (After Tsai [102].)
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Figure 4.9.11 Waveform convolution
using acousto-optic Bragg interaction.
(From Lee et al. [103].)

acoustic beam axis. After diffraction by the first acoustic beam, the diffracted
beam exits at an angle 6, = —0,. This diffracted beam is diffracted once more
by an acoustic beam traveling in the opposite direction and the rediffracted beam
leaves the system at an angle 6,. This beam, twice deflected by the acoustic waves,
is modulated at a frequency 2w,. If we can separate this modulation component
from the carrier and the component of frequency w,, we can detect the twice-
deflected beam.

This system was first demonstrated by Lee et al. [103]. They employed a thin
flat laser beam, focused by a cylindrical lens instead of an optical waveguide mode
because the length of the acoustic beam (the aperture was 15 cm) and the lack of
suitable lenses made it easier to produce a flat sheet beam from a 400-mW krypton
laser (A = 0.657 um) than from a waveguide mode. A lens was used on the output
to focus the diffracted beam to a small spot on a high-speed photodetector.

Suppose that the two acoustic wave signals entering the system in opposite
directions are f(¢) exp (jw,t) and g(¢) exp (jw,t), respectively. The twice-diffracted
beam is focused onto a photodetector. The signal received at the photodetector
will be of the form

S(t) = efte+2wa f [(: = %)g(f + -E) dz + c.c. (4.9.85)

LIGHT
SURFACE gEam

ACOUSTIC

LITHIUM
NIOBATE

F, ~ 365 MHz2 BRASS

F, ~ 270 MHz MOUNT

F, ~ 200 MHz

Figure 4.9.12 Large time-bandwidth,
acousto-optic convolver. (After Berg
INTERACTION TIME ~ 40 ys and Udelson [104].)
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where c.c. denotes the complex conjugate. In addition to this diffracted beam,
there will be an undiffracted beam of frequency w. When these two signals are
mixed at the photodetector, the output at frequency 2w, will be the convolution
of the two input signals.

Another practical system, demonstrated by Berg and Udelson and illustrated
in Fig. 4.9.12, employed a configuration with several input transducers of the type
already described. Using three transducers in this manner, they obtained an input
bandwidth of approximately 200 MHz and therefore a 400-MHz output bandwidth.
Because the time delay in their device was of the order of 36 s, we might expect
it to be able to process signals with a time—bandwidth product of the order of
7000. Berg and Udelson obtained a dynamic range of S0 to 60 dB. They have
used the system to carry out fast Fourier transforms and to process wide-bandwidth
digital codes. Figures 4.9.13 and 4.9.14 show examples of phase-coded input and
the corresponding outputs from the acousto-optic convolver. It is apparent that
the acousto-optic convolver is a very powerful device for processing large-band-
width signals.

4.9.8 Time-Integrating Correlator

Another interesting example of the many types of acousto-optic processors which
have been developed is the time-integrating optical signal processor. This can
make use of an incoherent optical source and, like the storage correlator, uses
integration in time to obtain correlation between two signals. Because it employs
optical signal processing, it is also possible to construct a two-dimensional correlator
which can directly display real-time ambiguity functions.

We consider the system illustrated in Fig. 4.9.15. In this device, a laser diode
or an LED is modulated by an input signal f(f). A second signal g(¢) is inserted
into an acousto-optic modulator and the output light beam is then passed through
a Schlieren optical system of the type described in Sec. 4.9.4. A second lens is
added to the system after the knife-edge stop and the output beam is imaged onto
a CCD array. The output received at a point x on the array contains a term
proportional to f(¢) g(t — x/V), where V is the effective velocity of a signal along
the array. As we saw above, a Schlieren optical system basically images the
amplitude of the acoustic wave at any point in the acoustic beam to a corresponding
point on the image plane of the Schlieren optical system. By integrating the output
of the photodetector as a function of time, we obtain the correlation function of
the two input signals

R(x) = f ) g(t - ‘f,) dt (4.9.86)

By reading out the image on the CCD array, we can obtain the correlation function
directly.

The time-bandwidth product of the system, much as with the storage cor-
relator, is dictated by the bandwidth of the input system and the integration time
of the CCD array elements. The portion of the correlation function that can be
read out is dictated by the delay time in the acousto-optic modulator. Thus the
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Figure 4.9.13 (a) Circuit generating

phase-coded inputs for the acousto-optic

convolver; (b) frequency-domain output

from the convolver. (After Berg and
()  Udelson [104].)

basic system has the same kinds of limitations on time bandwidth as the storage
correlator, as well as a portion of the correlation function that can be read. The
system itself has major advantages over many other kinds of acousto-optic corre-
lators utilizing an optical reference to convert the acoustic phase modulation to
amplitude modulation, because it does not require coherent optics with their at-
tendant problems of speckle and noise.

We now analyze this system in more detail. The output of the photodetector
is proportional to the image intensity /(z, x}, which can be written in the form

1, x) = 1,(:)12(1 - 3"‘;) (4.9.87)
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Figure 4.9.14 (a) Phase-coded inputs to the acousto-optic convolver: (b) corresponding time-
domain outputs from the convolver. (After Berg and Udelson [104].)
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Figure 4.9.15 Time-integrating correlator. (From Kellman [105].)
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For double-sideband suppressed carrier modulation of the laser by a signal f(¢)
cos (2wfyt), it follows that

L) = A1 + f(r) cos 2wgt)) (4.9.88)

where w, is the carrier frequency of the signal and A, is a constant.
The complex electric field modulation due to the acousto-optic modulator is
E,(t — x/V), where I, = |E,]*>. For first-order diffraction,

X X . .
E - = — A 172 + — ) pjwo(r —x/V) Jwc(t —x/V)
2( V) 2 [1 g(t V)e ]e (4.9.89)

where A, is a constant. In this case, the input acoustic signal is at a frequency w,
* w,, but as the detector receives nothing but the first-order diffraction term, only
the terms of frequencies w, and w. + w, arrive at the detector. It follows that

Iz(t - f—/> = Az[l + g2<t - %) + 2g (t - -f;) cos mo(l‘ - %)] (4.9.90)

If B is the bandwidth of the signals f(¢), g(¢), and f, > 3B, several cross-terms
effectively integrate to zero and it can be shown that the total output from the
detector is of the form

x 1 (7 ) X
R('v‘) - s [1 7l (’ - v)
+ - fo ’ f(t)g(t - %) dt] (4.9.91)

where T is the integration time of the system. The first two terms are essentially
dc outputs; the last term is the correlation function we require. In practice, these
unwanted terms can be eliminated by filtering.

One-dimensional transforms. One example of the use of this time-inte-
grating system is for spectral analysis. In this case, the two input signals are FM
chirps of §,(f) cos (gt + pr*/2) and cos (wyt + pt?/2), respectively. The input
signal to the laser is a modulated chirp and the output is the Fourier transform of
the modulation. The output is of the form

T
You(x) = Re[e—j(waxlv+,,._x2/2V2)f S,(f)e=inatv dt] (4.9.92)
0

Since the output occurs as a function of time T = x/V, we can multiply the output,
as discussed in Sec. 4.7 by a chirp exp (jiu1?/2) to eliminate the chirp carrier and
obtain phase information. The output with an input signal modulation s,(z) =
exp (jEdr) is

Woul)| = T ‘ "x/v)m]} (4.9.93)

If the time delay in the acousto-optic delay line is 7, = L/V, where L is the physical
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length of the array and there are N elements in the array, the minimum resolution
1S

[TE
Af = 10
f N (4.9.94)

The bandwidth of the chirp, however, is

=4 (4.9.95)
2%

and the bandwidth of the chirp in a time 7, is

To
B = = 4.9.96
2B (4.9.96)
Thus
B’To BI
Af = NT - N (4.9.97)

The number of resolvable frequencies within the array is B'/Af = N. It follows
from Eq. (4.9.96) that the best possible resolution we could hope for is

1
f=~= (4.9.98)
Thus for optimum resolution,
Bty = N (4.9.99)

which leads to an optimum choice of the chirp rate p.
If we wish to examine a range of frequencies equal to the chirp bandwidth,
we find, just as for the earlier cases examined in Sec. 4.7, that

By < %’ (4.9.100)

An example of a time-integrating spectrum analyzer output is shown in Fig.
4.9.16. In this example, N = 1000, 7o = 40 ps, B = 2.5 MHz, T = 2 ms, and

Figure 4.9.16 Time-integrating spec-
trum analyzer output. (After Kellman
[105].)
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Bty = 100. The possibie resolution is 50 Hz. The dynamic range of the device
was 40 dB.

Two-dimensional transforms. Two-dimensional transforms can also be
carried out with another version of this system, as illustrated in Fig. 4.9.17. Two
acousto-optic deflectors at right angles to each other are employed together with
a modulated LED source. The output is now of the form

R(x, y) = ff(t)g(t - —é)h(r - %) dt (4.9.101)

where the input signals are f(¢), g(¢), and A(¢), respectively.
Suppose that we wish to find the ambiguity function
x(7, f) = jSl(t)SE‘(t — T)e” 2 dt (4.9.102)

Then if we make the x dimension correspond to f and the y dimension to 7, we
require the Fourier transform in the y direction of the function §,(¢)S,(t — 7). To
do this we must have complex input signals of the form

f(6) = Sy(r)eie”
glr) = S3(r)e~re (4.9.103)

h(t) = e/w2eion

The functions f(¢) and g(¢) without the exp(—jut?/2) term provide the required
convolutions of S,(¢) and S,(z). The combination of h(z) with the exp(— jur*/2)
term then provides the required Fourier transform. By substituting Eq. (4.9.103)
in Eq. (4.9.101), it can be shown more directly that the output from the system is

MODULATED
SOU RCE

f(t)
6\ AD1
@\\ AD2
/ MATRIX
ARRAY
gm \ i

h(t)

Rir,, 75}

Figure 4.9.17 Two-dimensional time-integrating optical processor. (From Kell-
man [105].)
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of the form

R(x,y) = Re[e""“’“’”"‘“l"””e/'*‘f":"Lc J Si(r) §% (r - i‘—;)e“‘“"" dz] (4.9.104)

where the input signals to the two acousto-optic modulators have carrier frequencies
of w, and w,, respectively, and the integration time is the frame time of the system.
The chirp itself must be of this length.

The modulation of the ambiguity function by the quadratic phase term can
be canceled out through post-detection weighting. The variables x and y now
correspond to Doppler shift and delay, respectively. The Doppler resolution is
commensurate with the integration time and the time resolution is determined by
the number of elements in the x dimension.

Kellman [105] has illustrated ambiguity function processing using a Hitachi
HLP-20 light-emitting diode, a Fairchild SL62926 charge-coupled-device image
sensor, and Isomet acousto-optic devices. The diode had a 30-MHz, 3-dB band-
width and was biased at an average optical power of approximately 10 mW. The
image sensor had 380 x 488 elements and was operated with an integration period
of 33.34 ms. The acousto-optic devices had a 30-MHz, 1-dB bandwidth and a
50-ps delay. Chirp waveforms with a very large time—bandwidth product BT =
524,288 were synthesized digitally. The delay range was limited to 36 ps in the y
direction and 27 us in the x direction, to increase the bandwidth. The image plane
sampling was therefore 380/36 ps~! = 10 MHz in one delay dimension and 18.1
MHz in the other.

A short pseudorandom code is shown in Fig. 4.9.18. The Doppler range was
1 to 3.8 kHz, determined by the chirp rate. The code-repetition period was 6.2
ms, so that four correlation peaks are evident in the ambiguity function. The
Doppler shift in this example was 2 kHz. The time-bandwidth product was 5
MHz x 33.34 ms = 166,700. The sensor dynamic range was approximately 60
dB and the resultant input signal dynamic range was approximately 48 dB.

A similar system has been used for spectral analysis. This made it possible
to obtain fine spectral information in one direction and coarse spectral information
in the other. Thus the two-dimensional acousto-optic signal processor is an ex-

Figure 4.9.18 Ambiguity function for
short code. (After Kellman [105].)
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tremely powerful device and can provide a remarkable amount of real-time infor-
mation. Demonstrations have been made of various other systems that can per-
form two-dimensional transforms. Examples of these are two-dimensional acoustic
or acousto-optic convolvers. At the present time, the system described here seems
to be the most practical.

PROBLEM SET 4.9

1. An isotropic material can be used for an acousto-optic deflector. Prove that interaction
of a polarized optical beam with a longitudinal acoustic wave gives rise to an optical
beam polarized in the same direction as the entering beam. Then prove that interaction
of a polarized optical beam with an acoustic shear wave produces an optical beam po-
larized perpendicular to the polarization of the entering beam.

Set up the problem by assuming that the perturbation of the dielectric constant
due to the acoustic beam is very small, so that only first-order effects due to the acoustic
wave need be considered. For a solid isotropic material, in a reduced coordinate system
(see Sec. 1.5 and Appendix A), p;; = P2 = P33, P12 = P13 = P23 = P2y = Pa1 = D3
and py, = pss = pes = (P11 — P12)/2; thus there are only two independent constants.
For a liquid, in addition, p,; = p,,.

We can write

ek, = B;D, + AB;D,
with
AB; = piaSa
or, in reduced coordinates,
AB; = p,S,

(a) Consider a plane-polarized optical wave, polarized with the D field in the x direction
and propagating in the z direction. Suppose that it is perturbed by a plane longi-
tudinal acoustic wave propagating in the x direction (i.e., awave with S, or S, finite).
In the reduced coordinate system, what components of AB, are finite? What com-
ponents of E; are finite? What is the polarization of the wave generated by the
acousto-optic interaction?

(b) What components of AB; and E, are finite for an incident optical beam, with the
same intensity and interaction length as in part (a), when it interacts with a longitudinal
acoustic wave propagating in the y direction?

(c) If the interactions of parts (a) and‘(b) take place in a liquid instead of a solid, show
that the respective output beam amplitudes are indentical.

(d) What components of AB; and E; are finite, and what is the polarization of the
generated optical beam, for interaction of an incident optical beam with a shear
acoustic wave, propagating in the y direction, whose particle motion is in the x
direction?

2. A Schlieren optical system (Fig. 4.9.4) is used to image a square acoustic beam in
water, 1 cm on each side. The acoustic power in the beam is 50 mW and the operating
frequency is S MHz. A knife edge is employed to pass only the first-order diffraction
image.
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A 5-mW helium-neon laser (A = 6300 A in air) is used to produce the image.
and the acoustic beam amplitude is uniform (although in practice, diffraction causes
it to be nonuniform). Optical lenses of 4-cm diameter and focal length 50 cm are
used to produce a uniform 4 cm diameter parallel optical beam and to focus it to a
diffraction limited spot (see Sec. 3.3). [Estimate the intensity of the Schlieren image
and the width of the image of the acoustic beam at 3 m from the second lens.

3. Asingle-sideband acoustic modulator for a bimode fiber-optic delay line is constructed
as shown below. The fiber’s core is shaped slightly elliptically; this causes the fiber
to have two possible modes of propagation, with fields E, and E, polarized at right
angles. The fiber is bonded to an SAW delay line and a flat slab, and placed between
them. The fiber is rotated so that the polarizations of the two orthogonal modes
are at 45° to the surface of the slab. The displacement normal to the surface of the
delay line, due to the surface acoustic wave, applies a stress component at 45° to the
planes of polarization of the two optical waves, and couples them together.

| SAW DELAY LINEJ

Ez Ey

l sLae !

SURFACE
ACOUSTIC SAW DELAY LINE
WAVE

. — ]

\

SLAB FIBER

For optimum coupling of the two waves we know that
0, = * o, (1)

and
k, = k, = k, 2)

where w, and o, are the frequencies and k, and k, are the effective propagation
constants of the two optical waves, and w, and k, are the corresponding parameters
of the acoustic wave. Typically, fibers can be obtained for which the beat wavelength
A, is of the order of 1 mm, where A, = 2w/(k, — k).

We may use a coupled mode theory, like that in Sec. 4.6.2, to write

M2 4 s = jx(2)A, 3)
0z

dA ] ,

azl + jhkiA; = jr(2)A; 4)
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where k(z) is the coupling coefficient between the optical waves, due to the presence
of the acoustic wave, and A,(z, f) and A,(z, ¢) are the amplitudes of the two optical
waves.

We may write

Kk(z, ) = Ko cOs (w,t — k,2) .
= % l:ei(usal—knz) + e‘/(wd"ka:)]
where
Al(Z, f) = al(z)ei("’"-“lz) (6)
AZ(Z, t) = az(z)ej(wzr—k?z) (7)

and in all cases Eq. (1) is satisfied.

(@) By putting k, = k, + k,, neglecting one of the terms in the brackets, and putting
A,(0) = 0 with A,(0) finite, find an expression determining the amplitudes of A,(z)
and A,(z) along the fiber. Show that when k, is positive (the acoustic wave is
effectively propagating in the + z direction), the output signal in mode 2 is upshifted
in frequency.

(b) Show that if the effective propagation direction of the acoustic wave is reversed (k,
negative, 6 > =/2), the output signal is downshifted in frequency.

Note: A polarizer can easily separate out one signal from the other.

. Following the assumptions and analysis of Prob. 3, assume that the coupling k is weak

(k << k;, k << k,) and, therefore, the amplitude of a,(z) is constant.

(@) Using the first of the coupled-mode equations [Eq. (3)], determine the 3-dB band-
width for a coupler of length L, as w, is varied. Consider coupling from mode 1 to
mode 2 and use only the first term in the brackets of Eq. (5). Put k, = »/V, and
assume V_ is constant. Then find Ak/k, where k. is the acoustic propagation
constant for optimum coupling.

(b) Using the second term in the brackets of Eq. (5), find how much signal is transferred
into the lower sideband.

(c) Show that if the coupling coefficient k is decreased and the length L is increased to
obtain a given transfer efficiency to the upper sideband, both the bandwidth and the
spurious signal level in the lower sideband are decreased.

. An optical wave of the form &y(x) exp [j(wo# — kox)], traveling forward in the +x
direction, interacts with an acoustic wave traveling in the opposite direction that perturbs
the effective dielectric constant of the medium by

Ae = ae cos (w,t + k,x)

The interaction of the two waves gives rise to an optical wave traveling backward in the
—x direction, of the form ¢,(x) exp [j(wy + k;x)], such that

w; = w, + v,
and
k, = k, — k,

For strong interaction (k, = k,), k, = 2k, and the acoustic wave must have a frequency
of the order of 25 GHz.
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Write a wave equation similar to Eq. (4.9.53) for this interaction. Simplify this

result in the same way as for Eq. (4.9.56), neglecting all terms but ¢, and ¢,, to obtain
two differential equations relating ¢, and ¢,. Solve these equations for a system of
length L with boundary conditions ¢,(0) = constant, ¢o(L) = 0, and k, = k, = &,/2,
to find the amplitude of the excited wave at x = 0.*

Note: This effect has been used to detect thermal phonons. In addition, if two thin
optical beams interact with an acoustic beam at the Bragg angle, the frequencies and
propagation constants satisfy Eqs. (4.9.46) and (4.9.47); however, this type of analysis
is better suited to thin optical beams than the one employed for broad beams in the text.
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