Chapter 3

Wave Propagation
with Finite Exciting Sources

3.7 DIFFRACTION AND NONUNIFORM EXCITATION
3.1.1 Introduction

In Chapter 1 we described the one-dimensional theory of the piston transducer,
on the assumption that the stress and strain fields within it are uniform. In practice,
when the diameter of the transducer is finite, the stress fields may have several
nodes and antinodes across the diameter, as would any waveguide or electromag-
netic (EM) resonator. When the diameter of the transducer is larger than the
wavelength and the Q of the system is not too high, these resonant effects tend to
be washed out and the stress fields can be assumed to remain essentially uniform
between the exciting electrodes.

Even if the excitation is perfectly uniform, however, the stress fields at some
distance from the transducer may not be. Because of diffraction, the acoustic
beam emitted from the transducer will increase its diameter with distance and the
field components in the beam will exhibit fine structure variations, both along its
length and across its diameter. Just as in optics, there are two distinct regions of
interest, the near-field region, or the Fresnel zone, and the far-field region, or the
Fraunhofer zone. Within the Fresnel zone, the outside diameter of the beam
remains essentially uniform; the beam then spreads beyond this region. Within
the Fresnel zone there are rapid variations of the stress fields within the beam,
both along its axis and radially.

Throughout this chapter the analysis will be based, for simplicity, on the
excitation of longitudinal waves in a liquid medium. In Sec. 3.1.2 we consider
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excitation of spherical waves in a liquid. In Sec. 3.1.3 we develop a Green'’s
function and, from it, derive the Rayleigh Sommerfeld integral, which we will use
extensively in our analyses throughout the rest of the chapter. Our results for
excitation by a piston transducer in a liquid medium will be essentially the same
as those we would expect for longitudinal or shear wave excitation in a solid medium

[1].

In Sec. 3.2 we employ the Rayleigh—Sommerfeld integral to derive the es-
sential features of diffraction from a plane piston transducer. Then we will use
Hankel and Fourier transform methods to derive more extensive results for dif-
fraction from a piston transducer and from its surface wave equivalent, the one-
dimensional rectangular transducer.

In Sec. 3.3 we use the same techniques to analyze diffraction from a concave
spherical focused transducer or lens focused system, and we will discuss excitation
of and propagation of Gaussian beams. We will pay considerable attention to the
concepts of transverse definition and range definition of a focused beam, to side-
lobes, and to the problem of speckle, which occurs with coherent wave excitation.
The example of a scanned acoustic microscope will be discussed in some detail.

In Sec. 3.4 we consider the effect of diffraction when short pulses are used
to excite a transducer. In this case, much of the “ringing” phenomenon in the
Fresnel zone tends to disappear. :

In Sec. 3.5 we discuss concepts of acoustic imaging without the use of physical
lenses. In Sec. 3.5.1 we first define the A-scan, B-scan, and C-scan with examples
drawn from medical imaging and nondestructive testing; we also discuss the con-
cepts of time-delay and phase-delay focusing.

In Sec. 3.5.2 we derive basic imaging theories for transducer arrays, using
matched filter concepts. By employing the paraxial approximation, we determine
sidelobe levels for various types of continuous array systems, and then show how
grating lobes occur in a system with a finite number of periodically spaced trans-
ducer elements, and how sidelobe levels are affected by missing elements.

In Sec. 3.5.3 we consider the concept of the Fresnel lens and show how
subsidiary foci occur. We show that the errors due to a finite number of phase
samples in digitally sampled systems are very similar to those of Fresnel lenses: in
both cases there are subsidiary foci, and the sidelobe levels are increased by the
sampling errors.

In Sec. 3.5.4 we discuss chirp focused systems. We then consider examples
of various types of transmission, imaging, reflection imaging, and two-dimensional
array systems.

In Sec. 3.5.5 we discuss time-delay focused systems. We consider the use
of lumped delay lines, charge-coupled-device (CCD) delay lines, and synthetic
aperture digitally processed systems, and give a brief description of tomography,
comparing this concept to synthetic aperture focusing.

In Sec. 3.5.6 we discuss the concepts of holographic imaging, giving examples
of various types of holographic image reconstruction schemes. In addition, we
describe the scanning laser acoustic microscope (SLAM), which uses the same type
of technology. We also describe how the holographic methods can be very pow-
erful for measuring the vibration amplitude of vibrating objects.
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Finally, in Sec. 3.6 we use the analytical methods developed in Sec. 3.1 to
analyze scattering from small and large objects. We deal with the scattering theory
for objects whose size is much larger than the wavelength. as well as for objects
at the opposite Rayleigh limit. whose size is much less than a wavelength. We
also describe the use of quasistatic analysis and other approximate techniques based
on ray-tracing concepts.

3.1.2 Spherical Waves in a Liquid or Solid

First we consider the excitation of waves by a small vibrating sphere. This deri-
vation will show that for good excitation efficiency, the size of the sphere must be
comparable to the wavelength. Furthermore. we need the basic results to derive
the waves excited by various forms of transducers and to obtain a simple under-
standing of the scattering of waves from a small object. such as a flaw in a solid
or a dust particle in water.

The displacement u associated with longitudinal waves in an isotropic medium
can be derived from a potential ¢, where u=V¢ and ¢ obeys the wave equation

1 %

V2 vy 0 (3.1.1)
where V = V(A + 2u)/p,,0 is the longitudinal wave velocity and \ and . are the
Lamé constants for an isotropic solid.

In spherical coordinates for a wave whose components vary as exp (jet), this
equation can be written as

R2aR " B8R

where kK = «w/V and we have assumed no variation of the potential with angle.
The solutions of this equation are

19 <R2 @> + kp = 0 (3.1.2)

Ae:/’kR
R
The — sign corresponds to a spherical wave propagating outward from the origin

and the + sign corresponds to one propagating in toward it. More generally. the
solution of Eq. (3.1.2) has the form

_ fit = RIV)
¢ = R

& = (3.1.3)

(3.1.4)

Vibrating sphere. Before dealing with the plane piston transducer, let us
first consider the wave excited by a small spherical transducer of radius a. In this
case, we use the relation u = V¢ in Eq. (3.1.3) for a wave propagating radially

outward to write
ad) Ae” JkR
aR R?

(1 + jkR) (3.1.5)
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Thus if ug = ug(a) at the spherical surface. then

- - _u@a o
®= TRA+jka) (3.1.6)
Liquid medium. In aliquid medium. the pressure p is isotropic. Thus we
canwritep = =T, = =T, = —T,orp = —Tg. It{follows that
—V T =Vp = w’pt = @’ppy Vb (3.1.7)
On integration. we see that. generally. for a liquid.
P = & pped (3:1.8)
with
p = -KA = -ClIS’ (3-1.9)

where k = (A + 3 ). Asdiscussed in Sec. 2.1, the parameter « is called the builk
elastic modulus and the dilationis A = §, + §, + S;. We note that

"
kz..?.?ﬂ’ﬁ

(3.1.10
n )
For a liquid. it follows that

k2 = LPmo (3.1.11)

K

If vg = jwug is the radial velocity, the effective wave impedance Z for a
spherical wave traveling outward in an anisotropic solid or a liquid is

(3-1.12)
_ K*R? + jkR
1 + k*R?

where Z, = pow/k is the plane wave impedance of the medium.

We note that far from the origin, where kR >> 1, the wave impedance
approaches Z,. However, for a small source near the origin (kR << 1), the wave
impedance becomes imaginary. and there is very little real power flow. Because
there is very little real power flow near the source, it is difficult to excite acoustic
waves from a source much smaller than a wavelength in diameter.

To put it another way, suppose that the surface of a sphere of radius a is
pulsasing so that its surface acceleration is 8%ug/dt? or —w?ug(a). It follows from
Eq. (3.1.5) that the radial displacement ug(R) is

@tug(a)e /MR-a 1 4 kR
R? 1 + jka

ug(R) = (3.1.13)

The real power Re (P) radiated is therefore
Re (P} = 2nR* Re (Z)vgvy = 2uR? Re (Z)wuk(R)\ (3.1.14)
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It follows, by substituting Eqs. (3.1.12) and (3.1.13) in (3.1.14), that the complex
power P, defined as P = 2wR2Zvivpg, is

k?a® + jka* R

P = 2naZy——5

vk (a)| (3.1.15)

This is the final formula required for determining radiation from a sphere. We
conclude that:

1. When kR >> 1, then ug = —jkd, so that |ug| « |b| at distances more than a
few wavelengths from the transducer.

2. Real power is conserved and does not change with radius. The real power
emitted is
2 42

k-
Re (P) = 1——%—&5 22 Z |0 (a)| (3.1.16)

+ k

and the power intensity /(R) = Re (P)/4wR? falls off as 1/R2.
3. The real power emitted for a given vg(a) does not vary with R even if ka >>

1. However, if ka << > power intensity at the transducer for a given
vg(a) varies as k?a>. becomes very small as ka — 0.

4. As R changes, react is not conserved and becomes dominant at the
spherical transducer .. ... < 1. When ka << 1, the pressure at the trans-

ducer is essentially w/2 out of phase with the velocity and very small, and the
effective impedance is inductive of value jkRZ,. Thus, in this case, there is
no real load on the transducer.

These conclusions also hold for the plane transducer and other transducer shapes.
The transducer size (in this case its diameter) must be of the order of half a
wavelength or more to obtain efficient excitation of acoustic waves.

3.1.3 Green’s Function

Here we show how to derive a Green'’s function, which we use in the analysis of
diffraction of the waves excited by transducers. We derive this function by adding
spherical wave solutions to give the potential at any point due to waves excited
by, for instance, a piston transducer. The boundary conditions we will apply are
most conveniently stated for pressure waves in a liquid, but the results we obtain
are a good approximation to the truth for waves in isotropic solids, provided that
the transducer is several wavelengths in diameter [1,2]. For very small transducers
or for excitation of waves in a solid, other techniques are needed. The angular
spectrum methods described in Secs. 3.2.2 and 3.2.3 are more rigorous, while still
convenient to employ. In practice they yield essentially the same results as the
Green’s function approach given here.

The spherically symmetric solution of the wave equation of Sec. 3.1.2 implies
that the potential at the point x’, y’, z’ of a longitudinal wave due to a source at
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a point x, y. z can be written in the form

Ae—ij

G‘R

(3.1.17)

where
R=[(x-xP+(y-y)P+@c-2)ym" (3.1.18)
It is easy to show by differentiation that this solution obeys the relation V3¢ +
k¢ = 0 (G = &), except where R=0 when V3¢ — =. More generally, Eq.
(3.1.17) is a solution of the wave equation for a source point at x, y, z, with
VG + kG =¥(x' —x,y —y. 2 — 2) (3.1.19)

where x’, y’, and z’ are now the independent variables, so all differentiations are
with respect to the variables x’. y’, and z’. The function 8(x" — x,y" — y,z’' — z)
is the three-dimensional Dirac delta function, which satisfies the equation

j J j dx' —x,y =y, 2 —2z)dx"dy’'dz’ =1 (3.1.20)

with8(x" — x,y' —y,2” — z)>xasR— 0.

Equation (3.1.17) satisfies the boundary conditions at infinity and corresponds
to a wave propagating outward from the point x, y, z. The function G is called the
free-space Green's funcfion. To find the constant A, we integrate Eq. (3.1.19) over
a small sphere of radius a, enclosing the point x. y, z. Thus

L_’o (V3G + K2G)dV = 1 (3.1.21)

Using Gauss’s theorem, it follows that the first term in the integrand becomes
j VG-nds = —47wA (3.1.22)

where s, is the surface of the sphere. The:second term in the integrand becomes

kzj G dV = 4mkA f L rear =0 (3.1.23)
a—e0) a—0 R

It is apparent, therefore, that as a — 0, A — ~1/4w. Thus the free-space Green's
function is

— e"ikk

4R

(3.1.24)

Helmholtz’s theorem. We want to find a solution for the potential at a
point due to excitation by a transducer. We shall show that this is mathematically
equivalent to finding the general solution for ¢ at any point, given ¢ and V¢ on
a surface surrounding the point x. y. z. To do this. we consider the solutions of
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the wave equation
Vi + k%6 =0 (3.1.25)

We now use Green’s theorem: We multiply Eq. (3.1.25) by G and subtract the
result from the product of Eq. (3.1.19) with ¢. We integrate the resulting expres-
sion over an arbitrary volume V, using the relation [ &(x’, y’, z')8(x" — x, y" —
y,z' — z) dV' = &(x, y, z), to obtain the formula

8.y, 2) = |, @V7G - Gvig) av

= fV, V' - (6V'G ~ GV'¢) dV' (3.1.26)

where now we have used the ' superscript to make it clear that we are differentiating
with respect to the variables x’, y’, and z’. By applying Gauss’s theorem to the
integral of Eq. (3.1.26), we see that

o(x, y, 2) = f (dV'G — GV'd)  n ds’ (3.1.27)

where s’ is any surface enclosing the point x, y, z and n is the outward normal
from the volume V. Substituting the solution we have already found for G [Eq.
(3.1.24)] in Eq. (3.1.27), we see that we can determine ¢ at any point if we know
¢ and V¢ on the surrounding surface. This result is known as Helmholtz's integral
theorem.

Sommerfeld radiation condition. Now consider a piston transducer of
area S, in a baffle of area S,, as illustrated in Fig. 3.1.1. Let the rest of the
enclosing surface of the volume considered be called 2 and let R — «< as z — «.

When R — o, then ¢ — (exp —jkR)/R, as does G. In this case, the con-
tribution to the integral of Eq. (3.1.27) becomes zero on X, because the two terms
in the integrand cancel out. Therefore, we can ignore contributions to the integral
from the surface at infinity; this assumption is known as the Sommerfeld radiation
condition.

Kirchhoff formula. We assume that both ¢ and Vé - n are zero on the
baffle. This is equivalent to assuming that in a liquid, both the pressure and
normal displacement are zero on the baffle. Under these conditions, we can write
Eq. (3-1.27) in the form

o(x, y, z) = L (oV'G — GV'd) -n ds’ (3.1.28)

where n is the normal pointing into the transducer and S, is the area of the trans-
ducer. Therefore, if both ¢ and V¢ - n are specified at the transducer, then ¢(x,
y, z) can be found by using the value of G given in Eq. (3.1.24).

The Kirchhoff formula of Eq. (3.1.28) is useful and often employed in prac-
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Figure 3.1.1 Piston transducer enclosed
in a baffle.

tice; it is not rigorously correct, however, because it cannot be self-consistent, since
¢ and V¢ -mcannot be specified independently everywhere on the enclosing surface.
For example, if & = 0 on a flat baffle at z = 0, and ¢ is finite on the transducer,
then Vé - n must be large near the edge of the transducer (i.e., there must be a
fringing field). Mathematically, ¢ and V¢ - n cannot both be specified on all
enclosing surfaces; this is an overspecification.

It is not even rigorously correct to specify ¢ and Vo - n on the transducer.
However, for transducers whose cross-sectional dimensions are several wave-
lengths, it is usually reasonable to employ the simple plane wave condition

— = - < = —jko (3.1.29)

at the transducer, and take ¢ = d$/3z" = O on S;. We can then specify both ¢
and V¢ - non ;.

We expect these approximations to be valid if the cross-sectional dimensions
of the transducer are more than several wavelengths; then the boundary conditions
at the baffle are not very important and the use of Eq. (3.1.29) gives results close
to the truth. The boundary conditions at the baffle become important only when
the transducer is relatively narrow (e.g., less than a wavelength in extent). This
happens, for instance, with the small elements of a transducer array used in acoustic
imaging devices (see Sec. 3.5).

Rayleigh—-Sommerfeld formula. Because we cannot specify both ¢ and
dd/dz’, we observe that there are certain internal inconsistencies in the direct use
of the Kirchhoff formula of Eq. (3.1.28). It is better, if we can, to use a formula
in which only the potential or its gradient is specified on the boundary. To do
this, we choose a different Green’s function in Eq. (3.1.27), such that G = 0 or
dG/9z = 0 on the transducer and its baffle. Then we need specify only dd/on or
¢ at the transducer. ‘

Possible Green’s functions for the fields at z =< 0, which satisfy one of the
required boundary conditions at the plane z = 0, are those due to a source
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d3x' — x,y' — y,z' — z) and its image 8(x' — x,y’ — y, z' + 2) in the plane
z = 0. These Green’s functions must have one of the following forms:

—jkR: —jkR2
G = - % (e . € = ) (3.1.30)
where
Ri=V(EzZ-22+x-x)P+@-y) (3.1.31)
and
Re=VE+2P +G-xP+ (0 -y) (3.1.32)

We observe that the Green’s function with the positive sign in Eq. (3.1.30) obeys
the boundary condition dG/8z' = 0 at z’ = 0, while that with the negative sign
obeys the boundary condition G = 0 at z' = 0.

Rigid baffle. The first choice of Green’s function, with a positive sign, in
Eq. (3.1.30) yields a solution for the potential at any point (z = 0) in the form
e—ij
R

where the integral is taken over the area of the transducer and it is assumed that
u, = 0 outside the transducer (i.e., on the baffle). Thus this choice of Green’s
function is rigorously correct for a flat piston transducer surrounded by a rigid
baffle.

1
o(x, y, 2) = — %J u,(x',y’, 0) ds’ (3.1.33)

Pressure release baffle. The second choice of Green’s function, with a
negative sign, in Eq. (3.1.30) yields a solution for the potential at any point (z =
0) in the form

e /¥R (1 + 1/jkR) cos 6
R

where 0 is the angle between the radius vector R and the z axis.

Nommally, we are interested in regions several wavelengths from the trans-
ducer. In this case we can assume that kR >> 1 and write Eq. (3.1.34) in the
Huygens—Fresnel form:

(x, y, 2) = % f o(x', y', 0) s’ (3.1.34)

e—IkR
R

Note that the choice of Green’s function used in Eqs. (3.1.34) and (3.1.35) implies
that it is convenient to assume that ¢(x’, y’') = 0 on the baffle. Thus for waves
excited in a liquid, Eq. (3.1.34) or (3.1.35) apply to a transducer for which the
pressure is zero on the z = 0 plane outside the transducer (i.e., the pressure release
baffle). The results of Eq. (3.1.34) or (3.1.35) are not exact for waves in a solid
unless it is assumed that & = 0 on the plane outside the transducer. This zero

ik
$(x, y, 2) = :’E f o(x', y’, 0) cos 0 ds'’ (3.1.35)
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potential assumption is equivalent to assuming, for a liquid, that normal stress is
zero on the plane z = 0 outside the transducer. But zero longitudinal wave
potential does not imply zero stress in a solid, although this is probably a fairly
reasonable approximation at the baffle for most practical cases.

Transientsource. The similar expressions for asource u,(x’, y’, 0) or &(x’,
y', 0), which vary arbitrarily with time, can be found by taking the Fourier or
Laplace transform of either Eq. (3.1.33) or Eq. (3.1.35). The result for a trans-
ducer in a rigid baffle is

1 (1 R ,
o, x,y,2) = - o LR (t - l_/) ds (3.1.36)

where u, is given at the point x’, y’, 0.

It follows that if »,(x’, y’, 0) or ¢(x’, y’, 0) is known at a transducer surface
and, correspondingly, u,(x’, y’, 0) or &(x’, y’, 0) is zero on the surrounding baffle,
it is possible to find the potential at any point x, y, z.

PROBLEM SET 3.1

1. Writing the impedance Z for a spherical wave in the form Z = R + jX, plot R/Z, and
X/Z, as a function of kR from kR = 0to 10. At what values of R/\ is |Z| within 10%
and 1% of Z,? You will see from your results that reactive impedance effects are
important only for very small transducers or very near the edge of large transducers.

2. Use Eq. (3.1.33) to work out general integral formulas for the values of u,, u,, and u,
excited by a planar transducer that is surrounded by a rigid baffle.

3. Assuming that a transducer is infinite in extent in the y direction and that the fields are
uniform with y, work out from Eq. (3.1.33) a general formula for the potential at x, z
when u,(x’°0) is known. You will find it convenient to write R = [r2 + (y — y')}*?
withr = [22 + (x' — x)2)]*2 and r = (y' — y)/r. You will need the relation

e —ja(l +12)12

2j J”
(2 4| e "
Ho (o) mlo (1 + 2)2 d

where HY () is a zeroth-order Hankel function of the second kind. The asymptotic
form of this Bessel function (a >> 1) is

1 -
ma

e Ja

HP (o) ~j

Find the form of ¢(x, z) for arbitrary values of kr and for the case, normally of most
practical interest, when kr >> 1.

Answer:
e~ Jjkr

_I-1 ,
&(r) = ZV;J“Z(X’O)\/k_r

dx'
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TRANSDUCER

-—— o )

—_ Ry
e+ 4'1 r‘I X‘Lﬂ

. 4 Figure 3.2.1 Notation used in the dif-
GI 2 - fraction theory for the plane piston trans-
S S ! ducer.

3.2 PLANE PISTON TRANSDUCERS
3.2.1 Fields on the Axis

We will use the results of Sec. 3.1.2 to derive the field on the axis of a cylindrical
plane piston transducer. We assume that the displacement at the face of the
transducer u.(r, 0) = u, to be uniform over its radius and zero outside it. We
consider the piston transducer of radius a to be radiating into a liquid. Our results
will also be valid for radiation into an isotropic solid if we use the same boundary
conditions at z = O on the potential gradient ad/3z. The excitation at a distance
R from a ring of radius r' to r’ + dr’ on the transducer, as illustrated in Fig. 3.2.1,
is given by Eq. (3.1.33). Thus the amplitude of a wave at point z on the axis is

a e—;’kR
&0, z) = —u, L_O—R—r' dr’ (3.2.1)

The assumption that 4, = 0 outside the radius a of the transducer is equivalent to
assuming that the transducer is placed in a rigid baffle.
Using the relations R? = r'2 + z2and R dR = r’ dr’. we find that

$(0,2) = —up e /*R dR

r=0 3.222)
uge %R a
- ]k r=0
Thus
¢(07 :) = ﬂ [e-ik‘a:+zz)llz - e-’k:
jk (3.2.3)
= ._.2. u, sin k(_____‘mz'*'zz"zje-m<a’+z’ 242102
k 2
By differentiating this equation with respect to z, we can show that
—jk= z — k(@ + Tv2
u (0, 2) = %o[e sk: — m e ik ) ] (3.2.4)

This formula reduces 10 u. = uy at z = 0, while the magnitude of &(0, z) on the
axis is (2/k)u.(0) |sin (ka/2)|. As we shall see later. w_(r. z) and &(r, z) vary rapidly
with radius near the transducer.
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Fresnel or paraxial approximation. 1If z2 >> a*, we can use the Fresnel
approximation or paraxial approximation and expand the square roos in the phase-
varying terms of Eq. (3.2.4) to first order in 4%z*, while keeping only the zeroth-
order terms in a*z* in the amplitude. In this case, we use Eq. (3.1.8) to write
Eq. (3.2.4) in the approximate form.+

_TS(O. Z) a Vz(o, Z) =~ -vae..l'klz + (@' Rz)} — erk:

) (3.2.5)
= 2jvee % sin ;zﬁ il

where k = 2m/A, T5(0, 2) = ¢,,0u,(0, 2)/3z. vy = jwly, v, = jwu, is the particle
velocity, T,(0, 2) is the stress on axis in the z direction, and Z; is the impedance
per unit area of the medium.

We assume that the average power intensity is /(0) at the surface of the
transducer and that I(0) = Zyv3/2. The power intensity at the axis, I(z) =
ZyV3/2, can then be written in the form

I(z) = 41(0) sin=§£

(3.2.6)
n? X
=4I (0) sin 5
where we define a normalized parameter, the Fresnel parameter, by the relation
F4.N
S = pe (3.2.7)

Fraunhofer and Fresnel zone. The region for which z >> a@*\ or § >>
1 is called the far-field region or the Fraunhofer zone. When S >> 1, it follows
from Eq. (3.2.6) that the power intensity at the axis, /(z), is

2 \2 2
ra _ _TE
Kz) ».{ v ] 1(0)= (s) 1(0) (3.2.8)

In the Fraunhofer zone, where S >> 1, I(z) decreases as 1/z2.

The region for which z < &/A or S < 1 is called the Fresnel zone. In this
case, the signal potential ¢ is maximum on the axis where the argument of the sine
term in Eq. (3.2.6) or, more exactly, the argument of the sine term in Eq. (3.2.3),
is (2m + 1)w/2. From Eq. (3.2.3), it follows that the value of z at the point where
the potential is maximum is

sz = a® _ (2m + 1
= 2m+ I 4 (3.2.9)
=~ —-—(2’"‘:2_ Y [ka >> (2m + 1)m]

+ Note that this approximation is valid only for ka >> 1. An example illustrating this point is
given in Eq. (3.2.9) and the discussion following it.
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The approximate form of the second line of Eq. (3.2.9) is equivalent to using Eq.
(3.2.5) or Eq. (3.2.6). So the Fresnel approximation tends to be valid for very
large values of ka (i.e., when the transducer diameter is many wavelengths).

The Fresnel approximation form of Eq. (3.2.9) can be written in terms of the
Fresnel parameter S, as fol' ws:

1

S=S"'“=2m+l

(3.2.10)

At the point where z = z,,, the amplitude |v.(2)/v.(0)| = 2 (i.e.. v. is double its
average value at the transducer). The velocity v. is zero at z,,. where

2

= : = k >> 2m LY <3
V4 Z min s ( a 'n') (3 2 ll)
or
S = S = “"‘1 3 2.12
min 2 ( et )

Note that the axial fields vary rapidly with distance for small z. This is
because kR = k(r® + z2)'? varies rapidly with radius when z is small, for the
contributions from each ring element of the transducer alternately add and subtract.
For large R, however. where

1+ r2\12 r
= =~ 7+ — 2.
R z( > ) » (3.2.13)

there is only a small variation of kR with r, so that all the contributions from the
disk add. This occurs when a*2z < M2 (i.e., there is less than a half-wavelength
difference in length between the rays) or § > 1.

The condition z = a*A or § = 1 corresponds exactly to the condition m =
0 (the last maximum) in Eq. (3.2.10). We call this point, S = 1, the crossover
point between the Fresnel and Fraunhofer zones, or the Fresnel limit. Within the
Fresnel zone, we expect to see the displacement vary rapidly with radius. Outside
the radius a, however, the fields fall rapidly to zero (i.e.. most of the energy is
contained within the radius @). Thus if z < a@%\ or § < 1, the beam is essentially
confined within its original diameter. Now suppose that we use another transducer
of the same size to detect the transmitted signal. In this case the rapid variations
of the field over the diameter of the receiving transducer wash out and the signal
received by the receiving transducer varies very little within the Fresnel zone (see
Fig. 3.2.7). This is equally true when one transducer is used as a receiver and
transmitter of a perfectly reflected signal. provided that the total path length of
the beam is less than a*/A.

Beyond the region z = a’/A or § = 1. Eq. (3.2.8) shows that the intensity
falls off monotonically as 1/z° and, on axis, drops to the value at the transduce:
only when z = ma¥Aor S = w. A plot of Ju.(0, z)| is given as a function of § =
zA/a® in Fig. 3.2.2 for a value of ka = 100, which is equivalent to a/x = 16 o
z/N = 16 at § = 1. This plot is obtained from the exact solution of Eq. (3.2.2)
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Figure 3.2.2 Plot of the variation of the normalized axial displacement field |u.(0,
z)/ug| as a function of normalized distance S = z\/a>.

while the dashed line in Fig. 3.2.2 is a plot for the approximate solution of Eq.
(3.2.5) (the Fresnel approximation). Thus the maximum values of |(x, (0, z)| for
small values of § are less than 2 and the minimum values are greater than zero but
approach the appropriate paraxial or Fresnel solution as § is increased. It is
convenient, and often accurate enough, to use the Fresnel approximation, because
the results can be expressed in terms of only one parameter S. It is a universal
solution that is valid for the values of ka used in many practical transducers em-
ployed in isotropic media, and it is easier to compute the solutions for points off-
axis than to use the exact form for the solution. Further plots of the field variation
on- and off-axis are given in Figs. 3.2.3 and 3.2.4. These plots are derived by the
methods given in Sec. 3.2.2.

Fraunhofer approximation. In the Fraunhofer region, we assume from
the start that z >> g, and we can use a simple analysis appropriate to the Fraunhofer
zone to find the fields off-axis [2]). As illustrated in Fig. 3.2.5, we write the
coordinates of a point in spherical coordinates, as r, 6, ¢, where r = 0 at the center
of the transducer and 6 = 0 on the z axis. Initially, it is convenient to work in
cylindrical coordinates, with the cylindrical coordinates of a point at 7', z, { cor-
responding to a point at r, 6, ¥ in spherical coordinates, and with ', 0, ' the
cylindrical coordinates of a point at the transducer surface. At a plane z, an
element of area on the transducer at the.point r’, 0, ¥’ is a distance R from the
point 7, z, \, where

R:2=r24+ 7% —-2rrcos (\ — ¢') (3.2.149)

and

R=VR +22=V22 +r2+ P2 - 2r'rcos (\ — V') (3.2.15)
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Figure 3.2.3 Radial variation of dis-
placement u_(r. ) for ka = 100, plot-
ted for different values of S = zMe?
|dashed lines, value of «.(r, 0) at the
transducer].

-5 -4

If we write 22 + r'2 = y2and 7 = rsin 0, Eq. (3.2.15) becomes

R = Vr? + r? — 2rr' sin 9 cos ( — ') (3.2.16)

In the Fraunhofer approximation, we assume that r* << r and that only first order
terms in r’ are kept in the Taylor expansion. This yields the resuit

R=7r -7 sin®cos (& — V) (3.2.17)
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Figure 3.2.4 Plots of amplitude of the signal emitted by a transducer of radius a
as a function of § = zMa?: (a) ratio of the amplitude on axis u, (0, z)/u,(0) to the
average amplitude at the transducer; (b) ratio of the average amplitude at a re-
ceiving transducer, of the parameter @, (r,z)/u,(0) to the amplitude at the trans-
mitter (averaged over the face of a receiving transducer of radius a); (c) ratio of
the amplitude at r = a to the average amplitude at the transmitter u, (a, z)/u, (0).

From Eq. (3.1.33), the contribution to the field at r, 6, 0 is

e—JkR

LN RS N A
&(r, 0) = o sto L=0 R dy’ dr (3.2.18)

If we take account only of the effect of the change in r on the phase term, and put
R = r in the denominator of Eq. (3.2.18), then

e_jkruo i ¢ jk r'sin8 co. ‘) ! / ’
o(r, 0) = — Yol N rv=0e’ inbcos(v—u") r' dr' dys (3.2.19)

We use the Bessel function identity
1 f -
[—— Jjzcosy
Jo(2) il d\s (3.2.20)

where Jy(z) is a Bessel function of the first kind of zeroth order. Then it follows
that

&, 8) = — %e-ﬂ" f r'Jo(kr’ sin ) dr’ (3.2.21)

0
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Figure 3.2.5 Notation used for Fraun-
hofer diffraction theory.

Using the relation [ zJ,(z) dz = zJ,(z), where J,(z) is a first-order Bessel function,
we obtain the result

@ Jy(ka .sin 9) oikry,
r kasin 6

& 0) = — (3.2.22)

It follows that the power intensity I(7, 6) at r, 6, with a power intensity /(0) at the

transducer, is
2
wa?\ . asin 6
I(r, 8) = (—}‘;) jinc? ( s ) 1(0) (3.2.23)

where jinc X = J,(2nX)/nX. The functions jinc X and jinc? X are plotted in Fig.
3.2.6.%

If6 = 0, then I(r, 0) = (wa*/Az?)1(0), which agrees with Eq. (3.2.8). Where
J, (ka sin 8) = 0, I(r, 8) = 0. The first zero is where ka sin 6 = 3.83. When
ka >> 1or a >> \, then 6 = 6(zero) is small and

0.61A
a

6(zero) = (3.2.24)

On the same basis, the amplitude of the signal drops by 3 dB at the point

6(3 dB) ~ 0'—205—)1 (3.2.25)

This is the extent of the first lobe of the beam, which is called the main lobe.
There are also minor sidelobes for larger values of 6.

Note that at the plane z = a*\ (S = 1), Eq. (3.2.25) predicts that at a radius
r" = 0.25a, the field will be reduced in amplitude by 3 dB from the axial field.
Thus, on this approximate basis at z = a?/\, a cylindrical beam is confined to an
area smaller than its original size. More exact calculations, given in the next section
and plotted in Fig. 3.2.3, indicate that at z = a?/\, the 3-dB point is at 7’ = 0.35a.

We conclude that for z < a?/\, the acoustic beam tends to remain confined
to its original radius. Beyond this point, its intensity varies with 6 and several
lobes appear in the radiation pattern. In the Fraunhofer region, the intensity /()
falls off as I/r2.

1 Note that there is no established convention for the normalization of jinc X. Here we have
chosen a normalization that makes its value 1 at X = 0.
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Figure 3.2.6 Plot of jinc X and jinc? X where jinc X = J,2wX)/nX.

If the transducer is surrounded by a pressure release baffle (zero impedance),
we can find a result equivalent to Eq. (3.2.23) by using Eq. (3.1.35) to obtain

2
2
1(r, 8) = I(0) [1;% jinc (% sin e) cos e] (3.2.26)

Thus even an infinitesimal radius transducer, with jinc (a sin 6/A) = 1, in a pressure
release baffle has an angular response with its 3-dB points at 6 = 45°.

We have now discussed the differences between the behavior of a transducer
in a rigid baffle and that of one in a pressure baffle. An example of a transducer
in a rigid baffle would be a transducer in water, surrounded by a metal disk whose
impedance is much higher than that of water. An example of a transducer in a
pressure release baffle would be a small transducer, or one element of an array of
identical transducers, spaced by a distance of a wavelength or more from each
other, separated from a water bath by a Mylar film, so that there is water on one
side of the film and air on the other. In practice, the behavior of a transducer
array depends on the spacing between the array elements. Thus the angular
response of a transducer array element may lie between the response of a transducer
in a pressure release baffle and that of a transducer in a rigid baffle [3].

3.2.2 Radial Variation of the Field Using a Hankel
Transform and Spatial Frequency Concepts

The theory we have given so far can be extended to deal with the radial variation
of the fields. However, it is often more convenient to derive the necessary results
by using Fourier transform or Hankel transform methods [2].

The basic idea, stated in terms of a rectangular coordinate system, is to carry
out a spatial Fourier transform in x, y coordinates of the fields at the transducer.
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This determines the excitation of the plane wave components with transverse prop-
agation constants k, and k.. in the x and y directions, respectively. By analogy
to Fourier transformation in the time domain, k, and k, are called the transverse
spatial frequencies. The contributions of the propagating plane waves are summed
at the plane z and an inverse transform is carried out to determine the fields at
that plane. The process is entirely equivalent in cyclindrical coordinates, except
that here we call the transverse propagation constant a where &, = a, make use
of cylindrical symmetry, and employ Hankel transforms.

A spherically symmetric solution of the longitudinal wave equation in cylin-
drical coordinates (r, 0, z). for waves that vary as exp (jw!). is

o(ar, Bz) = A(a)y(ar)e7#: (3.2.27)

By analogy to Fourier transformation in the time domain, the parameters a and
B are called the radial and axial sparial frequencies, respectively. By differentiating
Eq. (3.2.27) with respect to z, for waves in a liquid, we can write

u.(ar. Bz) = —jBA (alo(ar)e™#: (3.2.28)
where Jo(x) is a Bessel function of zeroth order of the first kind and
B2 + a® = k? (3.2.29)

In general, B may be real or imaginary. We can also use this formulation for solid
materials by neglecting contributions from the shear wave potential term us,; this
assumption will be discussed more fully in Sec. 3.2.3. We write the complete
spatial solutions for u_(r, z) in the form

u,(r, z) = —ngBA(a)e"“’Jo(ar) da (3.2.30)
The definition of the Hankel transform of a function g(r) is
G(a) = f: g(NJo(ar)rar (3.2.31)
where
2) = | Glayoana da (3.2.32)
Therefore, at z = 0, it { Is. (3.2.30)-(3.2.32) that
J: u,(r, 0)Jo(ar)r dr (3.2.33)

where A(a) is the amplitude of the term with a radial spatial frequency a, and
u,(r, 0) is only finite from O to a. For a cylindrical piston transducer, u,(r, 0) =
Uy and is uniform. Integrating Eq. (3.2.33) and using the identity xJ,(x) = [ xJ,
(x) dx yields the result

-JjBA(a) = upat, (aa) (3.2.34)
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where J,(x) is a Bessel function of the first order of the first kind. Hence. at any
plane z, it follows from Eqs. (3.2.30) and (3.2.34) that

u.(r, z) = au, jox J(aa)o(ar)e~ ' da (3.2.35)

We can find u_(r, z) at any point r, z from this relation. We can also find the
average value of u.(r, z) over a radius a. which is proportional to the signal detected
by another transducer of radius a. If we call this quantity u.(r, 2) = (2/a®) [3
u.(r, z)r dr, the signal detected by a second identical and ideal transducer, which
is perfectly matched to the propagating medium. is

u; (7. 2) = 24 f: J’(—:"3 e B da (3.2.36)

It follows. by using the relation

* J}(ax) 1
L - da = 3 (3.2.37)
that u. (r. 0) = u,, as it should. Note that we can also find the longitudinal wave
contribution to the pressure, as well as any other parameter of interest, by extending
this formulation.

It is often convenient to normalize these formulas in terms of the Fresnel
parameter § = zMa?, and. in addition, to use the equivalent of the Fresnel or
paraxial approximation. This makes it possible to express the results in terms of
only one variable, S. We put aa = Y and write

2
B=VE -~k - -;; (3.2.38)
This approximation, which is discussed more fully in Sec. 3.2.3, implies that only
waves propagating at small angles to the axis contribute to the total field.

Equations (3.2.35) and (3.3.36) reduce, respectively, to the following nor-
malized forms:

N e Y
u,(r, z) = uge /%? J; J,(YV, '—'a—e”zs“'" dY (3.2.39)
The average value of u,(r, z) in a radius a is
— -
u(r.2) _ 2e-isz THY) tsan gy (3.2.40)
Uo o Y

It is not necessary. in principle, to use the assumption of Eq. (3.2.38) to
obtain analogous results in Eqgs. (3.2.39) and (3.2.40) (see Prob. 6), but the ad-
vantage of this procedure is that the results can be normalized and then expressed
in terms of one curve. Otherwise., we must use the two parameters ka and S to
specify the problem. The radial variation of u_(r, z) has been plotted in Fig. 3.2.3
from the exact solution for various values of the parameter § = z\Ma? and a value
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of ka = 100, which corresponds to z/a = a/A = 16 when § = 1. This value of
ka is comparable to that for a typical transducer used in medical applications (19
mm diameter for use at 2.25 MHz, giving a/A = 14).

The radial variation of u,(r, z) exhibits sharp maxima and minima near the
axis, as we would expect from the theory given in Sec. 3.2.1. Near the transducer,
the Fresnel ripples (i.e., the radial variations) are relatively rapid and the beam is
well confined to its original diameter. At S = 1, the effective beam diameter at
the 3-dB points is reduced to approximately 0.35 of its original diameter. The
beam expands beyond this point until its effective diameter reaches the original
diameter, although a considerable portion of the energy remains outside the main
beam near S = 3. The Fraunhofer theory predicts the positions of the lower-
order maxima and minima in the beam even for § = 1, but they are not as well
defined as in the simple theory.

In Figs. 3.2.4 and 3.2.7, we give plots alculated from Egs. (3.2.39) and
(3.2.40) of u,(0, z)/ug, u,(a, z)/ug, and |u,(r, z)|/u, as a function of S. The latter
parameter gives the diffraction loss between two identical transducers, spaced a
distance z apart, that is often required for calibration [4]. If the beam is reflected
from a perfect plane reflector at a plane z and received by the original transmitting
transducer, the diffraction loss may be determined for these curves by replacing z
with 2z. In Fig. 3.2.7, we also give the correction ¢, due to diffraction, to the
phase of , is always

1 1 l#lllll 1 'Y N W N U i

1
S

Figure 3.2.7 Diffraction loss and phase retardation between two equal-sized trans-
ducers of radius @ spaced by a distance z (S = zMa®). The phase retardation is ¢,
= kz — &(total), where ¢(total) is the total phase change between the two trans-
ducers. A comparison of the calculated loss with the simple Fraunhofer approxi-
mation (the dashed-line plot) is also given. For S > 10, this approximation is
adequate for estimating the loss between transducers.
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less than kz; ¢z must be known to make absolute velocity measurements based
on measurement of phase.

Note that Figs. 3.2.4 and 3.2.7 are plotted using the paraxial or Fresnel
approximation a? << k2. The use of this approximation makes it easy to calculate
the result when the beam passes through several different media; the total value
of S is determined by adding the values of S determined for each region, using the
appropriate values of z and X\ in these regions. The situation is somewhat more
complicated when the interfaces occur in regions where the paraxial approximation
does not hold. Inthis case, however, as the diffraction losses for § < 1 are normally
small, the breakdown of the paraxial approximation in these regions may not matter
too much.

Example: Piston Transducer for Probing the Human Body

Consider a transducer to be used for examining the human body by placing it in contact
with the patient. The maximum depth required for examination is approximately 20
cm. As the attenuation in the body varies approximately linearly with frequency and
is of the order of 1 dB/cm/MHz, the total attenuation of a reflected wave at a depth
of 20 cm will be 40 dB/MHz. This tends to limit the maximum frequency employed.
Typically, operating frequencies of 2 to 5 MHz are used in the diagnostic examination
of adults; the higher frequencies in this range are employed for children, with fre-
quencies as high as 20 MHz used for examination of the eye or near-surface features
such as the carotid artery.

Suppose that we consider a 2.25-MHz transducer for which the acoustic wave-
length is 0.67 mm (V = 1.5 x 10° cm/s). If we choose the end of the operating
range to be at z = 3a?/\, where the 3-dB beam diameter is comparable to that of the
transducer, we find that the radius of the transducer is 0.67 cm, or that its diameter
is 1.3 cm, approximately % in. Thus, in medical practice, transducers of this diameter
can provide a beam with a maximum excess loss, due to diffraction, of approximately
6 dB, after reflection from a flat plane and traveling a path 6e*/\ long. The one-way
diffraction loss in traveling a distance 3a2/A (S = 3) to the point of interest is, from
Fig. 3.2.7, only 2.5 dB. The transverse definition of such a beam will also be better
than 1.3 cm.

Note that small reflectors in the Fresnel region of the beam may not always be
characterized correctly because the beam intensity is not uniform either over its cross
section or along its length. For this reason, it is often advisable to sacrifice the
advantage of greater beam intensity or definition obtained by operating in the Fresnel
region, and to work in the Fraunhofer region instead. One or ‘more transducers can
be employed to observe specific regions, each designed with a radius such that 1 <
S < 3 where the beam has not spread too much, so that its intensity is relatively
strong. This procedure is normally employed in quantitative nondestructive evalu-
ation (NDE) of solid materials, where accurate calibrations are needed to determine
the size and nature of a flaw.

3.2.3 Diffraction from Rectangular Transducers
The diffraction theory derived in the preceding section can also be adapted to

rectangular systems. This is most conveniently accomplished by using a Fourier
transform approach or a spatial frequency analysis that is analogous to the Hankel
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transform theory already given for the cylindrical transducer. In this case, there
is no simple analytical solution for the field variation along the central axis of a
rectangular transducer, so the more general solution is employed.

The two-dimensional solutions we shall give here are applicable to: (1) rec-
tangular transducers of finite width in the x direction, which are assumed to be
infinitely long in the y direction; and (2) surface wave transducers of finite width,
whose width is much larger than the Rayleigh wave wavelength. In the latter case,
we assume that the surface wave field variation in the y direction remains invariant
and that the ¢ and ¢, potential variations in the x and z directions obey the wave
equation

i i ST .
Py + 7 + k2p = 0 (3.2.41)
where k, is the Rayleigh wave propagation constant. Thus we use the same for-
malism for surface waves as for the simple rectangular transducer, only replacing
k by k, and taking the propagation constant in the z direction to be 3.
For any potential function ¢(x, z), we can write

o(x,2z) = f:: A(a)e Pre/x da (3.2.42)

where A (a) is the amplitude of the spatial frequency component a. The parameters
a and A(a) obey the relations

B2 + a2 = k2 (3.2.43)

and
A(a) = 1 [x &(x, 0)e™* dx (3.2.449)
27w J =

respectively. For a transducer of width w, if ¢ is a longitudinal wave potential,
then

u,(o, x, z2) = —jBA(a)e /Pzel>~ ' (3.2.45)

More generally, the surface wave displacement component u.(x, y, z) depends on
both ¢ and y,. At any plane y below the surface we can write

u(a, x,y, z) = Bla, y)e /Pze=Jo= (3.2.46)

We assume that B(a, y) does not change with z; thus a straight crested component
of the surface wave (the equivalent of a plane wave component of a bulk wave),
expressed by Eq. (3.2.46), exists. On this basis, we sum the components of dif-
ferent a to form the total field. We assume that ¢, ,, u,, u,, and the other field
components can be treated in the same way.

Ideally, for a rectangular bulk wave transducer on a solid material, we should
take account of the contributions of the longitudinal and shear wave potential to
the displacement and stress at any point. This difficulty does not occur when the
propagating medium is a liquid. Even with a solid, the effect of the shear wave
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potential term is small for excitation from a longitudinal wave transducer. Simi-
larly, the effect of the longitudinal wave potential term is small for excitation by
a shear wave transducer. Thus we treat the longitudinal wave transducer by
neglecting the shear wave potential term.

We assume that the transducer is uniformly excited by a potential ¢, over its
width w. From Eq. (3.2.44), the spatial frequency component A(a) has an am-
plitude

w  sin (aw/2)

A@) = 5= o (3.2.47)

aw/2

Thus

e

. . > 2
¢>(x, Z) = 2% ¢0f o iz(kI =)V o= jax sin (aw/2) do

3.24
- aw/2 (3.2.48)

We assume that the function sin(aw/2)/(aw/2) is large only for small «. This
is equivalent to using the paraxial ray assumption and assuming that only rays at
a small angle to the axis are important, or that o> << k2. We can then write Eq.
(3.2.48) in the form

sin (aw/2)

— = da (3.2.49)

&(x, 2) = 2117 boe k2 f—x ela?z2k,p — jax

It is convenient to define a normalized diffraction parameter

4z\
S = W (3.2.50)

with Y = aw/2. Equation (3.2.49) can now be written in the form

I . . sin Y
o(x, 2) = o e~ ikz J’ e~ UYxIweiY?Slan —— gy (3.2.51)
- —= Y
We can also find the average value of ¢(x, z) over a transducer of width w
to determine the diffraction loss between two transducers spaced by a distance z.

The result is

— . 2

—jkz (= 3

Cb(:; z) _e - f <S“;’Y> eikShw gy (3.2.52)
0 -3

Figure 3.2.8 shows plots of |$(0, z)/¢,| and |db(x, z)/dy| as a function of S.

Note that now there are no deep nulls in the axial field variation with z.
Complete cancellation occurs in a cylindrical system only because the contribution
to the axial field by a ring of radius r and thickness dr on the transducer is pro-
portional to the term [exp (—jkR)/R]r dr = [exp (—jkR)] dR. Thus elements
of incremental length dR contribute equal amplitudes to the axial fields and can
cancel each other out. This same relation does not hold for a rectangular trans-
ducer.

Note also that the last amplitude maximum of &(0, z) is near S = 1.2, which
is only 2.5 dB higher than the value at the transducer, rather than the 6 dB higher
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obtained with a cylindrical transducer. The Fresnel length is therefore near § =
1orAz/(w/2)> = 1. The actual value of S = 1.2, the Fresnel length of a rectangular
transducer, clearly corresponds to the value of S = zA/a? = 1 for the Fresnel length
of a cylindrical transducer.

Fraunhofer diffraction field by the method of stationary phase. Finally,
we consider diffraction in the far field. First we write

a = ksin 6’ (3.2.53)
or
Y = kTw sin 6’ (3.2.54)
with
do = kcos 0’ do’ (3.2.55)

From Eq. (3.2.47), the amplitude A(8') d6’ of the plane wave excited in the element
of angle d8' can be written in the form

& sin [(kw sin 6')/2]
2w (kwsin 6')/2
Thus we expect the amplitude of the waves emitted from the transducer into an
angular range d6’ to vary as [sinc (w sin 6")/\] cos 6'.

A(0') dO' = kw os 8’ do’ (3.2.56)

178 Wave Propagation with Finite Exciting Sources Chap. 3



1.0
T
0.5
N +
[S]
Q 4
&
0.0 [— t —+ + ~+—t—t + ;
-0.5
-4.0 -2.0 0.0 20 40
X

Figure 3.2.9 Plot of sinc X = (sin nX)/nKX.

It is convenient to write Eq. (3.2.48) in terms of 8’ to obtain the result

sin [(kw sin 8')/2]

kw = ‘ .
¢(x, z) = -2; ¢0 I-z e-lk’“’s(o -8)

(kwsin8)72 cos 6’ dé (3.2.57)
where
z=rcos® (3.2.58)
x=rsiné

We assume that k7 is large in the Fraunhofer region. In this case we can use the
method of stationary phase, as given in Appendix G, to evaluate the integral. This
technique is based on the idea that as the phase of the exponential term in the
integrand varies rapidly as 0’ is varied. the main contribution to the integral must
come from near the region where the rate of phase change is zero (stationary
phase). This is where sin (6’'—0) = 0 or 8’ = 0 (i.e., where the plane wave
component excited by the transducer is aimed toward the observer at x, z). Then,
writing cos (8" — 0) = 1 — (8’ — 0)?2 in the argument of the exponential, and
putting sin 8’ = sin 6 and cos 6’ = cos 0, as discussed in Appendix G, we obtain
the result

d;o = Lﬁ sinc (% sin 0) cOs B¢~ /(kr—mi4) (3.2.59)

where sinc X = sin (wX)/nX. The sinc X function is plotted in Fig. 3.29. Thus
Eq. (3.2.59) leads us to conclude that &(x, z) and u, vary as cos 0 sinc [(w sin 8)/A].
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This relation should be compared to that for a cylindrical transducer in a pressure
release baffle [(Eq. (3.1.35)]. The same cos 6 term appears when the potential is
specified at the plane of the transducer (see Prob. 2). Here, if we had specified
u, = ad/dz = u, at the plane of the transducer, with u, = 0 for |x| > w/2, there
would be no cos 6 term in the far field. An infinitely long rectangular transducer
immersed in a liquid would give the same type of far-field pressure variation as a
Rayleigh wave transducer.

Note that the amplitude falls off as 1/\/r, because the power intensity in a
cylindrical spreading beam must fall off as 1/\/7, due to conservation of power.
Therefore, at the same distance from the transducer, diffraction losses in a cylin-
drical beam are less severe than in a spherical beam. In practice, the diffraction
loss of a rectangular transducer, of finite length A in the y direction, will tend to
a 1/\/r variation in the far field when r >> h?/\.

3-dB points. The argument of the sinc function is 0.455 «/2 at the 3-dB
points, provided that w/A >> 1 (i.e., provided we can ignore the cos 6 term). The
spacing between 3-dB points is therefore, to this approximation,

0.89rx
Ax(3 dB) = —— (3.2.60)
where x = rsin 8. The zero points of the response are at
*rA
x(zero) = —}:— (3.2.61)

The first sidelobe of the response occurs where x = *3rA/2w and is reduced 13
dB in amplitude from the main lobe.

PROBLEM SET 3.2

1. Consider a cylindrical piston transducer in the form of a ring of outer radius @ and inner

radius b.

(a) Find the variation of displacement and the potential field along its axis, and show
that as the ring becomes infinitesimal (b — a), there are no longer sharp dips in the
z-directed field on the axis.

(b) Find the radial field variation in the Fraunhofer region.

2. A rectangular piston transducer in a pressure release baffle (zero impedance baffle) is
infinitely long in the y direction and finite in the x direction.
(a) Assuming that ¢(x’, 0) on the transducer varies only in the x direction, use Eq.
(3.1.35) to find d(x, z) at any point by putting ¢t = (y' — y)/r, where r = [22 + (x
— x')?]'? and integrating from ¢t = —®tot = . Apply the method of stationary
phase given in Appendix G to the integral, to find a simple form of the integral for
kr >> 1. Keep the term cos 0 in Eq. (3.1.35) in that form and do not substitute for
it until you have used the method of stationary phase.
(b) Using your result for (a), find the Fraunhofer solution for the potential at a point x,
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4'
s.

7.

z that is due to the excitation of a rectangular transducer of width w by a uniform
potential &,. )

Answer:

d(x. 2) w . wsing
= sinc e~ Hkr=m4 cos @
¢, VA A

where x = rsin 8 and r = Vx* + z:. The result shows that the fieids fall off as
1/V/r in a cylindrical system.

. Repeat Prob. 2 for an infinitely long rectangular piston transducer in a rigid baffle,

excited by a displacement field u.(x’, 0) = u, on the transducer.

Repeat Prob. 3, using the Fourier transform method for a rectangular transducer.
Using the results of Prob. 3, and assuming that «_(x') has the form u.(x') = u, exp
(—ax'?) and that the transducer is infinitely wide, find an analytic expression for the
fields at any point x. z. It is reasonable to employ the paraxial approximation (x'? <<
22); this is a valid assumption when a is so large that only regions for which x’ is small
contribute to the field. Find an analytic expression for the fields at any point x, z by
completing the square in x’ in the argument of the exponentials. You may need the

result
F— = j e B dx
B -

. (a) Consider the errors in the derivation of the paraxial forms of Eqs. (3.2.39) and

(3.2.40). Use the exact form of Eq. (3.2.36) and expand up to fourth order in a.
Write the new normalized forms of Eqgs. (3.2.39) and (3.2.40) in terms of S and ka.

(b) Suppose that the main contribution to Eq. (3.2.40) comes from the region Y < 10.
In this case, write the condition for the maximum phase errorin the exponential term
(i.e., the fourth-order term) as less than /4. Find the minimum value of § to satisfy
this condition as a function of ka. What is S(min) for ka = 100? The result will
be by no means a good estimate of the error, but this derivation should give you a
feel for how the error in the paraxial theory depends on the parameters.

Consider the use of a rectangular transducer as a receiver. Supposes that a plane
longitudinal wave of amplitude u, [exp ( —jkr)]. with the direction of propagation in the
r direction at an angle 8 to the 2 axis, is incident on a transducer of width w with its
plane perpendicular to the z direction. Assume that the output of the receiving trans-

ducer is proportional to the average value of u. over the width of the transducer, defined
as

1 w/2
E..=—J’ u_ dx
W J—-wi2

where u. is the displacement in the z direction due to the incident longitudinal wave.
Determine how the received signal varies with 8 and show that your result has the same
variation with 6 as Eq. (3.2.59).

(a) A plane wave is incident in the z direction on a thin penny-shaped crack of radius
a, and is scattered by it. Determine the amplitude of the scattered wave in the
forward direction (i.e.. at an angle 6 from the axis where 8 < w/2). Assume that
just bevond the crack. «. = 0 in the region r < a. This implies that if the incident
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wave is u. and the scattered wave is &, then

u, = u + u
and

U= —u (r<a)

Thus you may assume that the scattered field is due to a piston transducer with a
field u; at a plane z = 0 [just beyond the crack (z < 0)].

(b) Find the total field on the axis and show that in the Fresnel approximation, there is
always a bright spot on the axis whose amplitude does not vary with z.

(c) Find an expression for the magnitude of the total field at a point r, 6 in the Fraunhofer
region of the scatterer.

3.3 FOCUSED TRANSDUCERS
3.3.1 Field of a Focused Spherical Transducer

As we discussed in Sec. 3.2, the beam emitted from a piston transducer spreads
radially due to diffraction. Thus, at some distance from the transducer, the power
intensity may be too low, while the beam diameter is too large to obtain good
transverse definition when probing an object. Therefore, we often employ a
focused acoustic beam, as in optics, to obtain good transverse definition and high
acoustic beam intensity at a point of interest.

As in optics, we can use lenses to focus the acoustic beam. But often the
simplest way to obtain a focused acoustic beam is to use a spherically shaped
transducer. Such a transducer will produce a focused beam near its center of
curvature. We normally focus the beam to a spot smaller than the transducer
diameter, thus obtaining a beam intensity much higher than that at the transducer
itself. So in this section we shall use the methods employed in Sec. 3.2.1 to
determine the intensity of the beam near its focus in terms of the beam intensity
at the transducer surface.

We consider a spherical transducer with a diameter 2a and a radius of cur-
vature z,, as illustrated in Fig. 3.3.1. We shall use a paraxial theory, or Fresnel
approximation, in which we assume that a? << z2 to treat the properties of the
beam emitted from the transducer. Equations (3.1.33) and (3.2.1) for the potential
of a transducer in a rigid baffle are strictly true only for a flat piston transducer in
a flat baffle. To avoid the difficulty this presents, we can assume that the acoustic
beam, initially, follows geometrical ray paths normal to the surface of the trans-
ducer, and that the acoustic source is at the plane of the baffle z = z,. Suppose
that the distance from a point on the transducer, along a ray path normal to its
face, to the point of interception with the plane of the baffle, r’, z;, V', is R,. We
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r,.z

SPHERICAL
TRANSDUCER

Figure 3.3.1 Notation used in the anal-
ysis of a spherical transducer.

can then take the phase of the beam emitted from this point to be exp (—jkR,).
The displacement at the plane of the baffle can be found by ray optics. We assume
that the radial displacement at the transducer is uy(8). The displacement in the z
direction at the plane of the baffle is

Zp
Zy — Ry

u,(0) = uy(0) cos 6 (3.3.1)

But z, — R, = (zo — z,)/c0os 8. Since z, — 2, = z, cos 6,, where 6, is the aperture
angle of the transducer, it follows that

cos? 0
cos 8,

u(0) = uy(6) (3.3.2)

On this basis, we can use the Rayleigh-Sommerfeld theory, in the form of Eq.
(3-2.1) or (3.2.33), and treat the plane of the baffle as the source, for all we have
done is to alter the phase of the source at the plane of the baffle and multiply u,(0)
by cos? 6/cos 6.

We now suppose that the transducer is excited by a uniform displacement w,.
The total potential at a point r, z, 0 from all contributions at a distance R from
points r', 0, and ¢’ on the baffle is

N f f e JHRR) cos? O L L,
&(r, z, 0) o Reoso. " dr' dy (3.3.3)

Referring to Fig. 3.3.1, we see that

R=Vr2+ P —2mrrcosy + (z = z,)? (3.3.4)

By simple geometry, it is easy to show, to the paraxial approximation, that
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R, = z; — r'*¥#2z,. Thus, keeping only second-order terms in r and r’, we find
that

r:+r -2rrcosy’ r?
2z 22z,

Here we have neglected z, in the denominator of the first term on the right-
hand side of Eq. (3.3.5), since it is of second order in 7' and would contribute only
fourth-order terms in r and 7’ to the result. Thus if z = z,, the second-order
terms in 7’ cancel out. We will assume that as far as the amplitude variation is
concerned, the R term in the denominator of Eq. (3.3.3) is equal to z. and to the
paraxial or Fresnel approximation cos? 8 = 1 and cos 8, = 1. Then Eq. (3.3.3)
can be written in the form

R, +R~z+ (3.3.5)

a (2w
¢(r’ Z) = _e-ik(z+rz/22) Uy I f e‘(]k"z/z)(llz—llzo)elikrr'/z]cosw' r dr' d‘b'
2wz Jo Jo

(3.3.6)
Integrating with respect to ¢, we find that

¢(r, 2) = _e—jk(z+r2f22) ?J:J()(k_:r_,) e—(jkr'zfz)(l/z-llzo) rr drr (3-3.7)

where Jo(x) is a Bessel function of the first kind and of zeroth order.

We now consider the form of the potential at the plane z = z,. Ray optics
indicate that this is the focal plane; thus we shall call it the geometrical focus. As
we shall see, diffraction effects tend to bring the point of maximum axial beam
intensity nearer to the lens (i.e., to a plane z < z,). Hence the true focus is at a
plane z < z,.

At the geometrical focal plane, the potential on axis is

a’eikzo
2z,

&0, zg) = — ko (3.3.8)

By differentiating with respect to z, we can find u.(z) and show that
u,(0, zo) = nrgaz eIk y, (kzg >>1) (3.3.9)
0

It follows that the ratio of the beam intensity /(0, z,) on axis at z = z, to the
beam intensity /(0) at the transducer is

' 2 2
1(0, z,) (mz) <1r)
—_—_—=—] == 3.3.10
1(0) ZoA \) ( )
where, as before, S = zoAMa®. Thus if the beam is focused at z;, and if z, <
wa*/\, the beam intensity at the geometrical focus will be larger than that at the
transducer. Note that this implies that the focused transducer will normally be

operated with it focal point in a region where the parameter S = Azy/a® is such
that § < .
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Transverse definition. Now consider the fields at the optical focal plane
z = z, for finite r. It follows from Eq. (3.3.7) that

fale ~ike—ikr2z0 2 ] (krafz,)

_Im
u,(r, zo) = v krajn (3.3.11)
Thus the beam intensity at the plane z = z, varies as
I(r, zo) -mzz)2 ( ra )2
-0 _ | — — 3.3.12
1©) (zox e Nz G:312)
where
.. J,(2nX)
= 77 3.3.13
jinc X X ( )

This function is plotted in Fig. 3.2.6.

The variation of the beam intensity at the focal plane is exactly the same in
form as that in the Fraunhofer region of a plane piston transducer at z = z,.
However, the beam intensity can now be chosen at will and can also be much larger
than at the transducer itself, which changes the scales of both the axial and radial
varniations of the field.

3-dB definitions, F number, and lens aperture. The radius at which the
beam intensity becomes zero is
0.61zA _ 0.61A _  0.61A

ro(zero) = a sin @, aperture (3.3.14)

where 0 is the half-angle subtended at the geometric focus by the transducer lens,

" and the aperture of the lens is defined as sin 6,. The diameter of the beam at the

3-dB points, which we take as a measure of its definition, is

0.51zpA _ 0.51A
a sin 6,

where we call F = z2y/2a = z,/D the F nwnber of a lens or transducer, and D its

diameter. Thus

d,(3dB) = = 1.02AF (3.3.15)

d,(3dB) _ 0.25zA
D

So, by focusing, the effective beam diameter can be made smaller at its geometric
focus than at the transducer, provided that z, << 4a?/A (i.e., § << 4).

= 0.255 (3.3.16)

Sidelobes. Note that the beam intensity falls off radially as (jinc X)? where
X = ra/\zq. A plot of this function is given in Fig. 3.2.6. The first sidelobe is
at kralzy = 5.136 or r = 0.82z50/a, and is 17.6 dB lower in amplitude than the
main lobe. : ‘

The sidelobe level is important because it dictates how well the transducer
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can respond to a wanted signal rather than to an interfering one. Suppose that a
focused transducer is used to search for two point sources, A and B, and that point
source B emits power at a level 30 dB higher than does A. If the transducer is
focused on A, and B happens to be located at a distance r = 0.82zp)\/a from A,
we see B on the first sidelobe of the transducer and are unable to detect the presence
of A; therefore, we cannot be certain where the true source is located. If B is
only 10 dB higher in magnitude than A, however, the resulting sidelobes do not
present a major problem, because the signal received from sidelobe B is 7.6 dB
less than that received by A, and we can locate both sources.

Coherent and incoherent imaging. The sidelobe problem becomes even
more severe if we wish to observe a large illuminated area in which dark spots are
present, or a small absorber in a bright background. In the worst cases, the sum
of the signals from the higher-order sidelobes may be much larger than the signal
from the main lobe.

As an example, the signal amplitude variation across a one-dimensional object
with a spatial step function insonification was calculated for the one-dimensional
sinc X response by Lemons and Quate [5]; it is illustrated in Fig. 3.3.2. We assume
that the receiving transducer is being moved past the object. As we observe from
Fig. 3.3.2(a), there is quite severe ‘ringing’’ near a sharp edge when the step object
function is insonified with a coherent plane wave. This problem is often severe
in coherent imaging systems. By contrast, as shown in Fig. 3.3.2(b), when we
employ an incoherent imaging system (i.e., one in which a noise source or a source
with a broad range of frequencies present is used), there are no phase additions
of the signals. Thus only the intensities (the square of the amplitudes), rather
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> sional images of a step function object:
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than the amplitudes of the sidelobes, add and the ringing effect virtually disappears.
When two confocal lens are used, one for insonification and the other as a receiver,
with a knife-edged object between them, the spatial response is squared. Hence
the sidelobe level amplitudes now vary as (sinc X)? in the one-dimensional case
[(jinc X)? in a cylindrically-symmetric system]; this squaring results in a clean image
of a sharp edge, as shown in Fig. 3.3.2(c). It can be shown that the amplitude
response of a confocal system to a step function object is identical to the intensity
response of an incoherent single lens system to a step function object. Hence the
confocal system gives a sharper edge response than an incoherent single lens system.

Rayleigh two-point definition. Obviously, the use of the simple 3-dB
definition is not necessarily adequate. Consequently, it is more common to use
the Rayleigh definition, which is based on the two-point definition. This definition
uses the idea that two neighboring point sources can be distinguished from each
other if the maximum response to one is located at the first zero of response to
the second point. On this basis, the two points are spaced by a distance
d., (Rayleigh), which is defined as -

0.61A

d.(Rayleigh) = 1.22\F =
«(Rayleigh) = 1.22\F = &=

(3.3.17)

where the subscript ¢ denotes coherent sources and the subscript r denotes definition
in the radial direction.

The two-point response observed in practice depends on the type of insoni-
fication used. With coherent insonification, the result will depend on the relative
phases of the two point sources. If the phase difference between the insonification
of the two points is ¢, the total intensity, defined as the square of the magnitude
of the response to the two coherent sources, I.(X), is of the form

I(X) = |jinc (X — 0.30) + &/* jinc (X + 0.30)? (3.3.18)
This function is plotted in Fig. 3.3.3 for different phases ¢.

I.(x)
b
¢=0°
¢ =180°
¢=90°
I L ! 1 Figure 3.3.3 Image intensity for two
-1.0 -0.5 0 05 1.0 mutually coherent point sources sepa-
x rated by the Rayleigh distance.
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L(x)

=l L L e Figure 3.3.4 Image intensity for two
-10 -0.5 0 05 1.0 incoherent point sources separated by
x the Rayleigh distance.

When the two coherent sources are 180° out of phase, there is a deep null at
the point midway between them, as we might expect. However, if the two coherent
sources are in phase, there is no minimum and thus the two points cannot be
distinguished. When the sources are 90° out of phase, there is a minimum of
intensity at the center point, which is 26.5% below the maximum value of the
intensity.

On the other hand, if the sources are insonified completely incoherently, as
is possible in optical systems and only possible to a limited extent, using very short
pulses in acoustic systems, there is no correlation between the two sources and
hence the product terms between them do not contribute to the total intensity.
Thus the intensity for incoherent sources I,(X) is just the sum of the squares of the
two individual intensities, or

I(X) = jinc® (X — 0.30) + jinc? (X + 0.30) (3.3.19)

where the subscript i denotes incoherent sources. This function is plotted in Fig.
3.3.4. Because there is now a 26.5% dip at the center point, the two sources can
be distinguished from each other.

Therefore, the Rayleigh criterion of definition for incoherent imaging is often
stated in this form: Two points can be distinguished if there is a 26.5% dip in
intensity at the midpoint between them. This definition corresponds to a separation
between the two points by a distance d,(Rayleigh), defined as

0.61A
sin 6,

d;(Rayleigh) = 1.22AF = (3.3.20)

Note that with coherent, in-phase sources, the two points must be separated by a
distance d.,(Rayleigh), defined as

0.82x
sin 90

d.(Rayleigh) = 1.64\F = (3.3.21)

to obtain the same 26.5% dip in level between them. Thus the use of incoherent
sources improves the Rayleigh definition by a factor of 1.34 over the worst case
for coherent sources.
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Sparrow two-point definition. For two-point definition, we must be able
to distinguish the dip in level between the images of the two points. This criterion
is far more general in application than simply placing one point where the zero
response to the other point occurs. It can apply equally well to coherent imaging
or, for example, a Gaussian beam, where there is no sharp spatial zero in response
to a point source. Detection of the minimum level in the two-point response must,
in practice, depend on the noise level of the system and the properties of the display
system, which means that the 26.5% dip in the Rayleigh definition is an arbitrary
requirement. It is therefore worthwhile to consider yet another two-point defi-
nition, the Sparrow criterion [6]: The intensity halfway between the two points is
just equal to the total intensity at one point.

Calculations define the Sparrow criterion for incoherent imaging, d,(Sparrow),

as
0.51A
d. = 1.02\F = 3.
/(Sparrow) 2 sin 6, (3.3.22)
while for two coherent in-phase sources, it is d.(Sparrow), defined as
: 0.76A
d = 1.42\F = 3.
(Sparrow) 2 Sin 6, (3.3.23)

We shall use this criterion in Sec. 3.3.3, as well as the Rayleigh criterion, to consider
the scanning microscope. Note that for incoherent imaging, the Sparrow criterion
is almost identical to the single-point 3-dB criterion, while for coherent imaging,
it leads to a definition approximately 1.5 times worse than that for incoherent
imaging.

Speckle. The speckle phenomenon occurs only in coherent imaging systems
and often leads to images of poor quality. When an optical image is illuminated
under coherent laser light rather than room light, for instance, speckle is what gives
its appearance a granular character. One reason for this phenomenon is that on
a rough surface (rough in the scale of wavelengths of light), light will be reflected
by many points into afocusedreceiver lens or transducer. The transducer response
to these random sources depends on the sidelobe level at the random source. When
the receiver is focused on a point A, which is illuminated by a broad beam, as
illustrated in Fig. 3.3.5, the contributions from all the random scatterers may add
to the contribution from the main lobe, thus giving rise to a bright spot at A. On
the other hand, when the receiver is focused on another point B, the reflections
from the random scatterers outside the main lobe may tend to cancel it out, hence
creating a dark spot at the point B in the image. As the transducer is moved from
point to point, some points will be darker, and others brighter, than the average
beam intensity, thus displaying the speckle phenomenon. Similar phenomena can
occur in images of semitransparent media such as body tissue, where the random
additions from points in front of and behind the focal point give rise to speckle.
The spots observed in the image will tend to have a size of the order of the focal
spot size d,, and the image will have a granular appearance.
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Speckle is usually present in acoustic imaging systems because of the coherent
sources normally used, the coherent detectors employed, and the fact that the
typical media (e.g., body tissue and polycrystalline materials) are granular in nature
and semitransparent. As we will discuss further in Sec. 3.5.3. the phenomenon
can be minimized by using a mechanically scanned confocal imaging system where
the transmitter insonifies only a small area. corresponding to the focal diameter
of the receiver lens. When this is used, the point response is a (jinc X)? function,
which is always positive; the sidelobe and speckle levels are very low and the
mechanical scan gives signal averaging. Using short pulses for insonification can
also minimize speckle by making the system behave as ifit were partially incoherent.

Depth of focus. We now determine the variation of the acoustic potential,
and hence the pressure and displacement along the axis of the lens. Just as with
the plane cylindrical piston transducer, we will find that the fields along the axis
of the focused transducer vary rapidly. In the limit zy << @*/A or § << 1 (i.e.,
deep in the Fresnel zone), we can use the results to define a depth of focus d.(3
dB) as the distance between the points where the field on axis is 3 dB less than
that at the focal point.

We return to Eq. (3.3.7) and put r = O with z # z,. The equation can then
be integrated directly to yield

¥0,2) = ¢(0,2,)Z(z )g‘ﬂ‘(z‘zo)e-i(ﬂZS)(zo I2-1)

(3.3.29)
_“_ ’—:ms)(b(o’o)z(z)e-jkze—j(x 128X 29 /2=1)
where
Z(z)=(z9/2) sinc[1/28)(zy /z—1) (3.3.25)

and sinc X = (sin n.X)/nX and S = zyMa2
It follows from Eq. (3.3.24) that the phase change from the source to the focal
point is 772 less than kz . For small changes in z near the focus, we can write y =(z - z0)/z0,
and z5/z-1=-y. Itfollows that near the focus there is an additional linear decrease in
phase with z to the points y =+ S. There is then an additional change in phaseby 7 at
each point y =nS. The phase is plotted in Fig. 3.3.5a as a function of y.
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Additional Phase

'\11.’/2
\l /2 \J \ Fig. 3.3.5a Phase
shift through tocus.

Thus, in addition to the phase change &z, there is a 5t phase change through the focal

point. This is due to the term exp[—J(n/ZS)(zo/z 1)] where z,/z—-1=1%S, i.e., at the
3 dB points.

We shall assume that the beam intensity is proportional to |$(z)?. We may
find the 3-dB range definition. deep in the Fresnel zone where a*/Az, >> 1 (i.e..
S << 1), by determining where the argument of the sinc function becomes 1/\/2;

in this case, we can ignore the variation of zy,/z. Thus, with this approximation,
the 3-dB points occur where

0.89A
sin® 6,

z—zy= -_*0.89;—‘;’)\ = = (3.3.26)

where 6 is the half-angle subtended by the lens at the optical focal point 0, z,.
Thus a simple approximation for the depth of focus is

1.87 1.82(’;
sin® @, a?

d,(3 dB) = A = 7.IAF2 = 3.55‘194,(3 dB)  (3.3.27)

Another useful way to write this relation is in the form

d. (3 dB)

= 1.85 (3.3.28)
24

We see that the depth of focus is directly related to the Fresnel parameter of the
lens. When the depth of focus is very small, we can write z = z, and use only

first-order termsin z — z,. Intheregion where the beamsize is small, Eq. (3.3.25)
takes the simple form

. zZ - ZO
Z(z) = 3.
(z) = sinc 257C (3.3.29)
This expression is very convenient for estimating the beam intensity along the axis
of the lens, at least near the focal plane. The sinc function is plotted as the dashed
line in Fig. 3.3.6(a), and also in Fig. 3.2.9.

Geometrical concepts for depth of focus. These relations for the depth
of focus can be illustrated geometrically, as shown in Fig. 3.3.7. The beam initially
converges along its geometrical optics path (a cone) but diverges from this path
near the focus. From Eq. (3.3.14), the radius of the beam to its zero amplitude

point at the focal plane is r, = 0.61Azo/a.. A cylinder of this radius intersects the
edge of the geometrical beam where

zZ -z o Zo\

= =2 = =061 % (3.3.30)

Thus the depth of focus estimated by this approach is

2
d, = 1.22x(%) (3.3.31)
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Figure 3.3.6 Normalized pressure or
-1 potential variation along the axis of a
0 1 . 2 3 spherical lens: (a) S = 0.1;(b) S = 1.
A We take the amplitude to be unity at z
0 = z,. Solid line, plot of Eq. (3.3.25);
(b) dashed line, plot of Eq. (3.3.29).

This geometrical picture is a satisfying concept, but it is unreliable, for its estimate
of beam intensity is, to say the least, crude.

Equations (3.3.25) and (3.3.29) show that the wave amplitude along the axis
passes through several subsidiary maxima and minima. Thus simple geometrical
considerations do not provide a complete picture of the behavior of the beam. In
particular, if we wish to use the beam to probe for small reflectors, we may obtain
inaccurate and misleading results when the reflector is outside the region of the
depth of focus. This problem is illustrated in Fig. 3.3.6, which shows the multiple
maxima and minima along the axis of the beam; the solid line plots are calculated
from Eq. (3.3.25) and the dashed line plots, from Eq. (3.3.29). The situation
illustrated in Fig. 3.3.6(a) corresponds to a value of S = 0.1, or a ratio of focal
spot diameter d,(3 dB) to a transducer radius of d,/2a = zyA4a* = 0.025.

For a weaker lens with § = 1 (i.e., d,/2a = 0.25), as illustrated in Fig.
3.3.6(b), the formulas of Eq. (3.3.27) are not as accurate. In this case, the fields
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Figure 3.3.7 Focused beam from a spherical transducer. (a) The beam initially
converges, as we expect from geometrical optics, but diverges from the geometrical
optics path when it nears the focus. (b) Demonstration that the depth of focus
can be estimated geometrically. A cylinder of radius 7, passes through the zero
amplitude points at the focal plane. The depth of focus is taken to be the length
of this cylinder where it intersects the cone formed by the outside of the geometrical
optic beam.

actually increase as z decreases from zg; this is due to the variation of the zy/z
term in Eq. (3.3.25). Thus, although Eq. (3.3.25) is accurate for a wide range of
the parameter S, the approximate formula of Eq. (3.3.27) for the depth of focus
is completely reliable only for highly convergent lenses.

A convenient set of lens design curves is given in Fig. 3.3.8. We call the
true focal length of the lens f, so that ¢(z) or u,(z) is maximum on the axis at
z = f. The parameter f/z, is plotted in Fig. 3.3.8; it decreases as S increases.
Thus the effective focal length of a weak lens is less than its geometrical optics
focal length. As we can see from Fig. 3.3.8, the true value of the depth of focus,
d,(true), is also less than its approximate value, d,(approx.), which is given by Eq.
(3.3.28). Because the focal point is nearer to the lens, the amplitude of Z(f) is
larger than the value of Z(z).

PSS SHSE S S S S GH S S S S S S W S Figure 3.3.8 Plot of the effective pa-
0 1 12 rameters of weakly focused lenses as a
S function of S = z,\a>
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Example: Focused Transducer for Medical Applications

We now consider a medical example. Suppose that we require a beam diameter d,(3
dB) = 1.5 mm, at a distance of 10 cm from the body surface, at a frequency of 2.25
MHz (A = 0.67 mm). From Eq. (3.3.15),a = (0.5 x 10 x 0.067)/0.15 (i.e.,a =
2.2 cm). In this case, § = 0.14 and Eq. (3.3.27) shows that the depth of focus is 2.5
cm. Figure 3.3.8 shows that f has, in fact, decreased to 9.6 cm and that with these
parameters, d,(true) = 2.4 cm.

Now suppose that we try to obtain a much larger depth of focus, d,(3 dB) =
10 cm, with z;, = 10 cm. In this case, Eq. (3.3.27) yields the result a = 1.1 cm;
hence, from Eq. (3.3.15), the beam diameter at the optical focal point is d,(3 dB) =
3 mm, with § = 0.56. But Fig. 3.3.8 shows that the focal point is actually at 8 cm
and that d,(true) = 6.8 cm. One or more iterations would, of course, let us design
for the correct d,. Even in this case, however, we can obtain a fairly good estimate
of the beam parameters by using Eq. (3.3.27).

Reflection from a plane reflector. Another important criterion for judging
the behavior of an imaging system is based on the reflection of a focused beam
from a perfect plane reflector. We shall determine, here, how the reflected signal
V(z), measured with the input transducer used as the receiver, varies with the
position z of a planar reflector. We will assume that the surface of the planar
reflector is perpendicular to the axis of the lens.

When a perfect plane reflector is located at the geometrical focus of the lens,
we expect the reflected signal to attain its maximum value. Here we define a
perfect reflector as one for which the reflection coefficient R(6) of a plane wave
incident on the plane at an angle 6 to the normal is such that R(6) = 1. More
generally, as we have seen in Sec. 2.5, a plane wave incident on a solid may excite
Rayleigh waves, or bulk shear and longitudinal waves, in the solid. Consequently,
R(6) may, in general, have an amplitude and phase that vary with 6, and |R(6)| < 1.

For a perfect reflector, we will take the normalized return signal V(z) to bet

_ I $%x, y, 2) dx dy
f.f |¢2(x’ Y, ZO)I dx dy
where ¢?(x, y, z) is the point spread function at the plane z of this confocal lens

system used in a reflection mode. We define a two-dimensional Fourier transform
of &(x, y, z) by writing

V(z) (3.3.32)

ok, ky, 2) = f f &(x, y, z)e~ikx+k9) dy dy (3.3.33)

with
1 )
o(x,y,2) = i ff ok, k,, 2)el*==+5 dk_ dk, (3.3.34)

tEquation (3.3.32) is adequate for use with the paraxial approximation. Liang et al. [7] have
shown that a more accurate formula is

I &(x, y, 2)u.(x, y, 2) dx dy
j (b(xv y! 20) u:(xv }', zO) d.l’ dy

V(z) =
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where k, and k, are the transverse spatial frequencies, as discussed in Secs. 3.2.2

and 3.2.3.
It follows from Parseval’s theorem that for a perfect reflector, Eq. (3.3.32)

can be written in the following form [8]:
— f.‘- ¢(kx’ ky7 z)‘b(_kx’ _kya Z) dkx dky
f.r ¢(kxa ky7 ZO)¢(_kx’ _ky’ ZO) dkx dky

Referringto Fig. 3.3.1, we may take the displacement u,(x’, y’, z,) in the z direction
at the baffle to be of the form

u(x', y's 21) = P(x', y")e /KRt (3.3.36)
where we call P(x’, y') the pupil function of the lens.
Writing Eqgs. (3.3.4)-(3.3.5) in rectangular coordinates, we find that
Rl )
2z

V(2) (3.3.35)

R=V& -0+ -+ E-zr~2-2

(3.3.37)

and
x12 + yiz

5 (3.3.38)

Ry =2, —

At z = z,, with the use of the paraxial approximation, we find that

1 e—jkzo

d(x, y, z9) = = om z

e —Jk(x*+y?)2z0 jf P(x’, y')e,’k(n'+yy')/zo dx' dy’ (3.3.39)

We assume that the focused acoustic beam at the geometrical focal plane has
a relatively small cross section, so that k(x> + y2)/2z, << 1. In this case, Eq.
(3.3.39) becomes

e—jkzo

&(x, y, 20) = - f f P(x', y")erkax +3)Vz0 gy dy (3.3.40)

2wz 0

From this result, we see that the potential at the geometrical focal plane is the
Fourier transform of the pupil function.
Comparing Egs. (3.3.34) and (3.3.40), we see that

Zol™ Jjkzo

& 14 14
blks, ky, 20) = —— 75 PO, Y') (3.3.41)

where

Koy
[
%

(3.3.42)

gt'
I
_
HE &

Sec. 3.3 Focused Transducers 195



Thus we can regard the plane wave component k., k, as being associated with the
ray leaving the plane z = z; from the point x’, y’'.
The form of the plane wave k,, k, at the plane z is

d(k,, k,, 2) = d(k,, k,, zy)e ~Hke(z =20 (3.3.43)
where, from the wave equation for plane waves,
K2+ K2+ k2 =K (3.3.44)

We substitute Egs. (3.3.41), (3.3.43), and (3.3.44) in Eq. (3.3.35), to show that

V(z) =

JI P, y)P(=x', — y') dx’ dy’
(3.3.45)
In cylindrical coordinates, this expression becomes, for a symmetric lens,
e—2kz0 [ P2(p')e~2kz—z0V1-ruz5 ' dy'
J P3(r'yr' dr'
Let us now consider the result for a lens in which P%(r') = 1 fromr’' = 0 to
r' = a. It is convenient to write r' = 2, sin 6 with a = z; sin 6,. In this case,

V(z) = (3.3.46)

V(z) = (3.3.47)

B0
J; sin 6 cos 6 d6

For a paraxial system, we can put cos 6 = 1 in the amplitude terms, to find that

e —2jk(z — z0)cosbo __ e~ 2jk(z — zo)

V(z) = e~ ko (3.3.48)

or

sin [k(z — zo)(1 — cos 6,)] —jk(z - za)(1 80)p —2jk
2 —~20)(1 + cos 8o 20 .3.49
k(z — zo)(l — 60) e e (3 3 )

This is the response V(z) of a lens to a perfect plane reflector.

V() =

3-dB resolution for V(z). It follows from Eq. (3.3.48) that the 3-dB points
for V(z) from a plane reflector are spaced by a distance d,,(3 dB), where

0.45\
d,(3dB) = m (3.3.50)

For 6, small, Eq. (3.3.50) can be written in the form
0.9A
63

Thus this result is similar to that obtained from the depth of focus (i.e., the response

d,(3 dB) = (3.3.51)
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on the axis) of asingle lens. The depth of focus for a two-way or confocal reflecting
system, or the response for reflection from a point reflector, is less than this value
(i.e., it is where the sinc? function drops by 3 dB). We call the confocal depth of
focus d, (3 dB); its value is

1.28\

d=(3 dB) = sin? 6,

(3.3.52)

Thus the 3-dB response points for a plane reflector are closer together than the
3-dB depth of focus for a point reflector.

The analysis we have carried out here is similar to that given by Atalar [9].
The reader is referred to his work and to that of Liang et al. [7] for more complete
derivations. Liang et al. derived a more rigorous nonparaxial formulation based
on the reciprocity theorem; both sets of authors derived formulas for an imperfect
reflecting plane. The results they obtained for this latter case are similar to Eq.
(3.3.46) and can be written, in our terms, in the form

e~k [P2(rR(r')e= 2K~V o gyt
[ P(r')r’ dr'

where R(r') is the plane wave reflectivity function for a wave incident on the plane

reflector at an angle 6, and r' = z, tan 6.

This result has been of great helpin understanding the behavior of the acoustic
microscope and its contrast mechanisms, which we discuss in the following section.

V() =

(3.3.53)

3.3.2 Scanned Acoustic Microscope

The acoustic microscope is an acoustic equivalent of the optical microscope [5, 7,
9-19]. It has been employed in both transmission and reflection modes, with
water, liquid argon, liquid nitrogen, high-pressure gases, or liquid helium used as
the operating medium. The acoustic wavelength in water is approximately 5000
A at 3 GHz, which is comparable to wavelengths normally employed in the optical
microscope. In practice, the device has been used over a wide range of frequencies,
ranging, at the time of writing, from 2 MHz to 8 GHz, with definitions in water
of better than 4000 A at an operating frequency of 3 GHz, and in liquid helium
of 300 A at an operating frequency of 8 GHz. The upper-frequency limit, at
normal temperatures, is determined by the attenuation in the operating medium;
in most materials, this increases as the square of the frequency. In liquid helium,
at temperatures of the order of 0.1°K, the attenuation is very low, so the upper-
frequency limit is determined basically by problems of exciting and receiving acous-
tic waves.

Water has the dual advantages of convenience and having the lowest atten-
uation at room temperature (191 dB/cm at 1 GHz) of the possible operating media
[5,10]. At60°C, its attenuation drops to 95 dB/cm, so high-frequency microscopes
are often operated at this temperature using a water path in the range 30 to 100
pm.

Other operating media provide interesting alternatives to water. Liquid ni-
trogen and liquid argon have been used because they have low attenuations, and
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lower acoustic velocities than water [5]. Liquid helium, which can be used at
temperatures as low as 0.1°K, has extremely low acoustic velocities and attenuation.
and hence a very small wavelength and fine definition [10]. A high-pressure gas
can provide yet another low-velocity operating medium with relatively low atten-
uation [11]. Typically, with many of these media, the acoustic matching problem
is severe due to their very low acoustic impedances.

The acoustic microscope responds to different properties in the object under
examination from those responded to by the optical microscope. Because acoustic
waves measure mechanical properties, the contrast of the microscope is determined
by variations in elasticity, density, and acoustic attenuation in the medium. There-
fore, acoustic wave devices are particularly suited to observing soft tissue or bio-
logical cell structure, which tend to be transparent to light. And because acoustic
waves can penetrate optically opaque materials, the acoustic microscope is alsc
very useful for observing features in integrated-circuit structures under metal films
and other such optically opaque structures. It can also be used to measure the
surface structure of metals. Because the individual grains of a polycrystalline
material are anisotropic, their acoustic reflectivity varies from grain to grain, ac-
cording to their orientations; thus the surface structures of metals show up wel
acoustically.

The optical microscope has been undergoing a long period of development
since it was invented 300 years ago. Extremely sophisticated compound lens de-
signs with very little chromatic or spherical aberration are now used routinely.
But it is extremely difficult to contrive such low-aberration designs for acoustic
lenses, because severe off-axis aberrations result from the large changes in refractive
indices between the media employed. Another difference between the two type:s
of devices is that conventional optical microscopes are designed to use incoheren:
illumination with phase-insensitive detectors (the eye, a photographic film, or
photodetector), while acoustic insonification tends to be coherent and acoustic
receiving transducers are phase-sensitive.

As discussed in Sec. 3.3.1, a single-lens system with a coherent source wil
tend to give images containing a large amount of speckle. A different approach
using confocal scanned microscopy, has been taken in the design of the acoustic
microscope. A high-quality focus is obtained only on the axis of a lens; in ¢
transmission system, both the transmitting and receiving lenses are focused on the
same point, with either the object or the lenses moved mechanically. This produce:
a scanned image, in much the same manner as a TV raster scan that has very little
speckle, (see the discussion of speckle in Sec. 3.3.1). The output of the scanning
microscope is used to modulate the intensity of the spot on a cathode ray tube
which is itself moved synchronously over the face of the tube with the mechanica
movement of the object under the microscope.

An early reflection mode version of the acoustic microscope lens system i
shown in Figs. 3.3.9 and 3.3.10. A plane wave is excited by a thin film zinc oxide
transducer on sapphire, which has a high longitudinal acoustic wave velocity o
11.1 km/s. A spherical depression is cut in the opposite surface of the sapphir¢
to form a lens. A drop of water or some other fluid is placed between the len:
and the flat object to be observed; the surface of the object is located close to the
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Figure 3.3.9 Scanned acoustic microscope. (After Quate [16].)

focal point of the lens. The transducer lens system is used as both transmitter and
receiver for short RF tone bursts. After amplification and detection, the output
from the receiving transducer is used to modulate the intensity of a cathode ray
tube. At points where the effective reflectivity of the object is small, the electrical
signal output is small; conversely, at points where the effective reflectivity of the
object is large, the output is strong.

In the early version of the device, a picture was formed by scanning the object
mechanically with a loudspeaker movement, as shown in Fig. 3.3.9; this produced
the line scan. The lens system was scanned at right angles to the line scan, but
much more slowly, by a piezoelectric or hydraulic movement; this formed the frame
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scan. More recent versions of the device use more sophisticated mechanical scans,
with the lens scanned in both directions so that the object under observation can
remain stationary. Great care is taken to ensure that the scan is repeatable.

We expect this type of lens to have a focal point on its axis but possibly to
suffer from severe spherical aberrations (i.e., aberrations resulting from the in-
accuracy of the paraxial approximation). Consider the ray geometry shown in Fig.
3.3.11. Ideally, if the velocity ratio between the two media were infinity, then,
from Snell’s law, all rays would be refracted to the center of curvature of the lens;
thus there would be no spherical aberration, which would imply, in Fig. 3.3.11,
that @' = 0. For a typical optical lens material in which the velocity ratio between
the two media is of the order of 1.5, the aberrations are extremely severe, as
illustrated in Fig. 3.3.12. In the case of sapphire and water, the ratio of the acoustic
velocities is 7.4:1, which is large enough to cause very little aberration.

Figure 3.3.12 also shows calculations for materials with low and high velocity
ratios, using a high ratio of acoustic velocities in the two media; in the acoustic
case, the deviation from the paraxial focus is essentially undetectable. In practice,
this implies that the aberrations are so weak that the diffraction limit of the lens
is not affected. Thus a lens with almost perfect on-axis performance can be made
for the acoustic microscope in a relatively simple manner.

The microscope illustrated in Figs. 3.3.9 and 3.3.10 has the additional ad-

Figure 3.3.11 Geometry for the ray-
tracing analysis of spherical aberrations.
(After Lemons, as noted in Lemons and
Quate [5, 17].)
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Figure3.3.12 Ray-tracing comparison of the performance of a single-surface lens,
with C’ the wave velocity in the solid and C the wave velocity in the air or water

medium: (a) light optical system; (b) Acoustic system. (After Lemons and Quate,
as noted in Lemons and Quate [5, 18].) The paraxial focus lies at the ordinate.

vantage that the lens is used twice. Thus its amplitude response or point spread
function (PSF) is the product of the response of the transmitting and receiving
lenses, and the PSF is therefore (jinc X)? where X = ra/Azy, = r/X sin 6,,.

Note that this function is always positive and that the amplitude away from
the point X = 0 (r = 0) decreases much more rapidly than it does for the simple
single lens. Consequently, the single-point 3-dB definition 4,,(3 dB) is better for
a confocal microscope than for a single lens, becoming, in this case,

0.37A
d,.(3 dB)= Sin 6, (3.3.54)
For a single lens, the 3-dB definition [see Eq. (3.3.15)] is
0.51a
d,(3dB) = 3.
(3 dB) = (3.3.55)

Here the subscript s denotes a confocal scanned system.

For the same reasons, the sidelobe levels for this double-lens configuration
are a factor of 2 in dB lower than for a single lens. For a single lens, the first
sidelobe is 17.6 dB below the main lobe amplitude, whereas for the scanning
microscope double-lens system, the first sidelobe level is 35 dB below the main
lobe, a radical improvement. Similarly, the total power outside the main lobe is
considerably reduced from the simple lens result. This implies that when objects
of finite area are insonified from a coherent focused source, there is relatively little
illumination outside the main lobe, so the addition of the sidelobe amplitudes from
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this region does not give rise to severe spurious responses. As we have already
seen in discussing Fig. 3.3.2, with incoherent insonification of a knife edge, the
sidelobe intensities, rather than amplitudes, are added, so the problem is no longer
serious. In the scanning microscope, the amplitudes of the sidelobes can add, but
are equal in magnitude to the sidelobe intensities obtained with incoherent inson-
ification. Thus its sidelobe problems are normally unimportant, and the ringing,
speckle, and granularity of the images we normally expect with coherent imaging
systems do not occur. Thisfact has already been illustrated from another viewpoint
in our discussion of Fig. 3.3.2(c).

As we have seen throughout this section, the 3-dB definition is not always
an adequate criterion for performance of an imaging system. Instead, it is better
to use either the Rayleigh or Sparrow criterion for the two-point response, as
described in Sec. 3.3.2. The Rayleigh definitions for the three cases of interest,
incoherent imaging, coherent imaging, and confocal scanned coherent imaging, are

i 0.61x
d,(Rayleigh) = sin 6,
0.82x

d i = 3.

-(Rayleigh) Sin 0, (3.3.56)
0.56
d i =

~(Rayleigh) Sin 6,

respectively. Thus there is a slight inprovement in the Rayleigh definition for the
scanning microscopes, compared to an incoherently insonified system with a single
lens of the same aperture. Similarly, we find that the Sparrow definitions for the
same cases are

0.51x
d. = -
.; (Sparrow) sin 0,
0.76X
d,(Sparrow) = Sin 6, (3.3.57)
0.51A
d,(Sparrow) = sin 6,

respectively.

As an example, the acoustic microscope of Lemmons and Quate typically has
an acceptance angle 6, of 50° (i.e., an aperture of 0.77). Thus, at a frequency of
3 GHz in water, the Rayleigh two-point definition is 0.73\ or 3650 A and the
3-dB and Sparrow definitions are 0.66A or 3300 A.+

The acoustic microscope has been used in transmission, for looking at thin
biological samples. In the reflection mode, where the same lens and transducer

tWith an aperture this wide, the paraxial formulation is not completely accurate. Here we have
based our estimates on the value of sin 8,. But it could equally be argued that using the F number
20,/D would be better; in this case, the estimated definitions would be slightly worse.
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are used as both transmitter and receiver, the thickness of the sample is not nec-
essarily limited, as it is in transmission microscopy, although the best definition is
obtained only for objects near its surface. A reflection microscope, of course, is
ideal for looking at integrated circuits.

We do not have space here to deal with the many possible applications and
complexities of the acoustic microscope. It is important to realize, however, that
the use of acoustics will produce images quite different from those obtained with
optics. Acoustic waves respond to the elastic, rather than the optical, properties
of the object under examination and these properties can often be of interest in
medical applications. In addition, the contrast mechanisms of the acoustic micro-
scope are not necessarily the same as those of the optical microscope. Attenuation
plays its part, of course, but there are also phase-contrast mechanisms that occur
due to the relatively large velocity changes between the media involved, and the
fact that solids support more than one type of wave motion.

As an example of the contrast mechanisms which occur, we suppose, first,
that the microscope is focused on the surface of a solid material under examination.
As the impedance of many solids such as silicon, aluminum, and glass is very high
compared to that of water, the reflection coefficient of the wave will be large and
the image of the surface will be bright.

Now suppose that the lens is moved toward the solid so that the focal point
is below its surface, as shown in Fig. 3.3.13. As discussed in Sec. 2.5.2, a Rayleigh
wave can now be excited on the surface of the solid by rays leaving a point A on
the lens at an angle of incidence 6,, which satisfies the relation.

in 6. = V. '

sin 6, = V. (3.3.58)

where V,, is the acoustic velocity in the water medium of the miscroscope and Vj

is the Rayleigh wave velocity [12-14]. The Rayleigh wave reradiates bulk waves

into the water at an angle 6, to the axis, which excite the lens at a point B, at the
same distance from the axis as the point A [12].

A second near-axis ray incident on the surface of the solid, when reflected,

can also reexcite the lens. The two resulting sets of reflected rays can be in or

out of phase with each other; so the surface image may be dark or light depending
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FOCAL Figure 3.3.13 Rayleigh wave excitation
POINT by an acoustic microscope lens.
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(c) (d)

Figure 3.3.14 (a) Acoustic image of bipolar transistors on a silicon integrated circuit; (b)
high-magnification acoustic image of the base contact of a transistor; (c) optical micrograph
of the same area as in part (b); (d) SEM micrograph of the same area as in part (b). Scale
bars are 3 um. (After Hadimioglu and Quate [19).)

on the position h = z, — z of the focus below the surface of the substrate.
Therefore, a reversal of contrast can occur as a result of this mechanism (see
Prob. 9).

By analyzing such contrast mechanisms, we can obtain a great deal of infor-
mation about internal structure of solids [13-16, 19] (Problem 9). A particularly
good example of this is the observation of layers underneath metal films; results
of such experiments are shown in Figs. 3.3.14 and 3.3.15. In contrast to the optical
situation, acoustic waves can propagate through a metal film and the amplitudes
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of the reflected waves will depend critically on its thickness. If there is also an
oxide layer beneath the metal film, as there is in the gate structure of many
integrated circuits, the reflected waves will change in amplitude and phase, and
the image will be different. Thus it is often quite easy to determine the presence
of an oxide layer beneath a gate, or whether there is good adhesion between a
metal layer and a substrate.

The contrast mechanisms in the acoustic microscope are still being investigated
and their regions of applicability determined. The importance of this device is
that it can measure an entirely new range of parameters with definitions comparable
to those of the best optical microscopes.

The basic principles of scanned acoustic microscopy have also led to the
development of a new type of scanned coherent optical microscope with excellent
definition. The scanning technique is also being employed for photoacoustic mi-
croscopy, where an optically focused scanned modulated laser beam is used to

Figure 3.3.15 Optical (a) and acoustic (b) and (c) comparison of a 1000-A layer of chrome
on glass. The acoustic pictures are taken at a frequency of 2.6 GHz. In part (b), the focal
spot has been moved 0.5 um below the surface; in part (c), it has been moved — 1 um below
the surface. The effects of poor adhesion can be seen clearly. (After Bray et al. [14].)
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modulate the surface temperature of a solid. The consequent expansion and
contraction of the solid excites acoustic waves. which can be detected by a relatively
coarse acoustic transducer placed against the lower surface of the substrate. Acous-
tic waves can also be detected in the air or liquid medium above the substrate [20].
The images obtained are comparable in definition to those obtained with the optical
beam. Similar ideas are also being applied to design a scanned x-ray microscope.
The reader is referred to the proceedings of a conference on scanned image mi-
croscopy for further information on this subject [15].

3.3.3 Gaussian Beams and the Paraxial Equation

In Sec. 3.3.2 we showed that a spherical transducer produces a focused beam whose
diameter at the focal plane is determined by the initial angle of convergence of the
beam, and whose focal length is approximately equal to the radius of curvature of
the transducer, which determines the shape of the initial phase front of the wave.
The signal amplitude can vary rapidly along the axis and over radial cross sections.
As we have seen, this is because of the rapidly varying phase differences between
the rays emitted from neighboring points on the transducer; the more rapid the
phase variation with radius, the more closely spaced are the maxima and minima.
Thus at points near the transducer where the phase varies rapidly. both the axial
and radial variations of the field are rapid and large.

One way to overcome this difficulty is to taper the amplitude of excitation
of the transducer over its radius. It is clear that if the amplitude of the excitation
falls off monotonically away from the central axis, the outer rays will not be able
to cancel out the contributions from those near the axis; thus the field variation
along the axis and over a radial cross section will be much less. In fact, as we
shall show, a Gaussian taper gives the ideal amplitude variation, producing a beam
with a Gaussian profile whose fields vary smoothly in all directions.

Wave equation for paraxial beams. Gaussian beams have been exten-
sively studied in laser applications and are well understood {21-23]. For a lon-
gitudinal acoustic wave. we write the wave equation in the form

V2 + g + K =0 (3.3.59)

where V3 = 8%/x? + 3%8y*>. We define & as
o = f(r, 2)e /% (3.3.60)

Then we make the approximation that f(r, z) varies slowly enough that
|affaz| << |kf| and |9f79z3 << |kafidz|. In this case, Eq. (3.3.59) can be written
in the approximate form

Vif - 2jki-f = (3.3.61)
a9z

The usual treatment of laser optics is to obtain an exact solution of Eq.
(3.3.59); this solution has the profile of a Gaussian beam [21-23]. Here we shall
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adopt a different approach, which gives the same solution. We do this to better
understand the paraxial approximation and correlate the results with our earlier
derivation for spherical lenses. We use Eq. (3.1.35) and write the potential at any
point in the form

e—ikR

_ _1_” o o
d(x, y, 2) = o u,(x',y',0) R dx' dy (3.3.62)

We now make the paraxial approximation, writing R = z + [(x — x')2 + (y -
y')?)/2z, that is, we approximate the solution of the spherical wave equation ¢ =
exp (—JjkR)/R by writing

e—IkR  g—ikzg—jkl(x—x'Y+(y—y"))2z

— = - - (3.3.63)

Note that this approximate result is an exact solution of Eq. (3.3.61). We can
therefore use the paraxial approximation as the solution of Eq. (3.3.59), provided
that the beam profiles with which we are concerned have only relatively slow
variations in amplitude along the axis. In this case we can write Eq. (3.3.62) in
the form

e—jkz

&(x,y,2) = — ff u(x’, y', 0)e K —x¥+y=yV2z gy’ gy’ (3.3.64)

2mz

Gaussian beam. We now consider a beam with a Gaussian profile at the
plane z = 0. We shall show that the profile of this beam is Gaussian everywhere.
We take the initial displacement amplitude of the beam at z = 0 to be

U, = uge= P (3.3.65)

where wy is the effective radius at the 1/e point of the Gaussian profile.
We substitute Eq. (3.3.65) into Eq. (3.3.64) and write

— jkz oc <
&(x, 5, 2) = "‘fm f . f _[em ey (3.3.66)
X {e=iklx=xV+(y=yPV22} dy’ dy’
or
—jk(z+r22z) (= =
0,3 2) = = HE T [ [ by (3367

X [emikeex o e dy']

We complete the square in x’ and y’ in the argument of the exponential and
carry out the infinite integrals using the relation

f e~ dx = Vala (3.3.68)
We then find, after considerable algebra, that ¢(x, y, z) is symmetric about the z
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axis and can be written in the form

87, 2) = do s €Tkl (3.3.69)

This result is stated in terms of the following set of parameters:

2o =~ (3.3.70)
2
wi(z) = wg<1 + 33) (3.3.71)
n(z) = tan—lzi (3.3.72)
0
2
R(z) = z + ? (3.3.73)
and

—Jjkdo = U (3.3.74)

The parameters w(z), wy, z, and R(z) are illustrated in Fig. 3.3.16.

The potential varies smoothly along the axis and has a Gaussian amplitude
variation with radius at all values of z. The radius of the beam at the 1/e point is
w(z). For z >> z,, the surfaces of constant phase are where

r2
+ — = tant 3.3.7
z + 5~ = constan ( 5)

but the equation of a circle of radius R>> z,, centered on the origin in the region
where R >> r, is

2
R = z2+r2zz+% (3.3.76)
A comparison of Eq. (3.3.75) with Eq. (3.3.76) shows them to be identical in form.
Therefore, the surfaces of constant phase are spherical and of radius R when z >>
zo. Furthermore, Eq. (3.3.71) shows that the profile of the 1/e points of the beam

SURFACE OF
CONSTANT PHASE

1/¢ PROFILE

awy

TRANSDUCER

Figure 3.3.16 Profile of a Gaussian

? i beam emitted from a transducer at z =
- - f ] -— 2 — - f
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r = wis hyperbolic in shape, becoming a straight line in the regions where z >>
zo. Thus the half-angle 6 of the beam at the 1/e points is
A
0 = tan~! =2 ~ 2 (3.3.77)
2o TWo
We conclude that a Gaussian beam with an input half-angle 6 will have a
1/e width at the focus (i.e., minimum beam diameter) of

1 2\
d|=| = 2wy = — 3.3.7
r(e> Wo w0 ( 8)
If the exciting transducer intercepts the axis at z = —f, the relation between f and
w(f) is
wz 12 A W?' 172
f= 2z (-w—(z) - l) gy (‘;}(‘2) - 1) (3.3.79)

Thus we can regard f as the focal length of a Gaussian transducer whose coordinates
are defined by Eq. (3.3.79). The axial field drops by 3 dB from the maximum
where w = wy\/2 or at z = = z,, that is, the depth of focus is

2\

d,(3dB) = 2z, = gy

(3.3.80)

Apodization. A Gaussian beam would be very suitable for probing com-
plicated structures because of its relatively simple form; the problem is how to
produceit. In practice, the transducer cannot have an infinite width and a Gaussian
taper to infinity; its width must be finite. In optical systems, this finite width is
many wavelengths in extent, so the Gaussian taper is a very good approximation
to the truth. In acoustic systems, however, where the wavelength is larger, this
is not always the case.

We can use Eq. (3.3.64) to show that if the phase variation at a spherical
acoustic transducer located at z = —f is taken to be of the form exp [jk(x'? +
y'9))/2z, there will be no phase variation at the focal plane z = 0. Furthermore,
the amplitude variation at this focal plane [see Prob. 5 and Eq. (3.3.40)] is the
two-dimensional Fourier transform of the amplitude variation at the plane z =
—f. This argument leads to the conclusion that a Gaussian amplitude profile at
the transducer yields a Gaussian beam.

More generally, there are various types of aperture weightings that can form
a beam at the focal plane that is very much like a Gaussian beam. The excitation
obtained tends to be very close to that required for a Gaussian beam, but with a
finite step in u,(x’, y’, 0) or &(x’, y’, 0) to zero at the edges of the transducer.
One example of a commonly used taper in signal processing that is appropriate for
focusing, as discussed in Sec. 4.5, is Hamming weighting; this is also the one-
dimensional form u,(x"), which would have an amplitude at a cylindrical transducer
of the form

1

A(x') = 0.08 + 0.92 cosz% (3.3.81)
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A detailed study of the Fourier transform of A(x), which is also given in Sec.
4.5, leads to the conclusion that the Hamming taper is similar to the Gaussian
taper, but not as extreme. It yields a focal width 1.3 times the focal width for a
uniform amplitude excitation at the transducer, with a maximum first sidelobe leve]
of —4 dB, as compared to — 13 dB for the sinc X response obtained with a focused,
uniformly excited strip beam.

.. It is not easy to construct a Gaussian beam because it is not easy to taper the
amplitude of the beam. It is far simpler to make such transducers when an array
of separately excited elements is employed, for this allows us to excite each element
with the correct amplitude (see Sec. 3.5.2) [21]. Thus the technique for making
single transducers involves depositing electrodes on the piezoelectric substrate to
simulate such an array, and either exciting the electrodes with suitable amplitude
weighting or varying the area of the electrodes to simulate this weighting.

PROBLEM SET 3.3

1. In this problem we use some simple ways to estimate the 3-dB focal diameter and depth
of focus.

(a) Consider a spherical lens of radius a. Estimate the depth of focus for a point on
the axis by assuming that the 3-dB point is where the ray lengths R from a point
on the axis to the edge and from the same point on the axis to the center of the
lens differ by 2. Compare your result with Eq. (3.3.27).

(b) Estimate the diameter of the beam at the 3-dB points d,(3 dB) by finding the
condition at the focal plane for which R(max) — R(min) = A/2. In both cases you
will find it convenient to use Eq. (3.3.5).

(c) Consider a hollow beam from an annular ring focused transducer that extends from
r = ator = b. Using the methods of parts (a) and (b), estimate the depth of
focus and the 3-dB width of the beam when b — a << a. Compare your estimate
of the 3-dB width of the beam with the exact solution for (b — a) — 0.

2. (a) Consider an annular ring focused transducer (i.e., part of a sphere of radius 2z,
extending from r = ator = b). Discuss, physically, why the depth of focus becomes
infinite as b — a. To do this, consider the fields at any point on the axis due to rays
arriving from the transducer. By tracing these rays to the focal plane z = z,, show,
physically, that there will be considerable energy on the sidelobes at the plane z =
2o.

(b) If b — a << a, use Eq. (3.3.7) to work out the total power in the main lobe of the
beam at its focal plane, where the main lobe is defined as being the region between
the first zero-amplitude points. Compare this with the total power P(total) supplied
to the beam at z = 0 (assume that the acoustic impedance is the plane wave imped-
ance). Find

_ P(total) — P(main lobe)  P(sidelobe)
B P(main lobe) ~ P(main lobe)
and show that the parameter S — = as (b — a)/a— 0. You will need the relation

S

Xm

Xz
XJ§(eX) = == Ji(eX,)

where J(@X,,) = 0, X, = 2.405, and J,(aX,) = 0.520.

210 Wave Propagation with Finite Exciting Sources Chap. 3



3. (a) Generalize Eq. (3.3.6) to determine the signal received at r. z. & due to the excitation
u(r', ¥') [exp (—jkR,| at 7' ', z,.

(b) Use the method of stationary phase, as described in Appendix G. to show that the
main contribution of the signal arriving at r, & comes from r,, g, where the phase
® is such that (6d/dr') = 0 and (6®/3¢’) = 0. Show that r, ¢ lies on the optical ray
path from r,, ;. This resultis, in fact, the mathematical justification for ray tracing.

(c) Following through with the method of stationary phase, carry out a Tayior expansion
in terms up to (Y’ — W) and (' — rg)* to find the amplitude of the beam at r, ¢,
and compare your result with what you would expect from geometrical optics. This
result gives a complete justification of ray tracing theory.

(d) Discuss why this type of theory breaks down near the focus or when ka is small.

4. Prove Eq. (3.3.69) from Eq. (3.3.67) by carrying through the algebra.
5. An acoustic beam is excited at z = 0 with an amplitude

u(r,0) = A(r)err

(a) Find the focal point of this beam using the paraxial theory of Sec. 3.3.3.
(b) Assuming that the beam is excited with a Gaussian amplitude profile A(r') = exp

[—(r'/w)?], findthe profile of thebeamat the focal plane. Youwillfind it convenient
to write

recosy =x'

rsing’ =y’
rcosy =x
rsingy =y

and to work out your results in Cartesian coordinates using Eq. (3.3.64).

6. Suppose that we construct a reflection acoustic microscope with a sapphire lens, using
a liquid indium—gallium mixture as the operating medium, to observe internal cracks
in Pyrex glass. The incident wave in the liquid excites a shear wave in the glass. For
an operating frequency of 500 MHz, a spherical lens with an acceptance angle of 8, =
45°is employed. Estimate the Sparrow definition of the microscope and the 3-dB depth
of focus of the scanning system.

Note: For the depth of focus, you will need to modify the usual depth of focus formula
to account for the fact that the lenses are used twice [see Eq. (3.3.52)].

Indium-gallium: V, = 2.8 km/s
Pyrex glass: V, = 3.28 km/s
Sapphire: V, = 11 km/s

7. Consider the solution of Eq. (3.3.61) for the beam from a flat piston transducer. Use
the paraxial forms for the expression of Eq. (3.2.62) [see Eq. (3.2.5)] for the potential
on axis for a flat piston transducer to find the potential at a point r. z by writing

f(r.z) = fo(2) + Pfa(2) + r¥f(2) + . ..

and equating terms of equal power in r in Eq. (3.3.61). You will find it convenient to

write Eq. (3.3.61) in the form
li(r-éz) - ‘.ijg =0
ror or a9z

Sec. 3.3 Focused Transducers 211



(a) By expanding f(r, z) to fourth order in r, find the value of r for the 3-dB point at
z = a*/\. How does this compare with the exact result (r = 0.35a) and with the
result of an expansion to second order?

(b) By writing f, in terms of f;, show that the potential initially increases with r at the
planes where dfyd(z) = 0 and d%/dz? is positive (i.e., where there is a minimum
potential on the axis).

8. Use the method of Prob. 7 to calculate the potential in the neighborhood of the focus
of a spherical lens. It is convenient to employ Eq. (3.3.25) in the approximate form
of Eq. (3.3.29). Keep only second-order terms in r and z by using the approximation
that near the focus, sinc X = 1 — #2X?%6. Show that to this degree of approximation,
the contours of constant amplitude are ellipsoids.

(a) Find the ratio of the major to minor axes of the ellipsoids when the amplitude of
the potential on the surface of each ellipsoid is reduced to k times its maximum
value at the focus.

(b) Find the phase variation of the potential along the surface of an ellipsoid of constant
K.

9. Consider the situation shown in Fig. 3.3.13, where rays normal to the surface of the
substrate and at the Rayleigh angle to the substrate excite return echoes.

(a) Assuming that the wave velocity in the lens material is infinite, work out, by ray
tracing, the time-delay difference T between the two sets of echoes. Give your
result in terms of the Rayleigh wave velocity Vg, the velocity in water V,, and the
radius a of the lens. Take the focal point to be at a depth h below the surface of
the substrate.

Answer:
2h

T=VW

(1 — cos 8g)
(b) Assuming that a CW signal of frequency w/2w is being used to excite the lens, work
out expressions for the values of 4 at the points where the output signal is maximum
or minimum. Suggest how this information could be used to determine V.
10. (a) By expanding sinc X to second order in X, use Eq. (3.3.25) to find the form of the
potential on the axis of a spherical lens near the geometrical focus z = z,, Writing
z/z, = p, differentiate with respect to p and find where the potential on axis is
maximum. This is the true geometrical focus z = ffor the lens.
(b) Find an approximate expression for Z(f) from your result.
(c¢) Compare your results with the exact solution of Fig. 3.3.8 for § = 0.2, § = 0.5,
and § = 1.

3.4 PULSED EXCITATION OF TRANSDUCERS

In Sec. 3.2.1 we showed that there are relatively rapid variations of the fields in
the Fresnel region and slower variations, with distance and angle, in the Fraunhofer
region. These field variations are associated with phase differences of the rays
that reach a given point from the transducer. When a transducer is excited with
a short pulse that is only one or two RF cycles long, some of these phase cancel-
lations and additions disappear and the response becomes smoother. For instance,
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the nulls found on the axis in the CW case disappear, to be replaced by minima
in the pressure profile, and the variation of the fields across the beam are smoother.

In this section we carry out the analysis for pulsed excitation in a liquid. For
simplicity and for consistency with the literature, we shall derive our results in
terms of the initial velocity excitation of the transducer face, and determine the
pressure at a point z, 7, 6 in space. We shall show that when a transducer is
excited uniformly across its face, the signal received at the point z, r, 6 is strictly
dependent on the distance of this point from the nearest and farthest points on the
transducer. The length of the signal received at z, r, 6 depends on the time
difference between the rays from these two points.

The particle velocity can be written in the form

v= -V (3.4.1)

with ¢ = —odd/at defined as the Rayleigh velocity potential.t Then, from the
Green’s function theory [Eq. (3.1.36)], it follows that

1 [ v(t — R/V)
2w Js R ds

where s is defined as the area of the transducer and v(¢t — R/V) is the velocity of
the transducer face at a time ¢t — R/V.
The equation of motion for a liquid can be written in the form

U = (3.4.2)

av
Vp = —pmo— (3.4.3)
ot
wherep = =T, = —T, = —T;is the pressure. It follows from Eqgs. (3.4.1) and
(3.4.3) that
kg

P = prasy (3.4.4)

where p is the pressure in the liquid.

Transient response on- and off-axis of a piston resonator. We now
consider the transient response on the axis of a cylindrical piston transducer. We
assume that the velocity V(r) at the transducer is symmetric about the axis. Equa-
tion (3.4.2) is written in the form

f* v — RIV)
= ’ d ’ i
b= R (3.4.5)
Putting R?> = r'2 + z2and R dR = r' dr', it follows that
VZZ+al R
U = f v(t - ‘—1) dR (3.4.6)
tNote that the use of a minus sign with v = —Vy agrees with the definition for the velocity

potential used by Lord Rayleigh.
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If the transducer is excited by an extremely short velocity pulse of amplitude
v, and length 7, then Eq. (3.4.6) implies that at the plane z, the potential on-axis
(0, z) will be of constant amplitude Tv,V and finite in the time range z/V < t <
(22 + a?)V?/V, that is, from the time the initial ray along the axis reaches point 0,
z to the time the last ray from the edge of the transducer reaches the same point.

The pressure p at the point 0, z is the differential with respect to time of the
velocity potential. Thus we can write

22+ a2 a R
p = p,,,ofz o [v(t - ‘{'/)] dR (3.4.7)

or differentiate ¢ directly to find p. Writing dv/dt = — V(3v/dR), it follows that

p= p,,,OV{v<t - %) - v[z - —(iz—%/—ﬂf]} (3.4.8)

Fresnel region. Equation (3.4.8) shows that the pressure at the point z
due to an initial short velocity pulse v, of length 7 consists of a positive pulse
followed by a negative pulse, with the pulses delayed from each other by a time
T, where

T = (22 + a®)¥? - z a?

Vv 2zV

We have assumed in this derivation that T >> 7 or a¥/2z >> V71, which corresponds
to the observer being in the Fresnel, or near-field, region. These results are
illustrated in Fig. 3.4.1. In this case, it follows from Eq. (3.4.8) that the pressure
pulses have equal and opposite amplitudes of value

Pl = PmovoV (3.4.10)

where v is the initial pulse amplitude. Hence, on-axis, the pressure in the Fresnel
region does not vary with z.

Another way of looking at this result, which gives a great deal of physical
insight into the behavior of pulsed transducers, has been given by Weight and

(3.4.9)
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Hayman [24]. They suggest that there are two contributions to the signal, a plane
wave and an edge wave. Consider a point r, z, which is off-axis with r < a. When
the transducer is excited by a short pulse, there is a contribution to p from the
nearest point to the receiver delayed by atime T = z/v. There will be contributions
of opposite sign from points on the edge of the transducer, as we have described.
Thus it is as though two types of waves are excited: (1) a quasi-plane wave, excited
by the main surface of the transducer, whose amplitude is independent of r when
r < a; and (2) following signals from the edge of the transducer, known as edge
waves, which are of opposite sign from the quasi-plane wave pulse and delayed by
a time ¢t = R/v, where R is the distance between the receiving point and a point
on the edge of the transducer. We observe that the quasi-plane wave contribution
does not exist at points r, z where r > a.

This concept has been generalized to deal with waves excited by a transducer
in contact with the surface of a solid. In this case, a longitudinal wave transducer,
for example, can excite longitudinal and shear edge waves, as well as surface waves.
When a finite-length pulse is used, the output can be calculated by taking the
convolution of the exciting signal with the calculated response to a very short pulse.

Fraunhofer region. In the Fraunhofer region, where a2z << V=, the
pulses overlap and tend to cancel each other out. These results are illustrated in
Fig. 3.4.2. From Eq. (3.4.8) it follows that with a> << 22 and 4?2z << V7, the
pressure consists of two short pulses of opposite sign of length a%/2zV and amplitude
p.0V Vo, separated by a time 7, as illustrated in Fig. 3.4.2. The velocity potential
is the negative integral of the pressure pulse, and corresponds to a positive pulse
of length T and amplitude ¥, defined as

Voa?

> (3.4.11)

"

We see that the potential falls off as 1/z, as we might expect.

~
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I | Figure 3.4.2 Exciting and received sig-
J ] nals on-axis in the Fraunhofer region
] | when a transducer is excited with a
I ‘ ' short pulse of length 7.
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AMPLITUDE

Excitation with atone burst. The picture becomes clearer when the trans-
ducer is excited by an RF tone burst of constant amplitude, perhaps several RF
cycles long. On the axis in the Fresnel, or near-field, region (defined at the
frequency of the tone burst), the arriving signal corresponds to two tone bursts of
opposite sign, delayed from each other by the time difference T = a?/2zV. In the
Fresnel zone, at a point where the pressure is normally at a maximum, these two
tone bursts catch up to each other and add where they overlap, thus doubling the
amplitude of the signal. At a CW pressure minimum, the overlapping tone bursts
tend to cancel each other out. In the Fraunhofer, or far-field, region, the over-
lapping tone bursts are out of phase, and the signal amplitude is reduced.

Numerical calculations of this type have been made by Robinson et al. [25],
Beaver [26], and Tancrell et al. [27]. Beaver has carried out the calculations for
an exciting waveform one RF cycle long, as shown in Fig. 3.4.3. He assumed in
his calculations a piston of radius 5A.

Beaver has also carried out the calculations at different axial distances to
account for the pressure variation over the radial cross section. As we might
expect, the plane wave signals arriving from the transducer surface are essentially
undistorted, while those from its edge add out of phase because of their different
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Figure 3.4.3 Sonic-field amplitude verus radius for various normalized axial positions Z
expressed in wavelengths. Z = 25 corresponds to the Fresnel length S = 1. The CW field
profile is shown by the dashed-line plots. (a) A 5.0\ radius piston, type I pulse (half an RF
cycle); (b) a 5.0\ radius piston, type II (one full RF cycle); (c) a 5.0\ radius piston, type III
pulse (four RF cycles). (After Beaver [26].)
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time delays. At points off-axis, there is always a strong signal from the plane wave
component, with a relatively weak signal arriving from the edge of the transducer.

Beaver calculated how the pressure varies with axial position for signals, or
tone bursts, that he calls types I, II, and III, which correspond to half an RF cycle,
one full RF cycle, and four RF cycles long, respectively. These are compared to
the CW results in Fig. 3.4.3. As we might expect, the pressure variation with
radius tends to be smoothed out by the use of short pulses. This is because there
is very little interference between the RF signals that arrive from different parts
of the transducer when short exciting pulses are used. As a result, when short-
pulse excitation is employed, the field variations are smoother and the pronounced
maxima and minima observed in the CW case tend to disappear. Thus experiments
carried out with short RF pulses are in some ways not as difficult to interpret as
those that employ long RF pulses. '

Tancrell et al. obtained a very similar set of results for a rectangular transducer
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Figure3.4.4 Far-field pattern for CW radiation and for a four-cycle exciting pulse,
showing the time waveform at locations corresponding to the CW null and the CW
sidelobe. (After Tancrell et al. [27].)
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[27). In Fig. 3.4.4, the pulse shapes obtained confirm the general picture given
by Figs. 3.4.1 and 3.4.2. For several cycle-exciting pulses, the signals on axis in
the far field tend to add, thus making the center three cycles larger than the ends
of the pulse. At a CW null in the far field, however, the signals tend to cancel,
except where they fail to overlap. Once more at a sidelobe maximum, they tend
to add where they overlap, but are smaller where they do not. The maximum
time-delay differences of the signals arriving at a particular point are determined
by the distances of the nearest and farthest rays to the transducer from that point.
The extremal rays arriving at a point on axis correspond to a ray from the center
and another from the edge, but for a point far off the axis, the extremal rays
correspond to those from each edge of the transducer.

PROBLEM SET 3.4

1. Consider a spherical transducer excited by a short unipolar positive velocity pulse. Work
out the form of the pulses to be expected on axis, both in front of the optical focal point,
at the optical focal point, and beyond the focal point. Show that the sign of the pulse
changes from one side of the focal plane to the other. You will need to generalize the
results of Eq. (3.4.8) using Eqgs. (3.3.7) and (3.3.24).

3.5 LENSLESS ACOUSTIC IMAGING
3.5.1 Introduction

A. Applications of Acoustic Imaging

In Sec. 3.3.2 we described the scanned acoustic microscope, which employs
a physical lens and mechanical scanning to produce high-quality acoustic images.
Here we will emphasize an alternative approach to the problem, by reviewing other
methods of acoustic imaging that use acoustic waves to probe a material and produce
avisual image of its internal structure. We will describe how electronically scanned
arrays and other synthetic imaging techniques, such as acoustic holography, can
replace the physical lenses normally employed in optics. Such techniques give far
more flexibility and speed, and tend to eliminate some of the difficulties due to
internal reflections that are associated with physical lenses, but with the penalty
of considerable complexity. They are used to detect flaws in materials and probing
the human body in medical diagnostics; they are also employed in sonar systems
for visualizing objects in the sea.

Because of their complexity, most of the work on electronically scanned
imaging has been limited to two-dimensional systems. These systems typically
have good definition in one transverse dimension, the x direction, and good range
resolution in the z direction, but definition in the other transverse dimension, the
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y direction, is relatively poor. For this reason, much of our analysis will be limited
to one-dimensional array systems.

In the nondestructive testing (NDT) field, the standard techniques employed
for inspection of solid parts have included x-rays, radiographics, and acoustics,
eddy current testing in metals, and dye penetrants. Noninvasive techniques cur-
rently employed in clinical testing include radiographic and acoustic methods and,
to a more limited extent, infrared detection. Radiological techniques have, of
course, been used in both medical and NDT applications for many years, with the
major advantage that the resultant pictures are in a familar form. However, they
also have several disadvantages. The most serious, of course, is the potential
danger to human beings associated with ionizing radiation: for example, X-rays
cannot safely be used to examine the fetus of a pregnant woman. In addition,
radiological techniques are difficult to apply to moving objects, such as the valves
in the heart. Neither are they suited to large metallic structures because of the
highly penetrating radiation they require, which, as well as being dangerous, is
also difficult to use, because it takes very large apparatus and requires the area
where the structure is examined to be cleared of all personnel.

Acoustic waves can penetrate both the body and large metal structures without
difficulty. They measure mechanical or elastic properties, which, in the NDT case,
are directly associated with the strength and life of the structure. In the medical
case, these properties are related to the elastic and mechanical properties of the
body, which are of direct clinical interest.

We can gain important insights into the nature of the images obtained with
acoustic waves from an understanding of acoustic wave propagation. An acoustic
image will not have the familiar form of an optical image, which is a serious problem.
As an example, we expect the optically displayed acoustic image of a sphere to
look more complicated and less familiar than the optical image, for several reasons.
First, most materials are at least partially transparent to acoustic waves, whereas
an optical image normally corresponds to the visualization of the surface of an
object. Visually, we can see only the surface of the body. An acoustic wave,
however, sees its entire interior, including all the regions through which it passes,
as though the object were semitransparent. This phenomenon complicates the
nature of the image, as well as giving more information than is optically observable.

A second problem associated with acoustic wave imaging is that acoustic waves
are usually excited by signals with a relatively narrow bandwidth. Thus, as dis-
cussed in Sec. 3.3.1, the same problems that occur when observing objects with
laser illumination—namely, interference rings and speckle—also are observed in
acoustic images. This again makes an acoustic image more difficult to recognize
than the optical image we are used to.

A third important phenomenon in NDT is that both longitudinal and shear
waves can propagate in the same medium. When, for instance, a longitudinal
acoustic wave is reflected from an arbitrary object, it can give rise to both longi-
tudinal and shear reflected waves. Suppose, for instance, that we want to obtain
an image of a simple object such as a spherical defect in a solid. As discussed in
Sec. 3.6, we expect to see signals reflected from its front face, as well as both shear
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and longitudinal waves, which pass through its interior, reflected from its back
face. Thus the images obtained from even as simple an object as a sphere may
be considerably more complicated than the equivalent optical images, and less easy
to recognize.

One advantage of acoustical techniques is the ease with which extremely short
acoustic pulses, one or two RF cycles long, can be employed. Consequently, good
range definition can be obtained relatively easily with acoustics, whereas the range
definition in optics is dictated essentially by the depth of focus of a lens. Thus an
important advantage of acoustic imaging is that we can differentiate image planes
at different distances from the transmitter by using short pulses. In Sec. 3.4 we
reexamined some of the concepts of acoustic wave propagation to take account of
transient phenomena that are not normally of importance in optics.

Because this new acoustic technology produces images that are not always
easily recognizable to an untrained observer, it has taken time to be adopted in
practice. As an example, a large background of clinical experience has long existed
for the use of x-ray techniques in medicine; a similar body of experience with
acoustic imaging had to be developed before acoustic methods could be put into
widespread use in medical diagnosis.

B. A-Scan, B-Scan, and C-Scan Imaging

Before discussing imaging systems, it is worth reviewing the standard acoustic
techniques employed in NDT and medical diagnosis. In the simplest and most
common NDT applications, a simple, single piezoelectric transducer is used to
excite an acoustic wave in the object being examined. Commonly, the transducer
is placed in a water bath and the acoustic wave excited by the transducer propagates
through the water and into the object. The advantage of this technique is that
the transducer is readily movable. However, because there is a large impedance
mismatch between the water and the metal, the system may also be relatively
inefficient in NDT applications.

A-scan. A second technique, illustrated schematically in Fig. 3.5.1, is to
place the transducer directly against the solid material to be examined, making
contact between the transducer and the sample with grease or a thin layer of rubber.
This technique is particularly convenient in medical diagnostic applications because
of the flexibility of the human body and the consequent ease with which such
contact can be made with it.

Now suppose that the acoustic transducer is excited by a short electrical pulse.
If the transducer is correctly designed, it will emit an acoustic pulse of length 1,
= 1/Af determined by the bandwidth Af of the transducer. The generated acoustic
pulse passes into the object and is reflected by the acoustic impedance disconti-
nuities caused by the presence of flaws or internal structures of the body. The
return echo signal is received at the transducer and is amplified and displayed as
a function of time on an oscilloscope. The time delay of the echo is T = 2z/V,
where z is the distance of the flaw from the surface and V is the acoustic wave
velocity in the material being examined. Thus the distance of the flaw from the
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surface or its range can be determined from the time delay of the pulse observed
on the oscillocope. The accuracy of the measurement of the range definition is
determined by the pulse length 7, and is Az, = V=,/2. Furthermore, the amplitude
of the return echo depends on the size and shape of the flaw, so that a rough
estimate of the size of the flaw can be obtained by measuring the amplitude of the
return echo. This technique is known as the amplitude scan, or the A-scan,
technique.

By moving the transducer along the surface of the object being examined,
various flaws can be detected while the A-scan information is being obtained, as
shown in Fig. 3.5.1. Thus we can detect the transverse position of flaws, although
the definition of the system in the transverse direction will be dictated basically by
the size of the transducer. If the distance z of the flaw from the transducer is such
that z >> a?%\, where a is the radius of the transducer and A is the wavelength of
the center frequency of the pulse, then, because of diffraction, the transducer
behaves almost like a point source, with the beam diameter at the flaw tending to
be much larger than that of the transducer. If, on the other hand, the flaw is in
the near field of the transducer (z << a?/A), the transverse definition is comparable
to the radius of the transducer. Thus we obtain the best definition when the
transducer diameter is chosen so that the flaw is located roughly at the boundary
between the near and far fields of the transducer. This typically means that the
definition in the transverse direction will be relatively crude, of the order of 1 cm
at operating frequencies of a few megahertz. The definition can be improved by
using a focused sransducer; however, this will give good definition over only a
limited range, the extent of which is determined by the depth of focus of the lens,
as discussed in Sec. 3.2.
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Although the transverse definition is limited, the range definition of such an
A-scan system can be relatively accurate, as we have seen, because it is dictated
by the length of the pulse. Such a device is normally used with a baseband pulse
only two or three cycles long, with a transducer whose bandwidth is comparable
to its center frequency; this is different from the conventional radar systems, which
use a relatively long tone burst. At low frequencies, the definition is poor. As
the frequency is increased to improve the definition, however, the attenuation of
the signal in most solids typically increases as the square of the frequency, so that
there is a limit to the upper frequency that can be used. Thus the larger the
structures, the lower the frequency and hence the poorer the definition that can
be obtained.

For nondestructive testing of materials such as nuclear reactor steel, where
the walls of the reactor may be as much as 25 cm thick, the operating frequencies
employed are of the order of 2.25 MHz. As the acoustic velocity of longitudinal
waves in such materials is approximately 6 km/s, the best range definition that can
be obtained is of the order of 3 to S mm, and the transverse definition will be
several times worse. In aircraft materials, such as titanium or aluminum, fre-
quencies as high as 20 MHz may be used, with a correspondingly better definition.
Frequencies as high as 400 MHz have been employed for examining structural
ceramics, yielding a definition of the order of 25 pm (V = 10° cm/s). Still higher
frequencies, in the range 2 to 3 GHz, have been used to image integrated circuits
with the acoustic microscope.

Similarly, in medical diagnostics, the maximum usable frequency for acoustic
waves to penetrate as much as 20 cm into the human body is of the order of 2 to
5 MHz, because the attenuation in body tissue is approximately 0.8 dB/cm MHz
and varies linearly with frequency. Higher frequencies are used to observe shal-
lower objects, such as the internal organs of children, for instance, or the carotid
artery near the body surface. Similarly, for observations of the human eye, which
is less than 3 cm in extent, relatively high frequencies, in the range 10 to 20 MHz,
can be employed. The scale is reduced still further for observing body cells and
thin layers of tissue, where, as we have discussed in Sec. 3.3.2, very high frequen-
cies, in the range 1 to 8 GHz, can be employed.

B-scan. A disadvantage of the A-scan method is that it is slow and tedious
to use. Only one line of amplitude information can be observed at a time, and
although mechanical means can be used to move a transducer relatively rapidly,
this results in large amounts of information that must still be interpreted by a
human operator.

An alternative technique is the brightness scan, or the B-scan, method, in
which the return echo signal is used to modulate the intensity of the spot on an
oscilloscope, while the time delay is represented by the horizontal position of the
shot and the mechanical position along the surface of the object is represented by
the vertical position of the spot on the oscilloscope. By this means, a crude picture
of the structure within the material can be presented, as illustrated in Fig. 3.5.1.

The problem here is that few structures are completely flat, and it is difficult
to make contact over very large regions with those that are not flat. Thus B-scan
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Figure 3.5.2 Scanning arrangement for a static medical B-scan system. (After
Maginness [29].)

imaging is not often employed in NDT applications. On the other hand, the
technique has been useful in the medical field because a greased transducer can
make contact with the body very easily. Because the body itself is flexible, the
transducer can be moved around it and tilted to direct the beam in an arbitrary
direction.

The B-scan static medical imaging system illustrated in Fig. 3.5.2 employs a
single fixed-focus transducer, typically focused to a point in the middle of the view
region. The transducer is supported from a mechanical arm and can be moved
along the body surface and tilted at will. Position data are encoded by the me-
chanical arm system, which makes it possible to display the reflected echo as an
intensity display; a single point on the body always appears in the same position
on the cathode ray tube. An image of a cross section perpendicular to the body
surface is obtained. The transverse and range definition of the system are deter-
mined in part by the size of the transducer and in part by the play in the mechanical
system, which can often be as poor as 1 cm. Although the mecharical system
could be improved with enough care in design, the static B-scan system has been
replaced by real-time systems in which the image is obtained at frame rates of at
least 15 Hz.

C-scan. A third technique, illustrated in Fig. 3.5.3(a), is to employ trans-
mission imaging in the C-scan mode to form an image in a plane that is perpendicular
to the direction of propagation of the acoustic beam. For example, a focused
transducer can be used to transmit an acoustic beam through the object of interest.
A thin object is placed at the focus of the acoustic beam, which is received by a
second confocal focused receiving transducer. The object is then mechanically
scanned across the beam, while the beam itself is moved back and forth, to create
a raster scan. The amplitude of the received signal is used to vary the intensity
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of a light spot and is displayed and recorded on either a TV screen or paper. The
advantage of this method is that it gives good definition and a high-quality trans-
mission image of sheet metal and other thin objects. An acoustic transmission
microscope of the type described in Sec. 3.3.2 is a good example of the use of this
technique.

The same C-scan technique is also employed for reflection imaging (as in the
acoustic microscope), using a single transducer as transmitter and receiver. Figure
3.5.4 shows an example of such a reflection mode scan taken of an impact damaged
fiber epoxy composite by Khuri-Yakub and Reinholdtsen with an F 0.9 transducer
operating at 3 MHz [30]. The depth of focus of this transducer is small, so that
damage to layers at different depths can be found by moving the transducer up or
down to focus on the different layers.

C. Focusing Systems and High-Speed Scanning

By now it is apparent that two improvements in acoustic imaging techniques
are needed. First, the process must be speeded up by using high-speed mechanical
scanning or electronic scanning. Second, the acoustic beam must be focused so
that both good transverse definition and range resolution through the depth of a
thick sample can be obtained. The problem with focusing an acoustic beam is
that, to do this, a physical lens must be immersed in a medium that can propagate
acoustic waves. Typically, this medium is water, which means that for low-fre-
quency imaging systems operating in the megahertz range, where the propagation
path may be 10 cm or more, the imaging system tends to be very bulky and heavy
when a very tight focus is required. However, a weakly focused lens with a large
depth of focus may be made by using a small spherically shaped transducer. On
the other hand, for very high frequencies in the gigahertz range, the lenses and
water path are very small. Thus physical lenses have been used very successfully
to obtain good definition in the acoustic microscope.

Figure 3.5.4 Impact-damaged fiber
epoxy composite material. (Courtesy
of B. T. Khuri-Yakub.)
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A major difficulty with static B-scan imaging is the slow speed at which the
image is formed. This requires use of a storage oscilloscope display with a very
poor gray scale (the number of shades of contrast between black and white) or the
use of an electronic scan-converter and storage system. In either case, slowly
scanned B-scan devices are not suitable for observing rapidly moving targets, such
as a moving heart valve, and may even have problems observing a patient who is
breathing normally rather than holding his or her breath.

Figure 3.5.5 shows a very successful approach to high-speed imaging, which
combines B-scan imaging with a high-speed mechanically scanned system that has
a radial sector scan format. This technique is now being used by several manu-
facturers. A small transducer 1 to 2 cm in diameter is mounted in a small liquid
bath in a plastic enclosure, one surface of which is placed against the body. The
transducer itself is vibrated back and forth over an angular range of the order of
+30° or more. This provides an excellent picture with a frame rate of the order
of 15 to 30 Hz. By using more than one transducer and switching between them,
the effective frame rate and the angle of the scan can be increased. The transverse
definition over the region of most interest can be improved by using focused
transducers, focused at the center of the range. At the present time, mechanical
scan systems of this type are relatively low in cost compared to the highly complex,
electronically focused systems that provide good focusing at all ranges but in only
one transverse direction.

Elimination of physical lenses. It is desirable to eliminate physical lens
systems because of the problem of varying their focal length and because of their
size. Two techniques have been employed for this purpose. The first is holog-
raphy, a lensless system that uses optical or computer reconstruction techniques
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Figure 3.5.5 Mechanically scanned B-
scan system with a radial sector scan.
(After Maginness [29].)
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to synthesize the phase change made by a lens. The second uses an array of
transducers and processes the signals arriving at them, to make the array behave
like an electronically focused lens.

The holographic system typically provides good transverse definition in both
directions, but its range definition is limited to essentially the depth of focus of the
equivalent lens. Furthermore, holographic systems tend to be complicated, costly,
and inconvenient. The use of a water bath in some versions makes them insensitive
and unwieldy. Other mechanically scanned versions are slow and inconvenient
because optical photos of the holograms must be exposed and developed.

An electronically scanned system can provide good range resolution as well
as good transverse resolution. Its disadvantages, however, are its great complexity
and the large number of transducer elements and electronic components it requires;
the quantity must often be limited by economic considerations, which means that
the system usually gives good definition in only two dimensions: normally, range
and one transverse dimension. One advantage, however, of using an array to
provide electronic scanning over the face of the object, rather than mechanical
scanning, is that it speeds up the process of forming an image, since a single
mechanically scanned transducer is now replaced with an array of small transducers
in which the signal can be switched electronically from one element to another,
with the speed controlled by the electronic switching rather than by a relatively
slow mechanical scan.

As an example, consider the transmission system illustrated in Fig. 3.5.3(b),
using an N-element array, which transmits a cylindrically focused beam through a
thin object to a similarly focused receiver array or the other side of the object. If
the system is mechanically scanned at right angles to the electronic scan, we expect
the speed of the scan to be increased by a factor N. The electronic scan rate is
extremely fast, and mechanical scanning is carried out in only one direction, not
two. We shall describe later how such improvements in scan speed have, in fact,
been obtained.

Physical lens. To understand which components are needed for an elec-
tronically focused and scanned array or for a holographic system, let us first consider
the action of a physical lens, which focuses the signal received from one point on
an object onto the plane of a single large-area transducer, as shown in Fig. 3.5.6(a).
The physical lens delays the rays passing through it so that all rays reaching the
transducer from the focal point suffer the same phase and time delays. Thus if
an object at this point is illuminated by a short pulse, all signals arrive at the
transducer at the same time and with the same phase.

Time-delay focusing. To carry out this process electronically, all the sig-
nals received by the individual array elements must be delayed in such a way that
they can be added to each other. The simplest way to do this, conceptually, is to
connect electrical delay lines to each element of the array so that a pulsed RF
signal emitted from a point on the object will arrive at the receiver, with all pulses
passing through each element of the array arriving at the same time at a common
sum line, as illustrated in Fig. 3.5.6(b). There will therefore be a strong response

Sec. 3.5 Lensless Acoustic Imaging 227



INSONIFIED

OBJECT

SPATIALLY
COHERENT
LENS | OUTPUT

'_| TRANSDUCER

i

v

Figure 3.5.6 (a) Rays passing through
a physical lens to a plane transducer;

! (b) time-delay system for focusing; (c)
(C) PHASE FOCUS phase-delay system for focusing.

from the point P on the object, but the signals from some other point will arrive
at different times and be out of phase. We call this a time-delay imaging system.

Phase-delay focusing. The phase-delay system, illustrated in Fig. 3.5.6(c),
is often simpler to implement. An RF pulse several cycles long, arriving from a
point in the object, passes through the individual transducer elements and into a
phase-delay instead of a time-delay system. In this case, the nth RF cycle from
one element can be added to the (n + 1)th RF cycle from another array element.
Thus all signals from the array elements can be added to give a strong output
corresponding to the point of interest. The rays emitted from any other point will
give signals that will arrive out of phase, so the sum of the signals from the receiver
elements will be relatively small. The disadvantage of such a phase-delay system
is that it requires an RF pulse that is several RF cycles long. The range definition
of the system therefore tends to be worse than that for a system in which the time
delays of the signals arriving from all elements are equal; in the latter case, the
RF pulse can be only one or two cycles long.

The change in phase required in a phase imaging system can be provided by
phase changes in the transducer itself, for example, the Fresnel transducer, de-

228 Wave Propagation with Finite Exciting Sources Chap. 3



scribed in Sec. 3.5.3.A, or by mixing a reference signal with the signal arriving at
the transducer. These two signals can be multiplied together in a mixer to produce
an output at the sum or difference frequencies. The phases of the two input signals
are similarly added or subtracted. It follows that if signals with the correct ref-
erence phases can be inserted into the mixers, they can compensate for the phase
differences of the different signals arriving at the transducers from a point on the
object. Therefore, the outputs from the mixers will all be in phase.

Alternatively, in one form of a holographic system, the mixing can be ac-
complished in two steps. Two signals of the same frequency, one scattered from
an object in water and one a reference acoustic beam, are incident on the surface
of a water bath. The static sound pressure, which is proportional to the square
of the total incident signal amplitude, modulates the height of the surface of the
water bath. Thus there is a spatial variation in the height of the water that is
proportional to the product signal from the reference and the object and depends
on the phase difference between the two waves. To reconstruct an image, a laser
beam is reflected from the surface of the water bath and is deflected by the surface
ripple. When a point in the water bath is to be observed, the laser beam deflected
from the water surface is passed through an optical lens, which focuses it to an
equivalent image point. More generally, the object illuminated by an acoustic
beam in the water tank is reproduced as an optical image. This system will be
described in more detail in Sec. 3.5.6.

3.5.2 Basic Imaging Theory

A. Matched Filter Concepts

The focusing systems discussed in Sec. 3.3, which use physical lenses or
spherically shaped transducers, and those in Sec. 3.5.1, which use electronic fo-
cusing or holographic imaging, are all examples of matched filters. Here we will
discuss how physical, electronic, or holographic lenses can be regarded as spatial
matched filters for a spatially varying input signal.

For simplicity, we consider initially a two-dimensional receiver system with
a line source of radian frequency w at the point x, z, as illustrated in Fig. 3.5.7.
Ideally, the acoustic imaging system must be able to reconstruct this line source
as a d function (line) in space.

A common way to study a signal processing system is to consider the response
of the system to an impulse or mathematical delta function. As we show in Sec.
4.3, if the system has a response f(r), the optimum signal-to-noise ratio or maximum
peak signal (i.e., the best approximation to a 3 function) can be obtained by passing
the output of the system through a matched filter with a response f*(—1).

By analogy, the signal arriving at the plane x’, 0 from a line source at x, z is
of the form f(x — x’, z). The appropriate spatial response to this signal to obtain
the maximum output is at matched filter with the response f*(x’ — x, z).

Suppose that a one-dimensional receiving system is composed of continuous
array of infinitesimally wide transducers at the plane z = 0. Let the coordinates
of any point on the transducer array be x’, 0. After the signal from the point x,

Sec. 3.5 Lensless Acoustic Imaging 229



f(x', x, 2)
LINE SOURCE

X,z
P

g(x’)

|
N

RECEIVER ARRAY

Figure 3.5.7 Two-dimensional receiver system with a line source at x, z.

z has passed through the medium, which in general may be nonuniform, the signal
arriving at the plane z = 0 is of the form f(x’, x, z). We regard the receiving
system as a continuous structure with a response g(x'). We will show that the
maximum output is obtained from the point 0, z; when we choose g(x’) so that it
is a matched spatial filter for the spatially varying signal f(x’, 0, z;).

The distance from x’, 0 to x, z is
R=VG-xV+2 (35.1)

Thus the signal from a line source at x, z, which varies as exp (jwt), is of the formt

eiw(t—RIV)

fit, R) = —p5— (3.5.2)

As the spatial response of the system depends only on R, we can write f(x’, x, z)
in the form f(x — x’, 2).

We suppose that the electrical response of the receiver system in the region
between x’ and x' + dx’ of the transducer array is of the form g(x’) dx’, and that
all signals from the receiver elements are added and weighed by the response g(x’).
The output from the receiver will therefore be

y(x,z) = ff(x', z)g(x — x') dx’' (3.5.3)

where we assume that all signals vary as exp (jwt). The output y(x, z) is the
convolution of f(x’, z) and g(x'). We know from signal processing theory, as
shown in Sec. 4.3, that if g(x') is chosen so that g(x’') = af*(—x', z), then g(x’)
is the matched filter for f(x’, z) (i.e., for the signal emitted from the point 0, z).
Here a is a constant and f* denotes the complex conjugate of f.

It is convenient to write f(x’, z) in the form

f(x', 2) = a(x’, z)e /"D (3.5.4)

+We have used the asymptotic form for the potential from a line source, corresponding to the
assumption that (wR/V) >> 1 [see Probs. 3.1.3 and 3.2.2 and Eq. (3.2.59)].
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where the amplitude term a(x’, z) is a real function. It follows that the matched
filter response becomes

gix', 2) = af* (—x', z) = aa(—x', z)e/*~*"2 (3.5.5)
With the matched filter, the output y(0, z) from the point 0, z becomes

hQ©, z) = a ff(x', 2)f* (—=x', z) dx’
= af [a(x’, 2)]? dx’

More generally, h(x, z) is the line spread function (LSF) of the focused system
to the point 0, z. We derive the form of A(x, z) in the paraxial approximation in
Sec. 3.5.1.B.

We see that with this choice of g(x') as a matched filter, all phase errors are
removed by the matched filter and the integrand is always positive. When noise
is present, it is implied by signal processing theory (see Sec. 4.3) that by using this
matched filter we obtain the maximum possible signal-to-noise ratio when observing
the point (0, z) (see Prob. 2).

In the simplest case, the signal emitted from a point source at x, z varies as
exp (Jor). It follows from Eq. (3.5.2) that the signal arrives at the receiver in the
form

(3.5.6)

e —jel(x—x")2+ 221V
[ —¥7 + @M

where we have omitted the exp (jor) term for simplicity.

f&x' = x,2) = (3.5.7)

B. Paraxial Approximation

To keep the analysis simple, we shall use the paraxial approximation or
Fresnel approximation of optics, and assume that (x — x')? << 22, keeping only
up to second-order terms in (x — x’)? in the phase-varying term and zeroth-order
terms in the amplitude variation. Thus we find that

S = %, 2) =z ety (3.5.8)

The resultant signal arriving at the plane z = 0 therefore has a square-law spatial
phase variation with the coordinate x’; that is, in signal processing terms it is a
spatial frequency-modulated (FM) chirp. The spatial filter response to an object
point 0, z should therefore be of the form

f*(X', Z) = ejmz/Vejm(x‘)2/21V (359)

= e2j1rzlkej1t(x')2/zk

where we have taken the matched filter constant (see Sec. 4.3) to be a« = \/z, and
where A = 2nV/w is the wavelength of the acoustic wave. Using g(x') for the
matched filter to the point 0, z, we find that the output from a source at x, z, using
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a receiver system of finite length D, is
D/2

h(x, z) = j g jux X FR2Vgiux 22V gyt (3.5.10)

- D2

or
D2

h(x, z) = e‘wa:’ZZVj eIwxx' 12V o (3.5.11)

- Dr

Line spread function. Integration of Eq. (3.5.11) yields

sin (wxD/2zV)

h(x, z) = De-fex2:V

= De /™ ginc xD
Z\

where sinc x = (sin mx)/mx, the wavelength A = 2wV/w, and A(x, z) is known as
either the point spread function (PSF) in the x direction or, more correctly in this
two-dimensional system, the line spread function (LSF) in the x direction for the
point 0, z. More generally, if the matched filter is designed to focus on an image
point x;, z;, we choose f(x') = h*(x; — x’, z;) and find that

(x; — x)D

h(x —x;, z) = De i™x*=—x)zx ginc "
Z;

(3.5.13)

The response is a sinc function, which, as D — =, approaches a 3 function
atx = x;. Thus, by using a matched filter to compensate for the phase differences
of the rays arriving at the receiver, we can construct a system with a spatial response
narrowly centered about the point of interest. It follows that the construction of
a matched spatial filter for the point x,, z; is equivalent to designing a lens focused
on this point. Thus all lenses, whether electronic, physical or holographic, give
basically the same transverse definition and spatial response if their apertures or F
numbers, z/D, are the same. The analysis we have given is valid only for the
paraxial approximation, but it serves to give a very reasonable estimate of the basic
results, even with wide-aperture lenses.

3 dB definition of a paraxial rectilinear system. From Eq. (3.5.13), the
3-dB points of the response are where x — x; = 0.45Az/D (the 4-dB points are at
x — x; = *0.5Az;/D). Thus the 3-dB points are a distance d,(3 dB) apart, where
0.89\z;

D

We regard this parameter d,(3 dB) as the definition of the lens.

d (3 dB) = (3.5.14)

C. Radial Sector Scan System

It is also useful to consider the 3-dB definition in a cylindrical coordinate
rather than a Cartesian coordinate system. We do this because many medical
systems use a relatively small transducer array and carry out an azimuthal scan.
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L\ 4 Figure 3.5.8 Imaging system in a cylin-
RECEIVER ARRAY drical format.

As illustrated in Fig. 3.5.8, this is a radial sector scan in an r, 8 coordinate frame,
based on an axis normal to the page at the center of the receiver transducer array.

We consider this imaging system to be focused on the point r;, 8, with a flat
transducer array of length D, with the center of the coordinate system at the center
of the array. The distance to the point 7, 6 from a point x’ on the array is

R = (P + x'? = 2x'r sin 6)'2 (3.5.15)
We expand Eq. (3.5.15) to second order in x’/r and find that

2
R~r—x'sin® + % cos? 0 (3.5.16)
Our previous treatment, in Cartesian coordinates, was for the case x; = 0.
More generally, if x; is finite, we reverse the sign of x; and f(x' —x;, z;) to find the
matched filter and write g(x' — x;) = af*[-(x’ = x;), z). The equivalent op-
eration in cylindrical coordinates is to change the signs of both x’ and sin 6, The
output obtained, when the system is focused on the point r;, 8;, is of the form

D2
h(f, ev I e,) = AeM'i—’)’VJ' eﬁ“’(sino—sino.')/V
-Dr2

(3.5.17)
v ejmx” 12V[(cos? 0 ,)! r,—(cos? 8) /7] dx’

where A is a constant.
The maximum output is obtained when r = r,and 6 = 6 it is

h(o;, r) = AD (3.5.18)
When 8 # 6,, the square-law term in x’ is zero, provided that

r; cos? 0
= = 5.
cos? 6; (3:3.19)
Thus if 6, = 0, r decreases slightly as 6 increases. In this case,
|h(r, ®, r;, 8)] = AD | sinc [% (sin 8 — sin 6,-)” (3.5.20)
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Taking 86 = 6 — 0, to be small, we see that to first order in 36,
i D ;
sinc (%‘l 59)‘ (3.5.21)

Therefore, the effective width of the transduceris D’ = D cos 6, (i.e., the definition
decreases as the angle 0, is increased). In this case the 3-dB azimuthal definition
is

lh(r7 69 T el)l = AD

do(3 dB) = r; A6(3 dB) (3.5.22)
where A6 (3 dB) is the total angular spread between the 3-dB points. Thus
0.89r,A
d B) = ————
s(3 dB) 7D cos 0, (3.5.23)

It is apparent that the definition deteriorates as 6; is increased from zero.
Animportant feature of this kind of focusing is that the phase change required
for focusing on the point 6; may be divided into two parts, a linear term, which
varies as x’, and a square-law term, which varies as x'2. The system can be focused
on the point 0, r, if the square-law term is chosen to vary as exp (jwx'?/2Vr,),
where ry is the focal length at the center of the lens. In this case the focusing term
is independent of the aamuthal angle 6;, We then find that
D/2
h(r’ e’ r;, e,) - Aejm(ri—r)/Vj ejmx'(sinO—sinB.—)/V
-brz (3.5.24)
X eUex?2V)(1/ry — cos? 6/r) dx'

We note that such a focusing system focuses on the point r;, 8,, where
r; = ro cos® 6, (3.5.25)

and has the transverse definition given by Eq. (3.5.23).

The advantage of this system, in practice, is that it is far easier to construct
than other scanning systems. The square-law phase variation can be programmed
independently of the azimuthal linear phase variation, and the two phase variations
can be added. Only the linear phase variation term must be changed with angle.
The two operations are similar to what happens when a parallel beam passes through
a lens and the beam is tilted to vary the angular position of the focal spot. We
discuss further implications of this principle in Sec. 3.5.5, when we deal with time-
delay focusing.

Rayleigh criterion. As we discussed in Sec. 3.3.1, a standard criterion for
the transverse definition of an imaging system is to consider when two point sources
‘of equal amplitude can be distinguished from each other. The Rayleigh criterion
is based on the idea that this can be done when one point is placed at the position
where the response to the other point is zero. This criterion yields a definition
d, (Rayleigh) that is equal to that for the 4-dB points, or

d.(Rayleigh) = % (3.5.26)
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This formula, like the one for d, (3 dB), can easily be generalized for a radial
sector scan system by replacing D with D' = D cos 8,, z; with r, and d, with d,.

Sparrow criterion. The Rayleigh resultis inadequate when the signals from
two neighboring points are in phase. In general, the total output from two equal
amplitude point sources with a phase difference ¢ is of the form

(x; — a/l2)D (x; a/2)D

i

ly(x, z)| = |sinc + e’ sinc (3.5.27)

where the points are at x = *a/2, z,, respectively, and the system is focused on
the point x;, z;. For & = 0, the response at x; = 0, with a = Az,/D, is 4/w. This
is larger than the response at x; = *Az,/2D, where it is 1. Thus the two points
cannot be distinguished from each other.

A similar problem occurs with signal processing and is discussed in Sec. 4.5.4;
the same situation for spherical lenses is covered in Sec. 3.3. When ¢ = 0, it
follows from Eq. (3.5.27) that the signal at the midpoint x = 0 is just equal in
amplitude to the signals at x = =*a/2, if the points are a distance d, (Sparrow)
apart. Thus, for a coherent system,

4 A

d,;(Sparrow) = (3.5.28)

This is known as the Sparrow criterion (see Sec. 3.3.1).

Range definition. By using a filter based on the point x; = 0, z;, we can
also make a similar estimate for the definition in the z direction. We consider a
correlation filter or lens with the characteristic f*(—x’, z;). We can write h(x, 0;
z, z;) in a normalized form, as follows:

< 7\ D2
h(x 0: z 2.) - — i ej(2-n'/)«)(z.'—z)f e—jw(x—x‘)Z/ZZVejmx'ZIZZiV dx’

2 9 b 1 \Z —DQ

(3.5.29)
or
] 12
h(x, 0; z, z)) = = (i‘) ei@TINGi=2)g —jwx2zV

D \z (3.5.30)

D/2
X f ejx’ZIA)(llz.—l/z)e2j1rxx’/Xz dx'
-on ,
Equation (3.5.30) is, in general, a Fresnel integral. For 4z\/D? < < 1 and
|z — z] << z,;, we can write the on-axis PSF in the form

D/2 Y
f einx Az =20z} fdy! (3.5.31)

—-Dr2

1
0’ - z)| = —=

It is convenient to normalize Eq. (3.5.31) by putting Z = D%z — z,)/4\z;
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and u = x'/D. Equation (3.5.31) can then be written in the form

12
|n(Z) = f L, € du (3.5.32)

This function has a response 3 dB below its maximum value, where the normalized
distance 8z(3 dB) is defined as
D2 zZ — Z"

82(3 dB) = —=—~' = 3.8 (3.5.33)

This corresponds to the argument of the exponential (the phase error) being ap-
proximately = at its limits. The appropriate 3-dB range definition for a CW signal
is therefore

\Z?

d,(3 dB) ~ 7.6 5 = 1.92,8 (3.5.34)

where we define the Fresnel parameter S as

_ 4Nz,

= (3.5.35)
We observe that, in terms of S, the tranverse Rayleigh definition is
. DS
d.(Rayleigh) = — (3.5.36)

4

Thus, just as with a spherical lens, the transverse definition is much smaller than
the aperture width D if the parameter S is such that § << 4.

Typically, for a small aperture system with z;/D >> 1, the definition in the
range direction d, is far poorer than in the transverse direction. Later we discuss
how to avoid this difficulty by using short pulses to obtain good range definition
without deteriorating the transverse definition.

More exactly, if we use the more general form of Eq. (3.5.30) for the on-
axis (x = 0) LSF, then

— 1 j’lfz jw2Zu2/(1 + ZS)
D) = =5 ||_1. du (3.5.37)
The value of |h(Z)| is plotted in Fig. 3.5.9 for several values of S. The curves are
cut off for the region near z = 0 (Z = —1/S), where the variation of |h(Z)| with

Z becomes very rapid and the paraxial theory is no longer valid. The result
obtained in Eq. (3.5.36) corresponds to the S = 0 solution. In this case, the first
sidelobe is reduced in amplitude by 8.4 dB from the main lobe. In practice, with,
for instance, z; = 10cm, D = 4 cm,and A = 0.5 mm, § = 0.125. So, as we can
see from Fig. (3.5.9), S may be large enough to make the use of normalized curves,
at best, a rough approximation to the truth. However, provided that § < 0.25,
this result is still adequate for estimating the range definition of a cylindrical lens.
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D. Generalization of the Matched Filter Theory

The matched filter theory is obviously much more general than the special
case given above. Returning to Eq. (3.5.2), we see that if the rays pass through
a nonuniform medium, the signals arriving at the receiver will be distorted. How-
ever, provided that f(x — x’, z) is known, we can still construct a matched filter
that will image a point in a nonuniform medium. As with a uniform medium, this
matched filter must be changed for each point in the image, but with a far more
complicated algorithm. The process is still equivalent to signal processing with
matched filters; that is, our focused system essentially operates as a matched filter
to compensate for phase differences of the rays arriving at the receiver. If the
process is generalized to a two- or three-dimensional system, two- or three-di-
mensional matched filters must be constructed to give good range definition in the
z direction and good transverse definition in the x and y directions.

As an example for a three-dimensional system, we write

e—jwRV —
f&',y', xy,2) = —¢ (3.5.38)

where
R=[(x—xP+@—y)P+ 22" (3.5.39)

The matched filter for the point 0, 0, z,is f*(—x', —y’, 0, 0, z;).
When the system is cylindrically symmetric and the transducer is of radius a,
we can work in cylindrical coordinates by writing x = rcos ¢,y = rsin ¢, x' =
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r' cos ¢', and y' = r' sin¢’. At the plane z = z, these substitutions yield h(x,
y, z;) = h(r, &, z;) in the form

27 (a
h(r, &, z;) = L . [f(r cosd" — rcos &, r' sin &' — rsin o, z,)]
(3.5.40)
X [f*(=r' cos ¢’ — rcosd, —r'sin &' — rsin ¢, z,)Jr’ dr’ dd’
To the paraxial approximation, this implies that the PSF is
2% a
h(r,z) = C L’_J' . gJerrcos(e =YV ! dy' dop'’ (3.5.41)
where C is a constant.
Following the analysis of Sec. 3.3.1, it can be shown that

h(r, z)) = Ke™ 12V jinc ~— (3.5.42)

Az;

where jinc (X) = J;(2nX)/wX, and the parameter h(r, z;) is known as the radial
PSF. Here K is a constant and J,(x) is a Bessel function of the first kind and first
order. This result, of course, is of the same form as the one we obtained in Sec.
3.3.1 for the transverse response in the geometrical focal plane of a spherical lens,
which is plotted in Fig. 3.2.6.

E. Sidelobes and Grating Lobes

In the foregoing analysis, if the receiver is a spatial matched filter of infinite
width, the response to the line source it is focused on is a delta function. On the
other hand, if the receiver system has a finite width D, it is no longer a perfectly
matched filter and the transverse LSF is of the form

D
f(x, z) = Dsinc = (3.5.43)
zZ\
In this case, sidelobes or subsidiary maxima in amplitude occur at the points x,,,
where
_ (27 + Dzx
Xsn = 2D (3.5.44)

The amplitude of the first sidelobe is — 13 dB relative to the main lobe at x = 0.
The second sidelobe is — 18 dB relative to the main lobe at x = 0 and so on.

As we discussed in Sec. 3.3.1, such effects can be a serious disadvantage for
imaging. Suppose that we want to image two points, A and B, where B is located
on a sidelobe of A. If the amplitude of B is less than the sidelobe amplitude of A,
then B will be essentially undetectable. Thus the lower the sidelobe level of the
system, the more easily we can detect a weakly reflecting or emitting object in the
presence of another, much larger reflector or more powerful emitter.

Such problems are typical, for instance, in NDT, where the aim is to detect
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a small flaw near one surface of a metal object. In medical imaging, the problems
are even more severe: there are so many scatterers present in the body that the
sidelobes from them may add up to obscure completely the image of a small object
of interest. As a result, much effort has been made to reduce the sidelobe levels
in imaging systems; this criterion is often the most important in determining the
practical quality of an imaging system.

Many of the same kinds of problems arise in signal processing systems when
a sharp pulse is needed; for example, for use in a radar system. Sidelobes of a
compressed pulse give rise to very similar difficulties. In Sec. 4.3 we show that
the solution is to apodize the response of the filter.

The basic reason for sidelobes is because the matched filter is of finite spatial
width. Thus, if we consider the amplitude response of an infinite width matched
filter to be artificially weighted by a function w(x’), it follows from Eq. (3.5.11)
that the output of the system at the plane z = z;is

h(x, z;) = e'/'““z’z“'"[ w(x')e/wxx"zV dx’ (3.5.45)

The basic response of the system at the focal plane is the Fourier transform of the
weighting function w(x’). The implications of using this result for apodization of
the acoustic beam are discussed in Secs. 4.5.1 and 3.3.3.

Itis apparent that if

1 '] < IE)
w(x') = D (3.5.46)
0 Ix’| > E

the response is the sinc function of Eq. (3.5.12).

Grating lobes. All electronically scanned systems use an array of separate
transducers to simulate the effect of the continuous matched filter or artificial lens
described earlier in this chapter. Thus the individual transducer elements and the
associated electronic circuitry are designed so that the response of the array, at
the center point of each array element, matches that of the continuous system. It
is therefore as if the array elements sample the received signal at points spaced a
distance / apart. If we use a finite number of receiving elements (i.e., sampling),
we introduce grating lobes, or aliasing. This is because the phases of signals
arriving at the individual elements can change by 27 and still give rise to the same
output acoustic beam.

Suppose, for simplicity, that a receiving array is focused on a point at infinity,
as illustrated in Fig. 3.5.10. Individual rays entering the array will be in phase
when they arrive normal to the surface of the array, as shown in Fig. 3.5.10(a).
However, if the rays arrive at an angle 6, to the normal to the array surface, as
illustrated in Fig. 3.5.10(b), the difference in length of the rays arriving at neigh-
boring elements, spaced a distance / apart, is / sin 6g,. If this distance is such that
[ sin 65, = pA, all the rays will arrive at the individual elements of the array in
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phase. Generally, a focused image will repeat itself, that is, aliasing or a repeated
lobe will occur at a point that is dg, distant from the original main lobe, where

ZpA\
/

We can obtain this result more rigorously using Eq. (3.5.45). For simplicity,

we assume that each element of the receiving transducer is infinitesimally thin.

We suppose that there are N elements in the array a distance / apart, as illustrated

in Fig. 3.5.11; for simplicity, we assume N to be an even number. It follows that
the weighting function w(x’) becomes

neNR2 -1

wx') = > wx)Nx' - x,) (3.5.48)

n=-N?2

de = ZOGP =

(3.5.47)

Figure 3.5.11 An N-clement array with
—_————— an even number of elements.

240 Wave Propagation with Finite Exciting Sources Chap. 3



where x,, = (2n + 1)//2 and 3(x) is the Dirac delta function. Inserting this expres-
sion in Eq. (3.5.45) leads to the following result at the focal plane:

n=N2-1

h(x’ Z,-) = e‘iuuz/‘zz;V 2 w(xn)ejuxanZiV (3549)

n=—N/2

where w(x,,) is the weighting of the nth element. Note that this result is valid only
for an even number of elements.

Now consider a uniform array [w(x,) = 1] with N elements a distance / apart,
as illustrated in Fig. 3.5.11. Summing Eq. (3.5.49) results in

e~ /™ sin (Nmix/hz)
sin (mwlx/\z)

h(x, z;) = (3.5.50)
Thus the maximum output amplitude is at x = 0 and is of amplitude N, or N times
the output from a single element. When N is large and wix/\z; is small, the output
is h(x, z) = N sinc (Dx/\z,), where the length of the array of infinitesimal elements
is regarded as being D = NI, just as in the uniform continuous receiving system.
For larger values of x, the denominator of Eq. (3.5.50) becomes zero where wix/
Az; = pw (i.e., where x = dg,), as given by Eq. (3.5.47).
We note that for the first sidelobe,

dg, = Nd(Rayleigh) (3.5.51)

Therefore, as the image and sidelobe pattern repeats itself around each grating
lobe, the number of resolvable points in the image that are free from aliasing (i.e.,
free of regions where the image repeats itself) is N, the number of elements in the
array.

Examples of apodization and grating lobes. The sampled Fourier trans-
form relation (3.5.49) yields the form of the LSF for any arrangement of tap
weighting. The result for a 32-element unapodized system [31] is shown in Fig.
3.5.12(a). The 13-dB sidelobe level and the grating lobes can be seen clearly.

As a second example, we consider the use of Hamming weighting (see Secs.
3.3 and 4.3). In this case, taking x = 0 to be at the center of the array,-w(x,) is
chosen so that

X,

w(x,) = 0.08 + 0.92 cos D

(3.5.52)

The maximum output or the sum of the signals from N elements is, for N >> 1,
h(0) = 0.54N (3.5.53)

An illustration of Hamming weighting for a 32-element system, with the maximum

amplitude normalized to unity, is shown in Fig. 3.5.12(b). At the expense of a

slight loss in definition, the use of apodization clearly improves the sidelobe level.
We now consider the effect of errors on the sidelobe levels.
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Figure 3.5.12 (a) LSF for a 32-element uniform array. Note the — 13-dB sidelobes
near the central lobe and the grating sidelobes. (b) LSF for a 32-element Hamming
weighted array. Note the —43-dB near-in sidelobes. (c) LSF for a 32-element
Hamming weighted array with one central element missing (31 elements present).
The absence of this single element raises the sidelobe level from —43 to —23 dB.
(d) LSF for a 32-element Hamming weighted array with two elements missing (30
elements present, central element and third from center element missing). The
sidelobe level is —18 dB. (Two units of the abscissa correspond to the 4-dB size

of one spot.)
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3.5.12 (cont.)

F. Effect of Missing Elements (Amplitude Errors)

The sidelobe level increases when transducer elements are missing or there
are phase errors in the system. In this section, following the work of Fraser et al.
[31], we analyze the response of an array to a point source and show how this is
affected by missing elements. By using the formulas already given, we can calculate
how both amplitude and phase errors affect the output. We can use a computer
to do this, but it is helpful to try to obtain an analytic formula first, with which we
can estimate errors and find how many elements we can afford to have missing.
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Suppose that the gth element is missing. It follows from Eq. (3.5.49) that
this is equivalent to subtracting an error term e(x, x,) from the output that is equal
to the contribution of the gth element to the output. The error in the output is

e(x, x;) = w(x,)e¥m™xdrz (3.5.54)

where w(x,) is the amplitude of excitation of the correctly excited gth element.
Thus the total output is '

h(x) = ho(x) — e(x, x,) (3.5.55)

where ho(x) corresponds to the output when there are no missing elements.

The phase of the function e(x) depends on the position x, of the error. If it
is in the center, e(x) has virtually no phase change with position x. Assuming that
the level of e(x) is much larger than the sidelobe level in the error-free array, the
magnitude of the ratio of the sidelobe to the main lobe amplitude, due to one
missing element, will be R(x,), where

rx,) = 2 (3.5.56)
Y w(x,) — wixy)
In a Hamming weighted system, this corresponds to
w(x,)
R(x,) = 054N — wix,) (3.5.57)
Thus, for a missing element at the center of the array,
1
R(x,) = 054N — 1 (3.5.58)

For N = 32 elements, this corresponds to R(x,) = 0.061, or —24 dB.

A more exact calculation would take account of the sidelobe level that was
present before the errors were introduced (i.e., 0.007 down from the main lobe).
The worst possible sidelobe level in the presence of errors would then be 0.061 +
0.007, or —23 dB. This result agrees fairly well with the computer result shown
in Fig. 3.5.12(c).

When there are several missing elements, the question is whether their effects
are additive or tend to add only randomly; that is, if there are g missing elements,
is the amplitude error proportional to g or ¢'?? Unfortunately, the effects are
additive, for if there are several missing elements, the effect on the error signal is
like that of an array made up of the missing elements. This array produces a signal
with a main lobe in which the effect of all the elements is additive, and if the
element spacing is periodic, the main lobe tends to repeat itself in a distance
corresponding to that of the grating lobes of the error array. If most of the missing
elements are near the center of the array, the main lobe of the error array will be
wider than that of the full array. Thus there will be sidelobes near the main lobe
of the original array that have the full amplitude of the main lobe of the error
array. More than likely, there will also be other sidelobes of similar amplitude
farther out from the main lobe, due to the quasi-spatial periodicity of the error
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signal. An illustration of what occurs when two elements are missing is shown in
Fig. 3.5.12(d).

The results obtained from these simple concepts agree well with the computer
results; they indicate that it is critically important to have all elements working
correctly in the transducer array. Otherwise, the maximum sidelobe amplitude is
of the order of g/N below that of the main lobe, where g is the number of missing.
elements. Because not all elements are fully excited in an apodized array, the
maximum sidelobe level can actually be worse than the results given by this simple
formula. This happens when elements are missing near the center of the array.
If they are missing from one end of the array, however, the level is better than
this estimate.

3.5.3 Fresnel Lenses and Digital Sampling

A. Basic System

As we discussed, a physical acoustic lens is often difficult to construct because
it suffers from multiple reflections at each surface, must be immersed in an acoustic
medium such as water, and has relatively large aberrations in comparison to optical
lenses. These difficulties are caused in large part by the great difference in re-
fractive index and impedance between water and the typical media available. In
addition, mode conversion at the surface of the lens from longitudinal to shear
waves, and vice versa, can give rise to unwanted signals that are extremely difficult
to eliminate.

A reasonably good physical acoustic lens can be made using liquid, RTV rubber,
urethane, or some other plastic. The refractive indices of these materials differ
from that of water, but their impedances can be chosen to match that of water
very closely. Furthermore, they all have high shear wave attenuation. The best
alternative to using these materials, if it is convenient, is to construct a properly
shaped acoustic transducer.

Another approach is to use the Fresnel lens concept of optics. In this case,
the basic principle is to synthesize the spherical or cylindrical phase front produced
by a physical lens.

Consider a plane disk transducer at z = 0 in a rigid baffle. Suppose that
the wave excited at z = 0 varies as exp [j®(r')] and has a displacement «,(0) of
unit negative amplitude. Then the wave excited at (0, z;) has a potential of the
form

1 [ e1®¢)-&R)
&0, z;) = > f ———E-—r’ dar (3.5.59)
where
R =VzZ + 1?2 (3.5.60)

If ®(r') = kR, all signals arriving at (0, z;) will be excited in phase, which
synthesizes the action of a perfect lens. The Fresnel lens approximates this desired
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behavior by sampling the desired response, usually with two samples for every 2=«
phase change.

Consider the system due to Farnow and Auld [32], illustrated in Fig. 3.5.13(b),
in which a disk-shaped PZT transducer is divided into rings of radius r,. Suppose
that a point on the object a distance z along the axis of the lens is a distance
R, = Vr? + z2 from the nth ring. Suppose also that the object is illuminated
with a signal of frequency w and wavelength A. The phase delay of the ray reaching
the nth ring will therefore be 2aR,/A. If we choose the n = 0 element (i.e., the
center element) as the reference, we choose the first element, n = 1, to have a
radius at its center 7, such that the arriving signal is = out of phase with the signal
on the axis. We choose the n = 2 element so that the signal arriving at it is in
phase, and so on in turn {i.e., all even elements are in phase and all odd elements
are out of phase). This means that all the signals arriving at the rings can be added
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if an extra 7 phase shift is introduced into the electronic signals picked up by the
odd elements.

Farnow and Auld built their device by using a PZT ceramic transducer with
ring radi r, chosen so that

VTR z= "—2" (3.5.61)

The poling of the ceramic (see Sec. 1.3.1) was reversed in sign at the appropriate
positions, as shown in Fig. 3.5.13(a), to obtain the required = phase shift auto-
matically. Operating this system at 10 MHz, in either reflection or transmission,
with two Fresnel lenses placed opposite each other, they were able to mechanically
scan the lenses across an object to form an image in the same way as with the
acoustic microscope. By this means, they obtained good reflection and transmis-
sion pictures. A reflection image of a serrated metal sheet obtained with this
system operating at a frequency of 10 MHz is shown in Fig. 3.5.14. The definition
is excellent, and comparable to the theoretical prediction.

l® - 4 mm -—o
(o)

Figure 3.5.14 Comparison of optical
(a) and acoustic reflection (b) images of
a sawtooth pattern punched in a 3-mil
nickel sheet. The results were taken
- 4mm— = with a Fresnel lens at a frequency of 10
(b) MHz. (After Farnow and Auld [32].)
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There are two problems with such a simple Fresnel imaging system. First,
the only phases introduced are 0 and 7; intermediate phases are required to obtain
a perfect image with low sidelobes. As we shall see, because of the errors due to
phase sampling, extra subsidiary foci occur, as well as a relatively high sidelobe
level at the main focal plane. Second, if there are N rings, the total difference in
length to the axial point between the outer and inner rings is NA/2. Therefore, if
a pulsed REF signal (i.e., a signal M cycles long) is employed, M must be chosen
so that M > N/2 in order for signals from all the rings to arrive together at the
focal point on the lens. This implies, in turn, that the range definition will be
dictated mainly by the depth of focus of the lens, and that short pulses cannot be
used unless the rings themselves are excited at different times so that all pulses
arrive at the focus at the same time.

B. Fresnel Lens Sidelobes and Phase Sampling
in Digital Systems

The ideal matched filter response to image the point 0, z; is 2wz/\ g(r', z;)
= exp (jwr'?/\z;), where we have omitted the term exp (2jmwz/A), which may for
the present purposes be regarded as a constant. In general, with the development
of digital processing and Fresnel lenses, it is important to consider the effect of
sampling the phase ¢ = wr'?/Az; at M points (i.e., dividing the possible phases into
M steps). Such phase sampling leads to errors in the response of the receiving
system, which in turn show up as a decrease in the main lobe amplitude and the
production of additional sidelobes and spurious focal points.

To understand the principles involved, let us consider a one-dimensional
rectilinear Fresnel lens. Suppose that the response of the transducer array is either
+1 or —1 at its different elements. If we write u = x'%/\z;, the optimum spatial
response of the two-phase Fresnel transducer array can be written in the form

g(u) = sgn (sin mu) (3.5.62)
This expression has the form of a simple square wave in u, where u =
x'?/nz; is defined only for u positive, with sgn (s) = 1forx > 0and sgn (s) = —1

for s < 0, where s = sin (wu).
We can carry out a Fourier expansion of g(u) to obtain the results, stated as
a function of u or x’, respectively, in the form

2 < ej(2m+1)-n-u

glu) = wm;_: — (3.5.63)
or
, 2 m=c ej(2m+1)1rx'2/).z.-
gx) == X ———— (3.5.64)

Tm<le 2m + 1

Note that in this case, as the response of the transducer array is g(u) = =1,
the transducer can consist of individual electrodes with infinitesimal spacing be-
tween them, connected to either the positive or negative terminals of an individual
amplifier, or it can be made of a piezoelectric material in which individual elements
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are poled in the +z or —z directions, as we have already discussed. Each element
of the transducer must decrease progressively in width from the one before it, for
x' oy,

We observe that each harmonic term of the expansion in Eq. (3.5.64) cor-
responds to an individual matched filter or lens with a focal point at

Z;

= o1 (3.5.65)

zm
Thus the m = 0 term corresponds to a simple lens with a focal length z,. In
addition, however, there are subsidiary foci at z/3 (m = 1), z/5 (m = 2), and so
on, as illustrated in Fig. 3.5.15, with virtual foci at —z, (m = -1), —z/3 (m =
—2), and so on. As a receiver, the amplitudes of the transducer response to the
individual harmonic terms are reduced by a factor of 2/(2m + 1)w, and that of the
main lobe (m = 0) by 2/«r, in comparison to a system with a continuous analog
phase reference of unit amplitude. This result is identical to that for the cylindrical
Fresnel lens.

Sidelobe level. It is interesting to consider, for a transmitting array, the
sidelobes generated by the subsidiary beams passing through the subsidiary foci.
The reciprocity theorem then yields results of the same form for a receiver system.
For the mth focus, using Fig. 3.5.15, it follows from simple geometry that the beam
passing through the focus at z,, = z/(2m + 1) has a width [2mD)| at the focal plane
z = z;. It therefore produces a uniformly distributed field at the focal plane that
is reduced in amplitude by 1/|]2m|'? from its value at the array. The strongest
subsidiary beams are the m = —1and m = +1beams. The interference between

x(LATERAL)

z(RANGE)

2=0 2=z
APERTURE FOCAL
PLANE PLANE

Figure 3.5.15 Subsidiary foci due to a Fresnel lens or to digital sampling of phase.
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them gives rise to nonuniformly distributed sidelobes, which can be at a fairly high
level in a two-phase system.

To treat this subject more quantitatively, we take the normal displacement
at the transducer to be x_ (x’, 0) = Kg(x'), where K is a constant. It then follows
from the Rayleigh—-Sommerfeld formula (see Prob. 3.1.3) that for a rectilinear
system in the paraxial approximation, the LSF is of the form

e—jkz

h(x, z) =

f gx')e Tkle—x'P12z gy’ (3.5.66)

2112

where k = 2w/A\.  Substituting Eq. (3.5.64) in Eq. (3.5.66), we obtain

e ikz JDIZ ej(2m+ 1)mx'2/Azi e—jﬁ(x' —-x)/nz

-Dp 2m + 1 dx (3.5.67)
where D is the length of the array.

As we have already discussed, for the mth harmonic, the quadratic terms in
- x" cancel out where z = z,/(2m + 1), and each harmonic term can be treated as
if it were associated with a lens of focal length z,(2m + 1).

At the focal point (0, z;), we find that the fundamental harmonic gives rise
to a term

2De~ikzi

ZIQ

i

ho(0, z)) = (3.5.68)
where the mth harmonic is denoted by the subscript m. Thus the strength of the
main lobe is reduced by a factor of 2/, compared to a perfect continuously excited
system.

Similarly, the amplitude of the mth harmonic at the focal plane is

dx’ (3.5.69)

Qe —ikz (DR ej(ﬂ/kz;}(me'z-i-sz'—-xz}
hm(xa zi) =

172
i

194 -Dr 2m + 1

The integral can be evaluated by the method of stationary phase (Appendix H) to

yield the result
172

2e~ika A , .
ha(x, z) = m m e [frspa(m)/d]g — [fn(2m + 1)x22200m] (3.5.70)
It follows that
Mol 2| _ (3‘3-")1,2 R I (3.5.71)
hol0, z,) D*) |2m| |2m +1 e

This agrees with our earlier physical derivation, which implied that the fields
of the mth harmonic at the focal plane are reduced in amplitude by a factor
V|2m2. The 1/]2m + 1| factor in Eq. (3.5.71) is proportional to the excitation of
the mth harmonic.

We observe that the m = —1 harmonic is the one most strongly excited. It
yields a background level reduced by (Az/2D?)'? from the main lobe. As an
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example, with z;, = 10 cm, A = 0.5 mm (3 MHz in water), and D = 2 cm, the
background level is 12 dB below the main lobe level. The m = + 1 term can add
to the m = —1 term, bringing the peak sidelobe level to 9.5 dB below the main
lobe. So the sidelobe problem of a Fresnel lens can be a serious one.

A similar analysis can be carried out for an M-phase system of the type used
in a receiver. When lumped delay lines are employed to synthesize the phase, or
when a signal is digitally sampled with a clock rate M times the signal frequency,
there are M samples per cycle. In this case a similar analysis yields the result (see

problem 4)
\ 172
_ [z
- ()

Note that the sidelobe level falls off with M. A five-phase system (e.g., an analog-
to-digital converter operating at a clock frequency of five times the fundamental
frequency) will therefore give a sidelobe level that is still by no means adequats
for a high-quality medical imaging system. For example, a system with M = §,
m= —1,2, =10cm, D = 2 cm, and A = 0.5 mm gives a background level of
—28 dB. The inclusion of the m = 1 term raises the peak sidelobe level to
approximately —22 dB below the main lobe. The reader is referred to more
detailed numerical calculations for further information [33]. Note that such sidelobe
levels are far higher than the —60-dB level required, which is obtained in some
very high quality medical imaging systems.

12

hm(x7 zi)
hO(Oa zi)

1
mM

1
mM + 1

(3.5.72)

3.5.4 Chirp-Focused Systems

A. Basic System

In Sec. 3.5.2 we showed that the use of a matched spatial filter makes it
possible to obtain good definition of point or line sources. One way to realize
such a filter is by employing SAW techniques of the type described in Chapter 4. -

Here we will describe principles of the chirp-focused system because the
concept is simple, the concepts used are related to holography (see Sec. 3.5.6),
and experiments have been carried out, using the technique, that demonstrate
many possible forms of electronically focused acoustic imaging.

Chirp-focused imaging systems have been constructed that operate as both
receivers and transmitters of focused beams and, at the same time, provide au-
tomatic scanning along a line parallel to the acoustic array. The systems have
been demonstrated mainly in NDT, rather than medical, applications, because they
are basically phase-focused systems and thus suffer from relatively poor range
definition and severe sidelobe problems. This tends to make them unsuitable for
medical imaging.

Chirp-focused systems employing SAW delay lines are no longer used, be-
cause it is difficult and expensive to make the physically large, multiple tap delay
lines they require. Since SAW delay lines are analog devices with fixed taps, they
tend to be somewhat inflexible in this acoustic imaging application and may not,
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in practice, give the necessary accuracy. However, the same concept can also be
implemented with more flexible digital systems to provide the required sampled
phase references for focusing and scanning [31, 34-36].

Consider the FM chirp-focused receiver system using an array of transducer
elements, which is illustrated schematically in Fig. 3.5.16. Suppose that the object
is illuminated by a signal of frequency w, and wavelength XA in the medium being
examined. The signal arriving at each array element is mixed with a signal from -
a corresponding tap on an SAW line.

The signal propagating along this delay line is chosen to have a parabolic
variation of phase on the same magnitude but opposite sign as the signals arriving
from the point x, z. When the two signals, one from the tap and one from the
array element, are mixed, their frequencies add, as do their phases. Therefore,
if the phase delay of the wave propagating along the delay line is chosen correctly,
it is possible to cancel out the phase differences between the different rays arriving
from the point x, z. Using this technique, we can construct an electronically
focused lens focused on the point x, z; this lens is a matched spatial filter for the
point x, z, as described in Sec. 3.5.2.

The correct signal to inject into the delay line is a linear FM chirp, one whose
frequency varies linearly with time as w = w; + wt. This signal has its frequency
at the nth tap given by the relation

0= + p.(t - —3) (3.5.73)

CHIRP
w=w; tut L wy tw,
© OUTPUT
MIXERS

SOURCE FREQUENCY w,

Figure 3.5.16 Arrangement used for mising the signals from the array elements
with a signal from the delay line.

252 Wave Propagation with Finite Exciting Sources Chap. 3



Because the phase is & = [ o dt, it follows that the phase at the nth tap is

2
Xn B x
d),.=m<t——>+—<t——") 3.5.74
R ! Ve 2 Ve ( )
that is, the filter response is of the form
g(x’” t) = efml("'-‘tn/VR)‘*‘(l-'-/z)(!—x,./l/’k)2 (3575)

where Vi = I/t is the effective velocity of the surface acoustic wave (or reference
wave) along the array, x,, = nl, [ is the tap spacing, and 7 is the time delay of the
acoustic wave from tap to tap of the delay line. The FM chirp signal generates a
spatial chirp, which moves at a velocity V along the delay line. The equivalent
matched filter generated by this process therefore moves in the x direction at a
velocity Vg, thus providing automatic scanning along one line of the image.

The summed output from the mixers is of the form

¥ t, 2) = 2 w(x)8(xn 1) flx, — x, 1) (3.5.76)

where w(x,) is the amplitude response or weighting of the transducers and
f(x, = x, t) is the signal arriving from a line source at the nth transducer.

It follows that for w(x,) = 1, the output from the array is of the form

h(x’ t, Z) = _% E ei[wl(l—Xn/VR)+u/2(l—Xn/VR)2]
27 x (3.5.77)

X eloslt=2/V—(xn—x)422V]ch

The first exponential term in Eq. (3.5.77) is the filter response g(x,, t). For g(x,,
t) to be a sampled version of a matched spatial filter for the point x, z [i.e.,
equivalent to f*(—x', z) in Eq. (3.5.6), the chirp rate p must be chosen so that
the square-law spatial phase variation terms cancel out, or for z = z;

o VE  2aVi
Vz Az

b= (3.5.78)
It is also convenient, but not necessary, to have w,l//Vg = 2mmw, where x, =
(2n + 1)l/2and mis an integer. This choice of w, implies that at ¢ = 0, all elements
are at the same phase and the system is focused on x = 0. The choice of p is
equivalent to choosing the focal length of the lens so that it focuses on the plane
z =z,

With these assumptions, Eq. (3.5.77) can be summed to give the result

sin Nuwl(x — Vgt)/\z
(x 1, 2) sin wl(x — Vgt)/\z;

i pil(w1 +we)r+ u(2— x2/VR)/2) (3.5.79)

Thus the output of the system is in the form of a modulated FM chirp with a
frequency w, + w; + pt, with the modulation corresponding to the LSF of the
system.

The system behaves like a moving lens, focused on the plane z = z,, that
moves at a velocity V. By displaying the detected output of the system as a
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Figure 3.5.17 Chirp-focused transmitter system.

function of time, as an intensity modulated line on a cathode ray tube, we auto-
matically obtain a display of one line of the image. The line x, z; in the image is
displayed at the time x = Vit.

This system behaves in exactly the same way as the matched filter discussed
in Sec. 3.5.2. The sidelobe level will be of the same form, and grating lobes will
occur in the same relative positions as given by the earlier derivations. The only
difference is that the use of the chirp obtains the very useful feature of automatic
scanning, with the main lobe focused on the point x; = Vgt, z; = pVie,V3.

This basic system is simple, in principle. In practice, however, it typically
requires mixers and amplifiers on each element, and suitable summing networks.
It also requires an SAW delay line several inches long, with perhaps as many as
100 taps, and a total delay comparable to a TV line scan (64 us). It is not easy
to construct such delay lines free of defects. This is a serious problem because,
as was shown in Sec. 3.5.2.F, if g elements are missing from an N-element array,
the maximum sidelobe amplitude due to the missing elements will be approximately
q/N lower than the main lobe.

The same system can be used as a transmitter as well as a receiver, by exciting
the mixers from the delay line and a separate oscillator, as shown in Fig. 3.5.17,
to give an output signal centered about a frequency w,, which can be used to excite
an element of the array. In this case, of course, separate transmitter amplifiers
are needed for each element.

When this device is used in the transmit mode, it behaves like a moving lens
traveling at a velocity Vy parallel to the array. The time for which a single spot
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in the image is illuminated is approximately

d.(4dB) Az
Ve  DVg
where d (4 dB) is the spot size.t The time difference between the ray paths from

the center and the outside of the beam is
D2
R T 8z,V
In order for the spot to be illuminated by all the rays, and hence for optimum

definition to be obtained, the requirement 7, < 7, is apparent. This, in turn,
implies that when 75 = 7,, the minimum spot size to the 4-dB points is

7.(4 dB) = (3.5.80)

(3.5.81)

)\2 1/3
d (4 dB) ~ <z8z¥f) (3.5.82)
with
2 1/3
D = (___._(8‘;; V") (3.5.83)
R

provided that the central axis of the beam is opposite the point of interest.

The differences in transit time from the edge and the center of the array,
respectively, to the focal point, give problems with such a phase focused system,
but would not in a time-delay focused system. Similar difficulties occur with
Fresnel lenses and with holographic imaging systems. In each case, the length of
the excitation signal has a minimum value 7 fixed by the requirement for phase
focusing. The minimum range resolution of a phase focusing system in which the
scan is very slow is of the order of 7. As we shall show below, the fast chirp
scan gives better range resolution, albeit with other disadvantages.

B. Various Forms of Chirp-Focused Systems

Chirp-focused systems have been made in several versions, some with as many
as 128 elements. Several examples are illustrated in Fig. 3.5.18. The left-hand
figure of Fig. 3.5.18(a) shows a system employing transmitting and receiving trans-
ducer arrays placed opposite each other with the object placed between them and
mechanically scanned up and down in the y direction. Such a system has the
advantage, already discussed in Sec. 3.5.1 and illustrated in Fig. 3.5.3(b), of giving
the speed and focusing in the x direction of electronic scanning, which speeds up
the scan by approximately a factor of N. Also, because the receiver and the
transmitter are both focused on the same point, the response of the system will
vary as [sinc (x/d,)]?, giving the same advantages as those we have already discussed
for the acoustic microscope in Sec. 3.3.3.

An example of an NDT application is shown in Fig. 3.5.18(a). The system

+ It is convenient here to work with the 4-dB resolution, d,(4 dB) = Az/D, thus omitting the
0.89 factor used in the definition of the 3-dB resolution.
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Figure 3.5.18 Chirp-focusing schemes. (a) Transmission image of a boron fiber epoxy lam-
inate carried out with transmitting and receiving arrays placed opposite each other. (After
Waugh et al. [36].) (b) Two-dimensional transmission image with the two arrays placed at
right angles to each other. (After Fraser et al {31].) (c) Simple B-scan image. using the
same array as transmitter and receiver. (After Waugh et al. [36].)
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was used to scan a boron fiber—reinforced epoxy laminate laid down on titanium.
The sample measured approximately 22 x 7.5 cm and defects were deliberately
introduced into it, as can clearly be seen. The total scan took only a few seconds
because the mechanical scanning was only in one direction.

A second example of the use of two arrays, illustrated in Fig. 3.5.18(b), is
to work in a transmission mode with the transmitting and receiver arrays arranged
at right angles to each other. As in the previous example, the transmitter and the
receiver are both focused on the same plane, but the transmitter array scans in the
x direction and the receiver array scans in the y direction. This makes it possible
to obtain N2resolvable spots with only 2N array elements. The major disadvantage
of such a system, though, is the very high sidelobe level. We have to pay for the
saving in electronic complexity!

Systems of this type have also been used in a reflection mode. In this case,
the same SAW delay line and array are used for both transmission and reception,
with appropriate switching to transmit or receive. In this case, the basic transverse
definition is comparable to that of the two-lens transmission system shown in Fig.
3.5.18(a) or that of the acoustic microscope; this implies that there is a (sin x/x)?
response function in the focal plane. The receiver is operated at a time 7, =
22/V later than the transmitter. By varying the time delay T,, along with the chirp
rate p, a B-scan in the form of a series of lines or a raster in a plane perpendicular
to the array can be scanned, as illustrated in Fig. 3.5.19. In principle, the range
definition should be fairly good, because the object point is illuminated for a time
7. = d./Vpg, so that the range definition becomes

vd,
Vr

As the scan velocity Vi in such systems is comparable to the velocity V in
the medium, the implication is that the range definition is comparable to the
transverse definition. We use the relation that the total frequency excursion of
the chirp is

d,=Vi, =

(3.5.84)

_ bl _ wD
Ae = 0n 2mVy

(3.5.85)

ARRAY SCAN LINES

Figure 3.5.19 Scan format for a B-scan
FM chirp system.
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where D is the length of the array. It then follows from Egs. (3.5.80) and (3.5.85)
that

<N _ Ve 1 (3:5.86)

Thus the range definition turns out to be just what we would expect from a pulse
with approximately the same bandwidth as the chirp.

The FM chirp-focused system has provided fairly good images in NDT ap-
plications; an example is illustrated in Fig. 3.5.18(c). But work on systems of this
type was abandoned because of their poor sidelobe response. In this system, a
point in the image can be insonified by the main lobe of the transmitter and received
on a sidelobe of the receiver, and vice versa. A further difficulty is that the
sidelobes can be due to reflectors that are closer to the array than the focal point
of, for example, the transmitter. This makes the device particularly difficult to
use in medical applications, where the attenuation in body tissue is very high. In
such cases, the effective sidelobe level is higher than that caused by a reflection at
the focal plane by an amount corresponding to the two-way attenuation between
the plane of the unwanted reflector and the required image plane.

These examples serve to point out the difficulties that may occur in the
application of practical imaging systems. In principle, we expect the reflection
imaging system to give a sinc? (x/d,) response and a fairly good range definition.
In practice, the system responds just this way for the transverse definition in the
focal plane, but sidelobes occur in regions we might not have expected to see them
in initially.

Systems of this type are at their best when used in a reflection or transmission
mode to look at a thin object for which range resolution is not of great importance.
In such cases, the sidelobe level is low. The phase reference of the chirp delay
line can be synthesized digitally, and the scan in the x direction can be made at
any velocity, from zero to a value larger than that for a typical SAW system.

Focused optical beams can also be used to give the required phase reference.
This is the basic principle of holography, which will be described in Sec. 3.5.6.

Reflection mode imaging is best carried out with a system that defines at least
two of the dimensions of the focal spot very precisely and has very low sidelobe
levels. One example is time-delay focusing, discussed in Secs. 3.5.1 and 3.5.5, in
which the region to be imaged is confined by the use of a short pulse to a short
range (z direction). A second example is the acoustic microscope, in which both
the transverse dimensions (x and y) of the focal spot are well defined, while the
range resolution in the z direction can be very good because of the short range
definition of a wide aperture confocal imaging system (see Fig. 3.5.4).

3.5.5 Time-Delay and Tomographic Systems

A. Introduction

In Sec. 3.5.1 we discussed the various types of scanned systems that can be
employed for imaging. As we saw, time-delay systems are very attractive because
their range definition is not necessarily limited by the aperture size, as it is in a
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phase-focused system. However, a variable time-delay system is more difficult to
make than a variable phase-delay system.

Simple implementations of unfocused array systems are commonly employed
for medical imaging. As an example, several commercial systems use an array of
transducer elements with a total length of the order of 10 cm in the x direction
(center frequency 2.25 MHz). Typically, 64 or 128 elements, each 1 cm wide
(y direction), are employed.

In one example of a 64-element system, these elements are excited sequen-
tially with a short pulse in groups of four, to emit a parallel beam in the z direction,
approximately 1 cm square. The beam is received by the same four elements that
emitted it, and displayed in the form of one line of a B-scan image. The device
then moves one element on, to the next group of four elements, and the process
is repeated. Thus a 64-line image is obtained, with a scan form like that shown
in Fig. 3.5.20. This image has accurate range definition, because of the short pulse
employed, but relatively poor transverse definition, because the device behaves as
if it were a 1-cm-square transducer being moved along the x direction in 2.5-mm
steps.

This type of system has been developed by a number of laboratories; it has
been applied mainly in medical and, to a limited extent, NDT applications. Be-
cause no delay lines are employed, it is possible to use the same technique at
relatively high frequencies.

Other alternatives have been considered. One, employed by Becker et al.
at Battelle [37], is to use 128 elements in a row, exciting them sequentially in much
the same manner already described. However, by exciting the array elements
with a programmed time delay between them, it is possible to excite a wave at an
arbitrary angle to the array. One application of this technique is to look for faults
in nuclear reactor walls. The standards that have been set up for pressure vessels
require such observations to be made with several incident beam angles, to pick
up specular reflectors. By using time-delay techniques, the system is scanned like
the system described earlier, except that the scan is now carried out at several
different angles. By mechanically scanning in the other direction, a large volume
of material can be tested in a relatively short time. Using sophisticated display
techniques, three-dimensional information can be obtained in the form of an iso-
metric projection display that makes the results relatively easy to interpret. A
sample of an image obtained with this system is shown in Fig. 3.5.21.
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Figure 3.5.21 Isometric images of side-drilled holes taken with the Battelle im-
aging system. (After Becker et al. [37].)
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Figure 3.5.22 B-scan radial sector scan
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The design problem for a full-time-delay system is difficult because adequate
delay lines must be provided for the receiver, with delays that can be varied with
time to focus on the return echo signal for the transmitted pulse as it travels out
from the array.

The simplest solution is to put a fixed-focus physical lens in front of the array
to give optimum focusing at the center of the field. However, although a cylindrical
lens can help focus a beam in the y direction, a lens to focus a long array in the x
direction cannot be made easily.

An alternative technique is to excite four or more elements of the array from
the transmitter, with suitable time delays, to provide an optimally focused beam
at a fixed distance from the array. With a finite depth of focus, this is equivalent
to using a focused transducer for the transmitter, which can be stepped along the
array just as it is with the simpler system already described. At other ranges, the
focusing will be worse than the optimum value. This stratagem is now employed
in several commercial medical imaging systems to provide focusing in the x direc-
tion, in combination with a fixed cylindrical lens to provide better definition in the
y direction.

In cardiac imaging systems, a dynamically focused receiver array is used with
a radial sector scan format, with scans along radial lines extending from the center
of the transducer array, as illustrated in Fig. 3.5.22. In this system, a parallel
beam is transmitted at an angle 6 to the axis by appropriately delaying the signals
that excite the elements. The signals received on the elements are passed through
delay lines so that the receiver is aimed in the 6 direction. As the transmitted
pulse travels out from the array, the focusing of the receiver must be changed.
To do this, the original system, by Thurstone and Von Ramm [38], changed the
delay time from each element to the detector by switching the taps on electro-
magnetic (EM) delay lines, with this switching controlled from a minicomputer.
This system, which changes focusing as signals arrive from different depths, is
known as a dynamically focused system.

The disadvantage of using lumped EM delay lines is that only a limited number
can be used, and they tend to be bulky, which implies that the phase sampling of
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Figure 3.5.23 Image of the heart taken
with a Hewlett-Packard radial sector
scan real-time ultrasonic imaging device.
(Courtesy of J. Larson.)

this system may be coarser than would be ideal. As shown in Sec. 3.5.3.B, this
implies that the sidelobe level is higher than acceptable in a high-quality medical
imaging system; often in such systems, it is desirable to have a sidelobe level no
higher than 60 dB below the main lobe level.

Several stratagems have been adopted to circumvent these difficulties. One,
for a relatively narrow aperture system, is to use lumped EM delay lines to provide
the basic time-delay increments required for steering. Additional phase adjust-
ments are made by mixing the received signals with phase references in a manner
similar to that described in Sec. 3.5.3.B. An image of the heart taken at 3.5 MHz
with a 64-element array, 1.5 cm wide, is shown in Fig. 3.5.23. This system has
been adopted by Hewlett-Packard for cardiac imaging [39], where the access region
to the heart is limited.

Another technique is to use CCD delay lines (see Sec. 4.3) to provide the
necessary time delays; these are changed by varying the clock rates of the lines
[40]. This approach has proven less simple than it appeared initially, basically
because of interference from the clock signals.

Finally, there are several examples of such digital systems that provide the
necessary delays. One approach is to use an analog-to-digital (A/D) converter to
convert the received analog signal to, for example, an 8-bit digital signal, and then
using variable digital delays. The digital signals from the different transducer
elements are summed and then reconverted to analog signals with a D/A converter.
In some cases, signal detection is carried out before A/D conversion, which makes
it possible to design linear detectors that are almost perfect.

Another such system, which has been demonstrated with synthetic aperture
imaging [28, 33, 41-45], is illustrated in Fig. 3.5.24. This system is based on the
idea that the required information does not have to be gathered simultaneously.
Since the processing operations required are all linear, we can obtain signals from
individual elements at different times, store and delay them, and add them later,
or put the delays in later, after storing them,; it does not matter.

In one example of this system, a short pulse is emitted from a single transducer
and enters the object of interest. Reflected echoes are received on the same
transducer, then passed through an amplifier and an A/D converter into an 8 x
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1000-bit random-access memory (RAM). The process is then repeated for the
next element in the array, and the signals from that element are stored in a separate
RAM. Using a clock rate several times the signal frequency, several samples per
RF cycle are obtained. Thus a relatively high frequency A/D converter must be
used. Once the process is completed, information from the entire field of view is
stored in the RAM memories and is available for reconstruction of an image. To
image a particular point in the field, signals are taken from the appropriate points
in the RAM, corresponding to the correct time delays. A basic system of this
type was first demonstrated by Johnson et al. [42] at the Mayo Clinic, using a
computer for storage and reconstruction of the image.

In the system designed by Corl et al. [41, 45], high-speed RAMs are employed
with a separate RAM focus memory, to program the registers in the RAM from
which the signals are read out. The digital signals are added in a digital adder,
passed to a D/A converter, and then used to intensity modulate the signal on the
screen of a cathode ray tube. By carrying out these processes in turn, any line in
the image can be scanned in any direction to construct a complete raster image.

The same basic technique can be used to provide time delays in any focusing
system. Signals can be emitted from all the elements of the transducer at once.
As described above, separate A/D converters can be used on each element of the
receiving transducer array, with the signals from all these elements processed si-
multaneously instead of separately, as in the synthetic aperture system. The ad-
vantage of simultaneous reception is that fast motion, like the flutter of a heart
valve, can be reproduced in real time. Although a real-time synthetic aperture
system takes only of the order of & of a second to gather in one frame of information
and another & of a second to process it, the time delay from transducer to transducer
in gathering information is of the order of 100 ps; this is obviously a disadvantage.
Another difficulty with synthetic aperture imaging is the small size of an individual
transmitting element and the wide area that must be insonified by this element.
Consequently, the beam intensity at the object to be examined tends to be low,
and hence the signal-to-noise ratio poorer, than with a more conventional time-
delay system.

On the other hand, an important advantage of the synthetic aperture system
is that it requires only a single front-end amplifier, regardless of the number of
elements in the transducer array. This means that a great deal of effort can be
put into the design of the front-end amplifier with little regard for its complexity,
number of adjustments, expense, and so on,-all of which are important consider-
ations in a system where an amplifier is required for each element of the array.
Furthermore, as the signal emitted from an array element must travel to a point
in the field and back, its effective length of travel is double that of an equivalent
receiver system, with a definition d,, with the object illuminated by an unfocused
transmitter. Thus the transverse definition in this system is d,/2 and the sidelobe
amplitude near the focal point varies as sinc (2xD/xz). On the other hand, as we
have seen in Sec. 3.3, a system with a focused transmitter and receiver has a sinc?
(xD/\z) response and hence a much lower sidelobe level, but not such good 3-dB
definition, as the synthetic aperture system. In comparison to a system with an
unfocused transmitter, such as the radial sector scan system described above, the
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3-dB definition is better by a factor of 2, but the far-out sidelobes of the radial
sector scan system are much weaker.

The range resolution is determined essentially by the pulse length (band-
width), as it is with other imaging techniques. The system provides the same
improvement in transverse resolution as a scanned holographic imaging system (see
Sec. 3.5.6.D). But because time-delay rather than pulse-delay techniques are being
used to reconstruct the image, excellent range resolution is also obtained.

B. TV Display

A major difficulty with real-time acoustic imaging systems is the format and
nature of the display. The format of a radial sector scan, for instance, is quite
different from that of a TV display, and the frame rates of each system may also
be different. This problem is normally circumvented by using a digital scan con-
verter, which can also provide additional sorts of image processing, such as aver-
aging over several frames, contrast enhancement, artificial color displays, and
quantitative measurements on the display. The synthetic aperture system, on the
other hand, can use a rectilinear scan format like that of a TV image, which makes
it possible, with the correct choice of clock rate, to display the image in real time
on a TV screen. In all cases, it helps to use a magnetic deflection cathode ray
tube of the type used in normal TV systems to obtain a good gray-scale display.

C. Sidelobes, Grating Lobes, and Sampling Lobes in Time-Delay
Systems

We have already discussed how the use of short pulses can improve the range
resolution of an acoustic imaging system. Using short pulses or tone bursts, instead
of quasi-CW signals, also lowers the far-out sidelobe levels, and decreases the
grating lobe and sampling lobe levels. We shall treat these effects here; most of
the examples will refer to synthetic aperture imaging, since numerical calculations
for this case are easily available to the author. However, the conclusions reached
are pertinent to any kind of short-pulse focused imaging system.

We assume that the system is excited by a pulse of the form f(¢) exp (jwt),
where w = 2mf,. The system is assumed to be focused on the point x;, z;, We
shall-consider both a synthetic aperture system in which the same transducer is
used for transmission and reception, and a conventional pulsed system in which
insonification of all points in the field is carried out by an unfocused beam and
signals are received on separate transducers. The radial sector scan system is an
example of the latter configuration. We will find it convenient, initially, to consider
a continuous array system with points on the array located at x’, 0. Later we
consider a finite number of elements with the array elements located at the points
x,, 0, a distance / apart.

A time-delay focusing system focused on the point x,, z; introduces a time
delay T, — T, where T, is a constant and

_ 2+ G -

T 7

(3.5.87)
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After suitable time delays have been introduced, the sum of the delayed signals
‘returning to the transducers at x’, 0 is of the form

h(@t) = j f(t - 7—?,5) joe=vARMy(x") dx’ (3.5.88)

where y = 1 for a standard pulsed imaging system and y = 2 for a synthetic
aperture system, and where w(x’) dx’ is the amplitude response of the transducer
in the receive-only or in the transmit-receive mode in the region between x’ and
x' + dx'. The 1/R*2 or 1/R amplitude variation has been included in the definition
of f(¢), and we define AR by the relation

AR =V T VZ+ & - x) (3.5.89)

as the difference in range from x’, 0 to x, z and x;, z,.

Range resolution. By making the paraxial approximation (x' — x)? <<
z2, and taking x; = 0, for simplicity we can write

x Ax
Z;

AR = Az - (3.5.90)
where, in general, Az = z — z; and Ax = x — x; It follows that the range
resolution (i.e., the result with Ax = 0) is determined by the function f(z — yAz/V)
for all transducers. So the range resolution is determined by the pulse shape and
length.

Transverse definition. On the other hand, the transverse definition of a
line reflector and sidelobe levels at the focal plane (Az = 0) are determined by
the integral

h(t, Ax, z) = f f(t + 7"2 f" B2V (') dx’ (3.5.91)
with, if f(¢) is a sufficiently long puls:
d,(3d 089z, (3.5.92)

vyD

It is important to realize that the 3-dB width of the mainlobe in a synthetic aperture
imaging system (y = 2) is half that of a conventional imaging system.
Atr = 0, Ax = 0, and Az = 0, the output is

A(0, 0, 0) = £(0) j w(x') dx | (3.5.93)

So the magnitude of A(0, 0, 0) is determined by the maximum amplitude of the
pulse and the spatial integral of the transducer response.
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Grating lobes. We shall take the signal f(¢) to have the form of a Gaussian
pulse:

fl) = e-7y (3.5.94)
We represent the weighting function of the array by its Fourier series.
w(x') = H(%) 2 A e izmpxil (3.5.95)

where TI(x'/D) = | when |x’| = D/2. TI(x'/D) = 0 when |x’| > D/2. and

A, = - f w(x")eRemxil dy’ (3.5.96)

The pth grating lobe is associated with the pth harmonic of the aperture weighting.
It follows from Eqs. (3.5.91) and (3.5.95) that if f(¢) is a very long pulse, the
response is centered at the point

(3.5.97)

By using the pth term of Eq. (3.5.95), w,(x") = A, exp (—j2pmx’/l),inEq. (3.5.91).
with x, = Ax (x; = 0), we can determine the effect of the pulse envelope on the
pth grating lobe amplitude. by writing

Dr2 !
hy(0, x,. 2) = A, j Y f(%) dx’ (3.5.98)

Therefore, when the duration of the pulse envelope is shorter than D/yfy! or
N/~f,, corresponding to N RF cycles for conventional system (y = 1), there will
be a significant reduction in the grating lobe amplitude. In asystem using Gaussian
envelope pulses, the grating lobe will be diminished by the factor

DR
A J e =(px' Ty’
P J_-bpn

hp(oa xp’ Z,') =

D2
Ao dX' )
-on (3.5.99)
A, N=fT ( N ) A, VafT
= -_— e == ——
Ao lpIN lplfeT/ Ao IPIN

where we have assumed in the last term that pf,7 << N, so that we can use the
asymptotic approximation to the error function erf (x).
For a 32-element array of infinitesimally wide transducers (4, = A,) trans-

+The shape of a Gaussian pulse can be specified in many different ways. For instance. with
foT = 1, the 3-dB duration of the puise is 1.27. or 1.2 RF cycles. and the 20-dB duration is 3T or 3
RF cydles. For the same pulse. the 3-dB bandwidth is 37% and the 20-dB bandwidth is 97%.
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Figure3.5.25 Comparison of narrowband (dashed line) and broadband (solid line)
LSFs of continuous delay imaging system. The sidelobes of the broadband LSF
diminish very quickly away from the main lobe. (From Petersoa and Kino [33].)

mitting a broadband pulse with f,7 = 1, the grating lobe is reduced in amplitude
by a factor of 0.06 = —25 dB.

We conclude that for imaging systems using broadband pulses, the CW and
broadband pulse LSFs resemble each other very closely near in to the main lobe.
Features that are well removed from the main lobe (e.g., sidelobes and grating
lobes) are “washed out,” the effect being proportional to the distance from the
main lobe.

To illustrate these effects, we first compare, in Fig. 3.5.25, numerical cal-
culations for the LSFs of two imaging systems with continuous delays, one using
narrowband CW imaging signals (dashed line) and the other using broadband (f,T
= 1) Gaussian-envelope pulses (solid line). Both have the same main lobe shape,
but the sidelobes of the broadband LSF diminish very quickly away from the main

lobe.
Broadband imaging systems have lower sidelobe levels, because the sidelobe

patterns from different frequency components of the imaging signal shift with
frequency, but the main lobe remains in the same location regardless of frequency.
This means that the various frequency components add constructively at the main
lobe but destructively elsewhere. Delay quantization sidelobes are reduced in a
broadband system for exactly the same reason [33, 46].

In Fig. 3.5.26, we demonstrate this point by comparing the LSFs of two
numerically calculated, synthetic aperture imaging systems, both of which suffer
from delay quantization errors (M = 4). The narrowband CW LSF (f,T — ) is
plotted with a dashed line and the broadband (f,T = 1) LSF is plotted with a solid
line. Again, the CW and broadband LSFs agree near the main lobe, but the
sidelobes of the broadband LSF fall off more rapidly.

The analytical theory we have given here is a paraxial one, which we have
evaluated only at the focal plane. More generally, suppose that the imaging system
is focused on a point P distance R, from a transducer at the point x,,, 0, as illustrated
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Figure 3.5.26 Comparison of narrowband (dashed line) and broadband (solid line)
LSFs of quantized time-delay imaging system. (From Peterson and Kino [33].)

in Fig. 3.5.27. All signals received at the transducers from the point P suffer a
total time delay T after processing. The signals from all the transducers are added
so that the total amplitude is N times the amplitude of the signal arriving at one
transducer. However, it is possible for a point O, located anywhere on a circle
of radius R, and center x,, 0, to produce a signal with the same delay time T.
Hence sources located anywhere on circles of radius R,,, whose centers are at the
transducer elements, can give rise to spurious out-of-focus signals or sidelobes. In

S TI Py
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xX X Figure 3.5.27 Causes of near-in and
far-out sidelobes.
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practice, the pulse length is finite, so that the circles have a finite thickness. Near
the main lobe, these ‘“‘thick™ circles overlap and there are phase additions and
subtractions, yielding the typical (sin x)/x response. Farther out from the main
lobe, the circles only partially overlap or do not overlap at all. Thus the sidelobe
response tends to be washed out, until far out there are only isolated responses
along the individual circles, whose amplitudes are reduced by 1/N from that of a
beam focused on the same point.

D. Examples of Synthetic Aperture Imaging

We now consider some examples of synthetic aperture imaging. These will
illustrate some of the theoretical results we have already obtained in Sec. 3.5.5.C,
and also demonstrate how synthetic aperture imaging can be applied to NDT. We
will draw our examples from work carried out in the author’s own laboratory,
where the concentration has been mainly on real-time imaging systems. The reader
is also referred to work in other laboratories, where computer processing of syn-
thetic aperture imaging has been used to make two- and three-dimensional images
of internal features of large structures [43, 44]. In such cases, it is, in principle,
possible to work with structures that are not flat, using the signals reflected from
the surface as a time reference for the reconstruction process. This procedure
makes it possible to correct for the shape of arbitrary structures. In practice, only
relatively simple, large radius surfaces have been dealt with, so far, in this manner.

We first illustrate the results for an imaging system with a 32-element array,
1.6 cm long, with transducer element spacing of 0.5 mm, operating at a frequency
of 3.5 MHz in water [45]. The acoustic wavelength was 0.42 mm, so we might
have expected to see some grating lobes at an angle of the order of 30° to the
normal of the array. In this case, however, the array response fell off fairly rapidly
in this angular range; thus, due to this effect and because short pulses were used,
the grating lobes did not show up very strongly. An image of three wires in front
of a metal plate is shown in Fig. 3.5.28. The image in Fig. 3.5.28(a) was taken
with an 8-element system that was 1.6 cm long. A similar image, taken with a
32-element system, is shown in Fig. 3.5.28(c). The incoherent sidelobes of the
wires and the plate can easily be seen in the 8-element array image, while in the
32-element array image, they are less apparent. Mirror images of the wires in the
plate can also be observed. Two additional images using nonlinear processing for
the 8- and 32-element systems are shown in Fig. 3.5.28(b) and (d), respectively.
Here theimage quality was improved by nonlinear processing. But such techniques
can often produce artifacts and false images due to the nonlinear interactions; thus
their improvement in image quality is not consistent.

Imaging modes. Imaging systems of this type can be used for observing
surface and internal features in a solid by either employing an array in water, with
water between the array and the solid, or placing the array in direct contact with
the solid. In the first case, aberrations occur in the image because angles of the
rays entering the solid from water are changed in accordance with Snell’s law.
Thus we must take account of changes in time delay and phase in the synthetic
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Figure 3.5.28 Schematic and computer-processed images for test targets in water
tank with superimposed 1-cm reference grid. Upper photographs show images on
left without and right with input gain compression for the 8-channel synthetic focus
system. Lower photographs show similar images with 32 active channels. (After
Corl and Kino [45].)

aperture reconstruction program and make different corrections every time the
array is moved. Therefore, if it is possible, it is far easier to use a contacting array
system. If the system is operating in real time (30 frames/s), the array and its
contact to the surface can be conveniently adjusted while observing the image; this
makes it possible to adjust for the best contact and spot artifacts that may occur
in the image.
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Surface acoustic wave imaging. As our first example of a contacting
array, we consider the Rayleigh wave array using an edge-bonded transducer,
illustrated in Fig. 3.5.29. This transducer, which is approximately one wavelength
deep, excites surface waves on a substrate of the same material as that being
examined. Each element is a point source of surface acoustic waves, which are
transferred from the array substrate to the specimens through a plastic strip ap-
proximately 10X long (Sec. 2.5.3). The coupling process is relatively efficient, with
a one-way loss of only —2 dB, and introduces no aberrations because the array
substrate and specimen are made of the same material and thus have equal surface
wave velocities.

Images of an 11-mm spark-machined (EDM) slot taken with this array are
shown in Fig. 3.5.30. When the crack is rotated with respect to the array, the
image changes. When the crack is parallel to the array, it behaves like a good
specular reflector and signals transmitted to the crack are received on the same
element of the array. Consequently, the expected bright line image of the crack
isobtained. When the crack is rotated through a sufficiently large angle, however,
specularly reflected rays are not returned within the array aperture.

Another example utilizes a shear wave array, as illustrated in Fig. 3.5.31, that
is constructed on a metal buffer rod, again of the same material as the sample
being examined. By using an incident wave at an angle of 45° to the normal,
energy is easily transferred between the two substrates by the normal component
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Figure 3.5.30 (a) When imaging specu-
lar reflectors at a large angle of inci-
dence, only the two ends are seen. Im-
ages of an 11-mm EDM slot at: (b) 0°
between normal to reflector and normal
ray to array; (c) 15° between normal to
reflector and normal ray to array; (d)
45° between normal to reflector and
normal ray to array; (e) 90° between
normal to reflector and normal ray to

e array. (After Kino et al. [49].)

b

d
of particle velocity at the surface [48, 49]. Typically, a thin layer of grease, whose
thickness is kept constant by two Mylar pads, one at each end of the array, is used
to keep a uniform contact. With arrays of this kind, contacting is extremely easy
and images with a high degree of repeatability can be obtained without effort; good
repeatability is most important in a practical system.

A shear wave image of a fatigue crack, approximately 4 mm deep and 10 mm
long, obtained with this array is shown in Fig. 3.5.32(d), and compared to a similar
image of the same crack taken with a surface wave array on the top surface [part
(b)], and with an optical picture of the crack [part (a)]. In both acoustic images,
the crack is seen with good resolution; in the shear wave image, a jog in the crack
is clearly resolved. Two additional images of this crack are shown, one with a
contacting longitudinal wave array [part (c)] and another in a pitch/catch mode
[part (e)]. In the pitch/catch mode, the crack was insonified with longitudinal
waves from a transducer on the back of the sample, and the image formed with

energy scattered by the crack into other modes. The return signals were collected
with a Rayleigh wave array.
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Figure 3.5.33 illustrates the pitch/catch mode in more detail. The results
shown here provide multiple images of a crack corresponding to conversion of the
incident longitudinal wave to other modes. The different time delays observed
are related to: (1) conversion to a shear wave at the tip of the crack; (2) conversion
to a Rayleigh wave at its tip; and (3) conversion to a Rayleigh wave at its root.
This technique makes it possible to measure the crack depth accurately.

1.,
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RIUPE |
R |

T am

SW-51

Figure 3.5.32 Imaging a crack with
four different wave modes: (a) 10-mm
fatigue crack showing the prominent jog
about 3 mm from the bottom tip: (b)
surface wave image of fatigue crack; (c)
longitudinal wave image: (d) shear wave
image; (e) Pitch/catch image of waves
scattered from an incoming longitudinal
wave. (After Kino et al. [49].)
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Figure 3.5.33 Pitch/catch imaging: (a)
transmitter-receiver geometry and dia-
gram of the three waves scattered from
the crack; (b) pitch/caich image of a
fong 7-mm-deep slot; (c) pitch/catch im-
age of the 10-mm-long fatigue crack.
(b) (c) (After Kino et al. {49).)

E. Tomographic Imaging Systems

Synthetic aperture imaging is closely related to tomographic imaging. a type
of imaging modality that has become very important since the deveiopment of the
x-ray computerized axial tomography scanner (CAT scanner) [50, S1]. This system
is based on the old idea of motion tomography, illustrated in Fig. 3.5.34. in which
a film 1s moved in synchronism with an x-ray source, but in the opposite direction,
so that one plane of the object remains in focus while all others are blurred. Since
there is no phase information in this image. it can be shown that the PSF of a point
in the image plane varies as 1/r. where 7 is the distance from the point.

The CAT scanner uses a more complicated scan to construct an image of all
points in a thin slice. In one version, illustrated in Fig. 3.5.35. an x-ray source is
moved to N points, perhaps 32 along a row, and the collimated x-ray beams emitted
are detected at points opposite the source positions. The whole assembly is then
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Figure 3.5.34 Motion tomography.

rotated by an angle A8, perhaps 1°, and this process repeated until the full 360° is
covered. Then, by suitable processing, excellent images can be obtained.

Similar techniques have been investigated for acoustic iinaging. Either changes
in amplitude, associated with the attenuation of the medium, or changes in phase,
associated with changes in the refractive index of the medium, are measured. In
some respects, acoustic tomography is more complicated than x-ray tomography
because, due to diffraction, the beam cannot remain well collimated, and the
perturbations in refractive index or attenuation may be so large that a ray path
will not be the same as in a uniform medium. Consequently, progress in this field
has been slow.

The technique can also be used for reflection-mode, rather than transmission-
mode, imaging. For instance, a synthetic aperture quasi-CW system, using a short
tone burst, can be constructed as a circular array enclosing the object; each array
element is used in turn as a transmitter and receiver before passing on to the next
element. It can be shown that the PSF of such a system, anywhere inside the
array, with infinitesimally spaced array elements, is J4(2kr) where Jy(x) is a zeroth
order Bessel function of the first kind [52]. A similar analysis can be made for a
transmission system in which an element at an angular position 6 transmits to a
receiver at a position = + 0, with @ changed by A6 until the full 360° circle is
completed. Using processing similar to that employed for a synthetic aperture
reflection mode system yields an LSF of the form Jg(kr). Such a system can be
employed to produce images of small perturbations in refractive index or atten-
uation. The theoretical definition is excellent because phase information with a
full 360° scan is used.

The equivalent x-ray tomographic system uses only intensity information, as
if the width of the beam had the form of a Dirac 3 function, while in the acoustic

L a—
ittt om——
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e

C—————

SOURCES i RECEIVERS

P ——————————
it fimr——
e
B e e s —

SYSTEM ROTATES AROUND OBJECT

Figure 3.5.35 CAT scan tomographic
imaging system.
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system, there is phase variation across and along the beam due to the use of short
tone bursts. The x-ray tomographic system introduces the phase variation in the
computer, rather than in the transmitter, after the signal has been received. The
processes are equivalent in a linear system. In a tomographic system, the trans-
mitter is located at one point with the receivers located, ideally, at points around
a 180° arc; the system is then rotated until the full 360° circle has been completed.
Processing is carried out by convolving the outputs from receiving transducers at
different angular coordinates, with a function like a sinc function in angular co-
ordinates.- This synthesizes the effect of a spatial phase variation; and also provides
more information if a limited number of points are used: if there are N transmitters
and M receivers, there will be M N pieces of information available and MN re-
solvable spots in the image.

‘ A simple N-element synthetic aperture system will tend to have a far-out
sidelobe amplitude of the order of 1/N below that of the main lobe, while the
tomographic system will have much reduced levels of interference from artifacts.
Thus the simple synthetic aperture system is not good enough for imaging a con-
tinuous medium where there are many equivalent sources present, and the more
sophisticated algorithms developed for tomography are required. The reader is
referred to the literature on CAT scanners and acoustic tomography for more
information [51].

3.5.6 Acoustic Holography

A. Introduction

It was first shown by Gabor that it is possible to construct a system that can
form an image without using lenses [53]. His immediate purpose was to eliminate
aberrations in electron optical systems, but this basic idea has since been generalized
to record and display three-dimensional optical images, and to display acoustical
images in visual form. As used in acoustics, the method and its variations are
suitable not only for image display, but also for such applications as measuring
vibration amplitudes in crystal resonators and aircraft wings. Some closely related
alternative techniques are the Schlieren optical system (see Secs. 4.9.4 and 4.9.5)
and Bragg scattering of light by acoustic waves. These are suitable for measuring
the amplitude distribution over the cross section of an acoustic beam; as a by-
product, the latter technique is also important for electronically deflecting and
modulating a laser beam.

To understand the basic features of holography, we first discuss the formation
of an optical hologram on a photographic film and how images are reconstructed
from it. We then discuss general holographic techniques, in particular, the re-
construction of images using waves of a different wavelength from those used to
illuminate the original object, and how these techniques are employed in acoustic
applications.

We now consider the technique for lensless imaging. A signal arriving from
a point xo, yo, Zp On an object at the point x, y, 0 on the plane z = 0 has a phase
variation do(x,y) = —kV(x — x0)> + (y — yo)* + z3. When alens is employed
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to reconstruct the image of this point x4, yo, Zo, as shown in Fig. 3.5.36, the lens
changes the path lengths of the rays passing through it, and hence their phases, to
produce an image at the point x;, y;, z;, Thus the lens introduces a phase change

Figure 3.5.36 Imaging with a lens.

Ad, where
Ad = K[V(x — x0)* + (y = yof + 2b
+Vx —x)P+( -y)P+ 22 (3.5.100)

The phase change from a point x, y, 0 on a thin lens to the image point x;, y;, z;
isd;, = —kV(x — x)? + (y — y)? + z, Therefore, the phase of the rays at the
image point x;, y;, z;is ¢; + ¢o + Ad and is independent of x and y.

Holography was originally developed as a technique that uses a laser beam
for the phase reference and reconstruction needed to form an image. It can be
employed for lensless imaging of light or acoustic waves. With light, the phase
information is recorded on film in the form of a “hologram™ and the necessary
reconstruction or imaging is carried out by passing a second light beam through
the film. With acoustic waves, the acoustic beam is scattered from the object and
a reference acoustic beam ripples the surface of water or of a solid; the image is
then reconstructed with a light beam, which introduces the necessary phase change,
incident on this surface. In another method, an acoustic transducer is mechanically
scanned over the plane z = 0 and used to modulate a light source, from which is
recorded, on film, an optical hologram. This hologram is reconstructed by the
normal optical techniques. A third technique is to synthesize the necessary phase
changes in a computer and then reconstruct the image.

The holographic reconstruction of images yields a definition determined by
the aperture of the original receiving system. This definition will be entirely
equivalent to that obtained by a physical or electronic lens of the same aperture,
for the holographic method is essentially an alternative technique for constructing
the matched spatial filter described in Sec. 3.5.2.

The use of the direct optical reconstruction technique in acoustic holography
has an advantage over electronically scanned systems or computer reconstruction
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in that it provides rapid parallel processing and a detector that is essentially con-
tinuous. Thus grating lobes do not occur. On the other hand, such systems,
which record the hologram on photographic film, are slow in operation because
of the time required to develop the film. They also require a laser optical system,
which needs a large, stable, mechanical table as a platform on which to reconstruct
the optical image. Some types of acoustic holography systems use the ripple of a
water surface due to an acoustic wave to reflect a laser beam. Such systems need
a high-power argon laser for reconstruction; in addition, they are not very sensitive
and are mechanically quite restricted, because the water surface must be kept level.
Thus they are unsuitable for medical imaging and have been employed only in
NDT testing applications.

As we have already discussed, some of these difficulties can be eliminated
by using computer rather than optical reconstruction techniques. Either a movable
acoustic transducer, or the deflection of an optical beam reflected from the rippling
surface of a solid, is used to detect the acoustic beam. If the number of detection
points is limited, however, the problem of grating lobes may then reoccur.

Acoustic holography excited a great deal of interest when it was first intro-
duced, and topical research conferences were devoted to the subject for several
years. However, it is now rarely used because in addition to the unwieldy optics
required, it employs a phase compensation process to reconstruct the image. This
means only a very narrow band of frequencies can be used for insonification (il-
lumination) of the object and, as a result, the problems of speckle and interference
fringes that occur with coherent light illumination still occur in holography. Fur-
thermore, using a narrowband signal means that short pulses cannot be used for
insonification. Thus the range definition of the system will be the same as the
depth of focus of the equivalent lens with the same aperture, and only very poor
images of partially transparent acoustic objects, such as inclusions of one solid in
another, or of small objects near large reflectors, can be obtained.

With these limitations in mind, it is of interest to study holography as a useful
technique for reflection and transmission imaging of isolated flaws, and for its other
applications to the measurement of vibrating structures.

B. Holographic Reconstruction with Spherical Reference Waves

We first consider the basic technique for recording an optical or acoustic
hologram on film. In principle, the technique requires recording both amplitude
and phase information. We shall illustrate some of the basic ideas here by con-
sidering optical holography.

A plane wave is incident on a film with an amplitude variation A exp (jot)
along the film surface. The film records only the intensity /(x), where

I(x) = AA* (3.5.101)

Thus all phase information is lost.

We consider, initially, the configuration for making a Leith—Upatnieks hol-
ogram using a plane wave source and reference [54, 55]. Two plane waves of
frequency w are incident on the film, as illustrated in Fig. 3.5.37. The first one
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Figure 3.5.37 Recording of a Leith~ Upatnieks hologram with a plane wave ref-
erence and source.

has the form

do(x. y, 0) = uglx, y)ei<fe=idtx» (3.5.102)

The second is a reference plane wave of the same frequency and has fields of the
form

tp(x, y, 0) = uglx, y)e/«'e=/ke+kw) (3.5.103)

along the photographic film.
The intensity of the illumination on the film is therefore

I(x, y) = [dot} + dgliy + o + Ugii}] (3.5.104)
or

I(x, y) = 2uoug cos [kx + kyy — ox, y)] + (uoup + upur) (3.5.105)
The first term in Eq. (3.5.105) can be written in the form
iro(X, y) = uouk{ei(kxx-'-kvy-t(xy}l + e~ilkax+kuy - otx.p)]} (3.5.106)

We see from Eq. (3.5.105) that the use of a reference wave yields two terms
in the intensity variation that retain both the phase and amplitude information in
the wave uy(x, y). This recording of I{(x, y) made on the photographic film with
plane waves is the Leith—Upatnieks hologram [54, 55]. Note that additional in-
formation associated with the incident waves (the uoud and uguy terms) is also
recorded on the film. We shall find it convenient to ignore these terms, as well
as one of the exponential terms in Eq. (3.5.106), in our initial treatment of hol-
ography. In practice, the terms (uoup + ugup) can give rise to glare (i.e., a
background light corresponding to the sum of the incident wave intensities), and
one of the unwanted exponential terms gives rise to an unfocused virtual image in
the reconstructed image. These terms can be eliminated by various stratagems,
which we discuss later.
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Figure 3.5.38 Spherical reference
wave: (a) object and reference source;
{b) (b) reconstruction system.

Spherical wave sources. Before we discuss how this hologram is recon-
structed, let us consider the more general case, where a spherical reference wave
(a point source) is used to illuminate the film originally, and another spherical
reference wave of different wavelength is used to form the holographic image.

We illuminate the film with a reference signal from a point source at x, yg,
—Zg, as shown in Fig. 3.5.38(a). A point on the object illuminated from the same
coherent light source is taken to be at xp, yo, — zo, and the wavelength to be A,
= 2w/kr. We use the paraxial approximation, so that the distances from xo, yo,
—2o and xg, Yr, —2Zg to a point x, ¥, 0 on the film are, respectively.

Ro = V(x — xof* + (y — yo)* + 25

~ +(X‘xo)2+(}"‘)70)2

o o (3.5.107)
and
Rp = V(x — xg)* + (y — yr)* + 7k
— 2 — 2
~ g+ ET I TG Y (35 0g)

225
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It is convenient to write

i

r ax + ayy
ro = a,xp + ay, (3.5.109)
g = axxR + any

where a, and a, are unit vectors in the x and y directions, respectively. Equations
(3.5.107) and (3.5.108) can then be written in the simple form

r — ro)?

Ry = 2z -(—-220-—0) (3.5.110)
r — rg)’

Rp = 2 + '(—2;)—"9— (3.5.111)

respectively. It follows, from an analysis similar to that used to derive Egs. (3.5.105)
and (3.5.106), that the intensity of the light on the film contains a product term
of the form

(r — ro)? _(r - rg)’

2z, 2zp

IRO = A COos kR|: + ZO - ZR] (3.5.112)

where A is a constant.

Reconstruction oftheimage. Suppose that we now illuminate the exposed
film with a wave of wavelength A, = 2m/k,, which is emitted from a point source
at x,, y,, —z,. This will give rise to a wave with a complex amplitude

Ai(x, y) = e ikelzo+(mp—r)n2z) (3.5.113)

along the film surface. This situation is shown in Fig. 3.5.38(b).

When this wave passes through the developed film, which has a density
variation proportional to the intensity variation given in Eq. (3.5.112), the ampli-
tude variation of the light beam leaving the film is proportional to A,(x, y){zo. So
we can write that the amplitude of the wave passing through the film is of the form

(r—ro)? (r—rgf iz + (e = Y372
F(x, y) = K cos kR[ 2200 - ZZRR + 2o — zg| e i T2

(3.5.114)

where K is a constant. The phase delay from a point x, y, 0 on the film to a point
X0, Yo- 20 (o, 20) is

A 2
é(xo, Yo, 20) — &(x. y,0) = k,,[zb + (—"’22—”—] (3.5.115)
o

We now split the cosine term in Eq. (3.5.114) into two exponential compo-
nents with phases =&(x, y, 0). It follows that the phase of each signal component
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reaching the point x;,, yo, z5 is ¢'(X5, Yo, 20), where

(r—rof (r— rx)z]

220 2ZR

&(x5, Yo, 20) = do F ks[
(3.5.116)

-k

P

[m—ﬁ+%-w]

2z, 224

where o = Fkg(zo — zg) — k,(z, + zo) and is independent of r, ry, r, and
ro. Thus ¢, is a constant.
The 72 terms in the phase cancel out at a plane z, = z;, satisfying the relation

._th(_l_. _ L) _ kp(_l.. + l) =0 (3.5.117)

It follows that the image lies at the point z;, where

A ! |
z; = [1 £ (—L - —1—) - -}-] (3.5.118)
Ar \Zo 2R z,

Two images are formed: the one with z; positive, on the right side of the hologram
film, is real; the one with z; negative, on the left side, is a virtual one. Thus the
two exponential terms forming the cosine in Eq. (3.5.112) give rise to separate
images at points determined, respectively, by the + and — signs in Eq. (3.5.118).

The quadratic terms have determined the z location of the image. However,
we have not yet determined the x and y locations of the image. We can do this
by using the condition that the linear terms in r, like kgr * ry/z, in Eq. (3.5.116),
cancel out. The condition is

- Fo e Iy r;
kpl——-—=]+k,|l—+-) =0 3.5.119
" R(Zo ZR) P(zo Z;) (3.3 )
Thus the transverse coordinates x; and y, of the reconstructed image are where
L %M (zfg _ zg)
2, Zo A \Zo Z (3.5.120)
Yio Yo o Moo _¥r
z; Zo  Ag \Zo 2z

respectively. Note that a small change in object coordinates, Ar, leads to a change
in the image coordinates, Ar;, where

>
IN

L Ar, (3.5.121)
o

R

(3]

Thus the transverse magnification M, associated with the wavefront reconstruction
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process is defined as
A
My= = I (3.5.122)
R

or, equivalently, as

M, = (3.5.123)
@&;Q-@)
zZ, A, Zg
Similarly, the change Az; in the z coordinate of the image for a small change in
the position of the object Az, gives a longitudinal magnification M, , where

e/\,)? Ae)
M, = L ; = (-ﬁ) M3 (3.5.124)

ZoMe , (1 _ 20 5
zZ, N, ZR

P
P P

If the reference and reconstruction sources have the same wavelength (A =
\,), then M, = M3% This is identical to the similar magnification formulas for
a lens:

MT = i
2ol (3.5.125)
Z2;

ML = z_o

where z, is the position of the object and z; is that of the image. If a different
wavelength is used for reconstruction and illumination in a holographic system
(i.e., if Ag # X,), the results and the perspective to an observer will be quite
different than they are for a normal imaging system.

The definition of the image may be determined directly by carrying out the
integral

SCo, Yo, 2) = f e~ 10ty 05,502 dx dy (3.5.126)

over the area of the aperture, where x;, y,, and z; are the coordinates in the image
plane. This yields exactly the result we would expect; for a square aperture with
sides D, and D,, for example, the 3-dB definitions in the x and y directions are

0.89z,\
d, = —+R
D, (3.5.127)
0.89z,A
dy = — 7R

y

with a sinc (xoD,/z;Ag) sinc (yoD,/z;A\g) variation for the point spread function.
With a circular aperture, the point spread function is a jinc function, as we would
expect. These definitions correspond, of course, to their scaled versions, using
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the magnification factor M, in the object system. The range definitions also
correspond to what we would expect for a lens of the same aperture.

C. Water-Air Surface as an Acoustic Imaging Intensity Detector

When sound waves impinge on the water -air interface in a water bath, there
is a static radiation pressure associated with the sound wave of value p, = 2I/V,
where / is the acoustic intensity of the wave approaching the surface; this causes
the water surface to lift.+ The movement of the water surface at a distance R is
proportional to the sound wave intensity and hence. if it can be detected optically,
this phenomenon can be used for holographic detection of sound. At the same
time, the water is undergoing RF motion due to the presence of the sound waves,
with a particle displacement 4 = A_S, where A, is the wavelength of the sound and
S is the strain. With typical strains of the order of § = 10~¢, and wavelengths of
the order of 1 mm, the RF displacement of the water is of the order of 10 A, a
very small value. In practice, the water displacement due to radiation pressure is
normally comparable to this value and often much larger than it.

We can estimate the water displacement by considering the restoring force
due to surface tension. and carrying out a one-dimensional analysis pertaining to
displacement of the water surface by a sound wave whose intensity varies in the x
direction along the water surface [55]). If o is the surface tension, the restoring
force due to surface tension, after the liquid is displaced a distance A, is o(d2h/dx*)
dx in an elemental length dx. However, the downward force due to gravity is
8Poht dx, and the upward force due to the radiation pressure of the sound wave
is po dx. Hence we can write

2

i + gpmoh = Po(X) (3.5.128)

g

If we take a spatial Fourier transform of Eq. (3.5.128), we can write

x

Hv,) h(x)e~/¥= dx

-> (3.5.129)
P(v,) = f po(x)e=/* dx
1t follows from Eq. (3.5.128) that

P(v,)
VA + 1)pog

H(v,) = (3.5.130)
where ¥° = O/pmeg.
If the second term in the denominator of Eq. (3.5.130) can be neglected

*The easiest way to understand this effect is to use quantum mechanics. We regard the wave
as composed of acoustic phonons. If there are N acoustic phonons per unit area per second reaching
the surface. the rate of change of momentum due to the phonons reflected at the surface is p, = 2NAk.

where # is Planck’s constant and k is the propagation constant. Therefore. p,, = 2Ntw/V. However.
Nhw = /. Thus Po = ZIIV.
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compared to the first term, we find that

Hw,) = ﬂl'l (3.5.131)
Vo
or, more generally, in a two-dimensional system,
Hv,, v,) = PO ¥ (3.5.132)
' Vo

where v? = v2 + 2.

Equations (3.5.131) and (3.5.132) are valid if the spatial period of the hol-
ogram has a wavelength A = 1/v that is much smaller than the parameter vy, where
v is typically of the order of 2 mm. In this case, the second spatial derivative of
the height h is proportional to the acoustic intensity at the surface. In a holographic
system, this implies that the cross product term of the wave passing through the
object and of the reference wave is the important term, and that d2h/dx? is pro-
portional to the amplitude of the wave passing through the object. More generalily,

&h

P (3.5.133)

P
Po(x, y) g;é +

Smith and Brenden holographic technique. Many different types of
acoustic holographic imaging methods that use the ripple of a water surface for
reconstruction of the image have been described in the literature {55]. First we
will describe the Holosonics industrial system of Brenden, which has been fairly
widely used [56]. If a spherical reference source is employed, the water surface
must, in principle, be lifted into a spherical shape, and distortion inevitably occurs.
The Brenden system eliminates this problem by using a plane wave acoustic ref-
erence beam (z; = =), a small separate tank for the region where the reference
beam impinges on the water surface, and a lens between the object and the water
surface to bring the image plane z, = z; of the optical system to a finite distance.
A schematic of the system is shown in Fig. 3.5.39.

As illustrated, a lens is placed in front of the optical reference source to
produce a collimated or parallel optical beam (z, = =) at the water surface.

It follows from Eq. (3.5.118) that

A
z; = :-):‘3 o = =2z, (3.5.134)
(4

t~

where A = \, is the acoustic wavelength and A, = A, is the wavelength of light.
By using a lens in front of the object, z, has been made very small. However, it
follows from Eq. (3.5.134) that because A\, >> A,, the image plane can be at a
finite distance from the water surface.

Note that two images are formed, a virtual one, indicated by the negative
sign, and a real one, indicated by the positive sign. An optical lens of focal length
f, a distance d from the water surface. will focus the image to a plane a distance
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z; from the lens, where

1 1 1

- == - (3.5.135)

Z; f d - Z;

The true and conjugate images will therefore be focused at different planes.

If the acoustic image is focused on the water surface, then z, = z; = 0, with
the real and virtual images focused at the same plane, although they will be displaced
in the x, y plane from each other. If, on the other hand, z,, is chosen to be finite,
as above, the lens can be used to focus on one image or the other. Thus, by a
combination of transverse and longitudinal displacements, the two images can be
separated from each other.

We now consider the magnification of the image. At the plane z = z,, the
magnification M of the image is
A\ 2z
M= =|=)—+=1 .5.136
T ()‘a> 20 (3 > 3 )

When light is reflected from the vibrating water surface, there is very little
change in amplitude, as there is when light passes through a hologram on photo-
graphic film. Instead, the light is phase modulated by the change in the length of
the light path. This phase modulation must be converted to amplitude modulation.
We will show below how this is done in the Brenden imaging system [S5, 56].

When a plane optical wave of amplitude A, is reflected from the water surface,
the reflected wave is phase modulated by the change in its path, 2A, and a com-

Sec. 3.5 Lensless Acoustic 287



ponent is obtained with an amplitude variation a(x, y), defined as

_ 4jmh(x, y)]

5.137
. (3.5.137)

a(x, y) = Aoe—4)'1rh(x,y)!)q_ onlil

where it has been assumed that h << \,.

Suppose that we observe the light at the back focal plane of the optical lens.
At this plane, the amplitude of the light can be shown to be proportional to the
Fourier spatial transform A(v,, v,) of the function a(x, y). This has the form

A@,, v,) = 8(v,, v,) — i’—“-H—)f"——"L) (3.5.138)
L
where H(v,, v,) is the two-dimensional Fourier transform of h(x, y). The spatial
frequencies v, and v, are proportional to x” and y”, respectively, where x” and y”
are the coordinates at the back focal plane z = z] of the lens.

The Dirac 8 function represents the bright central spot corresponding to the
light reflected directly from the surface of the water. It can be eliminated with a
simple opaque dot located on the axis at the back focal plane of the lens. In
addition, a neutral density filter with a density variation proportional to r"?, where
r” is the distance from the axis, can be used along with the small stop. This filter
will lower the response to the higher spatial frequencies, yielding an image with a
light-amplitude variation of the form v2H(v,, v,). However, we have shown
[Eq. (3.5.133)] that P(v,, v,) « v*H(v,, v,); hence the amplitude of the light passing
through the filter is proportional to P(v,, v,). Because the viewing optics can
display a Fourier transform of the light amplitude at the back focal plane of the
first lens, the image amplitude obtained can be made proportional to py(x, y).
However, by focusing the viewing optics on the plane z = z;, a focused image
whose amplitude is proportional to the acoustic amplitude of the wave passing
through the object can be obtained.

An image of a deliberately disbonded aircraft honeycomb structure, taken
some years ago with the Holosonics imaging system, is shown in Fig. 3.5.40. In
this example, the honeycomb structure was immersed in the water tank; the op-
erating frequency was 2.25 MHz. Note that the definition of the image is fairly
good, but there is considerable speckle. This is to be expected with a coherent,
phase-imaging, single-frequency system.

D. Scanned Holographic Imaging

There have been many ideas for producing holograms and forming images
from them during the last few years. One of them, scanned holography, is inter-
esting because of its close relation to synthetic aperture imaging [57, 58]. This
system employs a focused transducer mechanically scanned in the x and y directions,
as illustrated in Fig. 3.5.41. The transducer is immersed in water to form holo-
grams of either objects in water or objects inside a solid.

In the latter case, the acoustic transducer is focused on the surface of the
solid and forms a moving point source or receiver at that plane, which is the plane
of the hologram, z = 0. The output signal from the receiving transducer is mixed
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Figure 3.4.40 (a) Holosonics holographic ultrasound imaging system; (b) honey-
comb structure (3-in. period) with intentionally introduced nonbonding areas as
imaged by the Holosonics system at S MHz. (After Mueller [55].)

with a signal of the same frequency, which is equivalent to using a plane wave
reference normal to the surface of the solid. However, as the phase of the reference
signal can be changed with an adjustable phase shifter, the phase can be varied
linearly with time, while the transducer is scanned in the x direction, to produce
the effect of a tilted plane wave reference source.

The dc output from the mixer has an amplitude that varies with time in the
same way as the light intensity passing through a hologram. Therefore, if a light
source is modulated by this output signal and scanned in synchronism with the

MIXER
- w —
VARIABLE
PHASE DELAY
w
Y
X
SCAN
OBJECT )
METAL BLOCK Figure 3.5.41 Simplified scanned hol-
ography system.
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Figure 3.5.42 Reflection mode imaging of a simple object: (a) drawing of the
object; (b) space frequency spectrum as seen optically; (c) holographic image.
(After Aldridge et al. [57].)

movement of the acoustic transducer, it can be used to expose a photographic film
to form a hologram. The hologram can then be reconstructed by the standard
techniques already described.

Because of Snell’slaw, a transducer with a relatively narrow aperture produces
a wide angle beam in a metal. Since the transducer can be scanned in the x and
y directions over an aperture that is large in comparison to its size, it is possible
by holography to synthesize the effect of a lens with a very large aperture.

The system can be used with a plane wave insonifying transducer, either at
the top surface or incident on the object from another direction. Alternatively,
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Figure 3.5.43 System used by Aldridge for reconstruction of a scanned holo-
graphic image. (After Aldridge et al. [57].)

the same focused transducer can be used as transmitter and receiver. In this case,
just as with synthetic aperture imaging, the effective ray lengths are doubled, and
the definition of the image is improved by a factor of 2 [57, 58].

A flat structure immniersed in water, as illustrated in Fig. 3.5.42(a), was used
for a reflection mode imaging experiment by Aldridge et al. [57]. With plane
wave illumination at 10 MHz, they obtained the hologram shown in Fig. 3.5.42(b).
T: . hologram was reconstructed with a helium-neon laser source, using the system
illustrated in Fig. 3.5.43; the image obtained is shown in Fig. 3.5.42(c). Although
there is some evidence of speckle, we see that this early system produced an image
of very high quality.

The results obtained for objects inside a solid are less impressive, although
they demonstrate that changing the focus of the optical reconstruction system makes
it possible to image different planes within the solid. One reason they are less
impressive is that there are often interfering signals present, due to reflections from
the surface of the solid. Gating the transmitter signal helps, but a minimum pulse
length is required to accommodate the time differences between the acoustic ray
paths reaching the object at different angles to the axis of the transducer.

A very similar system has been used by a number of authors for short-pulse
synthetic aperture imaging. Computers can be used either for holography or for
short-pulse synthetic aperture time-delay reconstruction of images. 1If the phase
and amplitude of the acoustic signal are recorded, it can be shown that a fast
Fourier transform technique can be used to reconstruct a holographic image (see
Prob. 8). But since it does not take much longer to form a true synthetic aperture
time-delay image instead, which has the advantage of good range resolution, de-
velopment of such computer techniques has been centered on synthetic aperture
imaging or tomography.

Scanning Laser Acoustic Microscope

Before leaving the subject of holography, we will describe a microscope that
uses a laser readout; this is known as the scanning laser acoustic microscope (SLAM).
We discuss it here because although it is not a strictly holographic system, it can
be used in this mode, and it employs very similar techniques to those used in
acoustic holography.
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Figure 3.5.44 (a) Laser detection of acoustic energy at an interface. (From
Kessler and Yuhas [59]. and Korpel et al. [60].) (b) Schematic diagram of the
scanning laser acoustic microscope. (After Kessler and Yuhas, as noted in Kessler
and Yubhas [59, 61].)
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Schematics of the device developed by Kessler and Yuhas are shown in
Fig. 3.5.44. The sample to be examined is placed on the microscope stage, which
consists of a solid block of quartz or other material, and is insonified by a longi-
tudinal or shear acoustic plane wave directed at an angle to the normal to the
surface. If the sample has a polished surface, the surface displacements due to
the acoustic wave passing through it can be measured directly with the laser beam;
alternatively, a plastic mirror in the form of a coverslip can be placed in contact
with the sample and used to relay the sonic information to the laser.

Anincident laser beam is reflected to a photodetector from the surface to be
examined. When there is a surface ripple present due to an acoustic wave, the
laser beam will be tilted by an angle 2A0 when the surface tilts by A8. This small
tilt in the laser beam would not normally affect the output from the photodetector.
However, if a knife edge stop is placed in front of the beam, the slight tilt in angle
will change the output amplitude. Thus the surface displacement due to the acous-
tic wave of frequency w is changed to an amplitude modulation of the same fre-
quency at the photodetector. A Bragg cell (see Sec. 4.9.5) is used to scan the
laser beam rapidly over the surface in the x direction. A servo-controlled moving
mirror (not shown) is used for the scan in the y direction. A lens (not shown) is
placed in front of the knife edge to focus its image on the mirror image of the
center of the Bragg cell in the reflecting surface. In this way, the scanned laser
beam is always incident on the knife edge.

The operating frequency of the SLAM is usually between 100 and 500 MHz
and the frame time is 3 s, identical to the standard TV frame rate. The definition
of the SLAM is not controlled, principally, by the acoustic wavelength, since the
sample is insonifed by a plane wave. The system is basically a near-field shadow
imaging system, with the definition controlled by the size of the laser beam at the
reflecting surface. Since the beam must be focused on the image of the knife
edge, its size is larger than it is at the focus. The definition for features below
the surface rapidly deteriorates at a rate depending on the wavelength of the
acoustic waves.

One major advantage of the SLAM, in addition to its real-time imaging
capability, is the fact that the object can be viewed optically while the acoustic
image is being obtained. An illustration of the configuration used for this purpose
is shown in Fig. 3.5.44(b). When the sample is transparent, a half-silvered cover
slip can be used and a photodetector placed below the transparent stage to detect
the transmitted light. In this way, scanned optical and acoustic images can be
obtained simultaneously.

Images of a live mouse embryo heart, taken at 100 MHz, are shown in
Fig. 3.5.45. An optical image is shown in Fig. 3.5.45(a), with the acoustic image
in Fig. 3.5.45(b). By mixing the output signal with the reference input signal to
the insonifying transducer, an interferogram can be generated, as in Fig. 3.5.45(c).
If the phase delay through the sample is uniform, the spacing of the fringes in this
interferogram is constant and corresponds to A/sin 6, where 0 is the angle between
the direction of propagation of the insonifying plane wave and the normal to the
surface. When the thickness of the sample is nonuniform, as in the example shown
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Figure 3.5.45 Live mouse embryo heart: (a) optical image: (b) SLAM acoustic
micrograph at 100 MHz (cross-marks are placed 1 mm apart); (c) acoustic inter-
ferogram from which variations in elastic properties of the muscles are determined.
(After Eggleton and Vinson. as noted in Kessler and Yuhas (59, 62].)

here, the finger spacing varies and can be used to measure the variation in thickness
of the sample.

When the sample is far from the surface, the interferogram obtained is, In
fact, a hologram. Some theoretical analyses involving digital techniques to re-
construct images from these holograms have been made [63, 64], but at the time
of writing, there are few, if any, experimental results.

F. Holographic Imaging of Vibrating Objects

One of the most useful applications of holographic techniques is to the imaging
of vibrating objects and the determination of the amplitude of vibration of any
point on the object [2].

We suppose that any point x,. Yo, Zp On the object is vibrating with an
amplitude

Az = m(my, y,) sin Qi (3.5.139)

When a point x,. Y. Zp On a stationary object, as illustrated in Fig. 3.5.46,
is illuminated by a spherical source with its center at x,. y,. z,,. and the reference
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Figure 3.5.46 Holographic system for
observing vibrating objects.

wave is a plane wave (zz = 0), the image intensity at a point x, y, 0 on the film
is

I = A cos k[(x

+ 2z + tant 3.5.14
o = 20) Zop + constan ] (3.5.140)

= A cos (6, + 6p)

where k = 2@/\ and A is the optical wavelength.

If the object is vibrating, Iro = A cos (6, + 8, + 6,), where 6, < Az. If
the angles of incidence of the reference beam and of the rays from the object at
the film are small, it follows from the second-to-last term in Eq. (3.5.140) that 6,
=~ 2k Az. Hence

I = Acos (6 + 6, + 2kpm sin () (3.5.141)

We can write [ in the form
1 = %[e—jkA(eo+op+2kpmsinQ:) + C.C.] (35142)

where c.c. stands for complex conjugate. However, we can write

g~ HkmsinQi) — J’ c.e /" dt (3.5.143)
with
! 1 2% )
c, = - J' ej(nQI—kastt dr = J,,(2km) (35144)
27 Jo

where J,(z) is an nth-order Bessel function of the first kind.
It follows that the static value of the intensity varies as

I(X0, yo) = AJo[2km(xo, yo)] (3.5.145)

due to the vibration. Thus the intensity of the holographic image of a plane object
varies with m(x,, yo) in the manner given by Eq. (3.5.145).
This result for the intensity variation gives us a way to measure the vibration
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Figure 3.5.47 Holographic images of a
diaphragm vibrating in (a) a circularly
symmetric mode, and (b) a mode with-
out circular symmetry. (After Powell
and Stetson, as noted in Goodman

[2, 65].)

amplitude. We see that I(x,, y,) = 0, where J,(2km) = 0 (i.e., at 2km = 2.4).
With illumination from a helium-neon laser, this requires only a vibration ampli-
tude of the order of 1250 A. With small vibration amplitudes, the intensity I,

varies as
I,= A - k’m?) (3.5.146)

Thus, when m is small, the reduction in intensity is proportional to the square of
the amplitude of vibration. A holographic image of a vibrating object is shown
in Fig. 3.5.47.

PROBLEM SET 3.5

1. Use diffraction theory to treat the reflection of a finite beam of width w, incident at an
angle 8 to the normal on a perfect plane reflector (a specular reflector), as illustrated in
the figure. Suppose that the incident beam can be regarded as a section of a plane wave
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(i.e.. to have uniform fields over its width w and a propagation constant A in the 6
direction). Find the value of the normal particle displacement . of the incident wave
at the plane = = O of the reflector.

INCIDENT WAVE

REFLECTED WAVE

(a) Regard the specular reflector as a rigid object. so that the normal displacement of
the reflected wave at the plane = = Oisuf = —u.. Use the Rayleigh-Sommerfeld
theory to determine the form of the reflected beam in the far field. and work out its
3-dB width and the angular position of its central axis. You will need the Rayleigh—
Sommerfeld formula for a strip beam (i.e.. a beam that is infinite in length in the y
direction). This is given as the solution of Prob. 3.1.3. The result justifies ray optic
theory in the limit w/ih — =,

(b} Now consider sampling the reflected wave source by regarding it as a set of N line
sources. with a spacing w/[(N — 1)cos 8] between them. Work out the form of the
far field. regarding each source as a 5 function multiplied by the correct phase term.
Show that as N — =, your result converges to one of the same form as the solution
of part (a). Show that when N is finite there are subsidiary maxima associated with
the finite number of sampling points. These are called grating lobes. Find a formula
for the positions of these grating lobes.

Consider an N-element transducer array at the plane z = 0. Suppose that the field due

to a point source at x. 2 is f{x — x,, =) at the nth element of the array, and that the

response of each element of the array is g(x,). If the random noise power at ecach
element of the array is N,, and the noise powers received at each element add linearly,
the total noise power P, into a 1-) load at the receiver will be

m=m§mw

Work out the signal power S into a 1-Q load at the receiver, and show that the signal-
to-noise ratio S/P, is maximum when g(x,) = f*(x — x,, z). Show also that when |g(x,)|
= A, where A is a constant, the signal-to-noise ratio is increased by a factor N by using
N transducer elements instead of only one.

Note: You may find it helpful to use Schwarz's inequality in a similar manner to the
derivation that leads to Eq. (4.4.31).
Prove Eq. (3.5.70) using the method of stationary phase in Appendix G.

Consider an M-phase digital imaging system with a continuous linear array. As discussed
in Secs. 3.5.2.B and 3.5.3.B. the ideal matched filter response for a continuous array is

glu) = em™

where u = x'*/Az, and the phase is & = 7u.
Assume that a digitally sampled system is designed to match this requirement as
closely as possible. with M samples per cycle. Take the phase of the digital system to
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be ¢ with an error &, defined as

e = 2n= (2n - l)w<u<(2n + D
M — 7u M M

where 7 is an integer. The phase ¢ and error ¢ as functions of « are illustrated, re-
spectively, in Figures (a) and (b) below.
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(a) Expand exp (je) in the form
e = S A, g

and show that

n(m + UM)
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tobe ¢ with an error gu) defined as:

2nmw 2n-1 2n+1
EUW)=—-nu ; —8— <u<
M M

ou)
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(a) Expand exp (j¢) as a Fourier series:

LN 2 Aol
s

(b)

where ¢(u) =€(u) +mu, or
2n-1
o(u)=2nn/ M ; n__<u<_2n+1
M M
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In one cycle ¢ varies from 0 to 27 , sufromQto2s., and ¥ from O to 2. In this
case, with M samples per cycle, ¢(x) has sampled values of 2mn/M , where n is an
integer. For u varying from -1/M to 1/M, the digitized or approximate value of f(u) is
taken to be f(u) = 0. For « varying from 1/M to 3/M ,0(u) = 27/M and so on as shown
above.

Work out the Fourier coefficient by integrating for a general value of # and
summing terms.

The mathematics required is very similar to that used for the analysis of grating
lobes. You may find it convenient to work in terms exp je(u) and show that the only finite
Fourier coefficients arethose with s=mM . If you decide to write exp j¢(u) as a Fourier
series, then the only finite terms would be with s=Mm + 1. Either approach will work. By
expanding over one period of the error from u =-1/M to 1/M , the analysis will be simpler.
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(b) Use vour result and the method of stationary phase (Appendix G) to prove Eq.
(3.5.72).

(c) Determine the positions of the subsidiary foci associated with the mth harmonics.

5. (a) Consider a nonparaxial chirp-focused system. used as a receiver. with transducer
elements a distance / apart. Find the form of the chirp required to focus on a point
X, z.
(b) Now consider the system as a transmitter. What is the form of the chirp required
for nonparaxial focusing on the point x, z?

Note: You may find it helpful to consider the signal at each element of the transducer
and allowing the phase to change by an extra 2% from element to element.*

6. (a) Consider a radial sector scan imaging system in which focusing and steering are
handled separately, as described in Sec. 3.5.2.C. Suppose that we want to limit the
number of lumped delay lines required for focusing in the receiver. Examine one
strategy: Suppose that the receiver is focused on the point 0, z, and that the maximum
phase error allowed is w/4. Then. if the receiver is focused on z = z, = o, find the
value of z for which the maximum phase error is /4. Now find the value of z =
z, for which the error is /2 and suppose that the receiver is refocused at this point.
Repeat the process to find how z, depends on n, the nth refocusing point.

(b) Consider a system operating in body tissue (acoustic velocity 1.5 km/s) at a frequency
of 3.5 MHz. Suppose that we require the system to have a range of focus from 2
cm to x. How many focal points will be needed. and hence how many lumped delay
lines per element will be required? Assume. in this case, that the error for an
individual element may be less than the maximum error allowed for the outside
elements, and that the width of the system is 2 cm.

7. Consider the Leith—Upatnieks hologram, which uses a plane wave reference, shown in

Fig. 3.5.37.

(@) Show that an image may be reconstructed by using a plane wave source of the same
wavelength to illuminate the film from the same angle as the original reference. You
may regard any image as being composed of plane wave components incident at all
angles to the film. If these plane wave components can be reconstructed. so can the
original image.

(b) Consider the situation when reconstruction is attempted with a plane wave source of
different wavelength. Will it work or not? Do not use the paraxial approximation.

8. Consider the problem of forming an image from a hologram by using fast Fourier trans-
form (FFT) techniques on the computer. As an example, the hologram of a point x, y,
z is formed with a SLAM. For simplicity, assume that a plane wave reference source
is directed normal to the surface z = 0. This plane wave source insonifies the point x,
y. z, so that the total signal arriving at the plane z = 0 may be regarded as the sum of
a plane wave and a source at the point x, y, z.

() Using the paraxial approximation, work out the intensity of the image at the plane
z = 0. This is the recorded signal.

(b) Now. in analogy to the FM chirp imaging method, multiply the recorded signal by a
term of the form exp (j{{(x — x)* + (v — y')?}2z}), where x’, y’, and O are the
coordinates at the plane z = 0 being scanned by the laser beam. Now show how a
Fourier transform technique can be used to reconstruct the image of the point x, y,

*Reference: W. H. Chen. F. C. Fu, and W. L. Lu. "*Scanning Acoustic Microscope Ulilizing
SAW-BAW Coaversion.” JEEE Trans. Sonics Ultrason.. SU-32. No. 2 (Mar. 1985). 181-88.
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z and, in general, the image of a thin layer at the plane z, whose attenuation varies

as f(x, y, 2).
(c) Determine from your analysis the 3-dB definitions of the image in the x and y

directions, for total laser scan distances of D, and D, in the x and y directions,
respectively.

3.6 REFLECTION AND SCATTERING BY SMALL AND LARGE
OBJECTS

3.6.1 Introduction

There are many applications in nondestructive testing (NDT), medical acoustics,
and sonar for which we must be able to determine how different types of objects
scatter acoustic waves. An object that is large in cross section compared to the
wavelength, and whose surface roughness is small in scale compared to the wave-
length, like a bone in the human body or a large hole in a metal or a ceramic, will
tend to behave like specular reflectors. On the other hand, objects whose di-
mensions are small compared to the wavelength, such as grains in a metal, sand
in the sea, fatty globules in tissue, or blood cells, will tend to give rise, individually,
to weak waves, which are scattered in all directions. Thus a large number of fine
particles will tend to behave, collectively, like a diffuse reflector. This scattering
regime is known as Rayleigh scattering, named for Lord Rayleigh, who first in-
vestigated it in connection with the scattering of light by dust particles in the <ky.
He showed that the intensity of the scattered radiation varies as the fourth power
of the frequency, which makes the sky appear blue.

The same law holds true for acoustic waves, so that Rayleigh scattering is
one of the principal causes of attenuation in granular materials, although it is not
present in a high-quality single crystal. The attenuation occurs because power is
scattered from the incident acoustic beam by the grains. When the grain size is
small compared to the wavelength, the implication is that the attenuation per unit
length varies as the fourth power of the frequency [24, 66, 67).

Recently, considerable advances have been made in NDT by adapting the
earlier electromagnetic (EM) theory and the theory used for scattering in liquids
to the study of scattering in solids. This makes it possible to predict the frequency
and angular variation of amplitude of the signals scattered from various types of
'objects, such as cracks, inclusions, and bounding surfaces, in terms of their size
and material constants. Thus, by carrying out quantitative theory, it is becoming
possible to establish the position, nature, and size of flaws in a solid body [1, 66,
67].

The NDT or sonar fields are convenient vehicles for such studies because for
the simplest cases, scatterers of simple shape and composition are treated. Simple
scatterers, like spheres and cylinders, can be treated theoretically and investigated
in the laboratory. In the medical field, the problem is more difficult because of
the complicated and less controllable nature of biological materials. A study of
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scattering from simple objects, however, is fundamental to understanding scattering
from more complicated structures. and leads to very useful insights.

In Sec. 3.6.2 we will examine an easy way to treat specular scattering from
spherical objects. Then, in Sec. 3.6.3 we will describe a more sophisticated theory
to deal with scattering from different types of scatterers. applying it to scattering
from both small and large objects.

3.6.2 Scattering by Large Objects (Physical Concepts)

Acoustic scattering of an incident wave, by objects in the sea, parts of the body,
and flaws in materials, tends to be specular. This is because, unlike the case for
optical waves, the surface roughness of these objects is typically small compared
to the wavelength. The scattering from biological and solid objects at frequencies
in the 1-GHz range is not specular. because the acoustic wavelength is of the order
of 1.5 pm, comparable to the scale of surface roughness or to the size of biological
cells. Atlow frequencies. as we have seen, the scale of surface roughness is small
compared to the wavelength, and most discontinuities in impedance give rise to
specular reflections. Thus it is difficult to obtain diffuse reflecting surfaces at low
frequencies, even when we want to do so.

We first consider a large, perfectly rigid sphere insonified by a plane wave.
We assume, for simplicity, that if the sphere is much larger in diameter than the
wavelength, it behaves like an isotropic reflector. The power intercepted by the
sphere, of radius a. is ma?/,, where I, is the intensity of the wave and ma® is the
cross-sectional area of the sphere exposed to the incident wave. The reflected
power radiated by the sphere will be P; = wa?/;. Thus the power per unit area
in the reflected wave at a radius r will be the intensity Iz = Pg/d4nr’. We write

wa’ a

= -4-;;'2'[,» = —] (3.6.1)

Ir 42"

Thus for a >> A, the reflected power intensity is proportional to @ and inversely
proportional to the distance squared from the sphere. We obtain this result another
way in Sec. 3.6.3.

We can extend the same general idea to account for reflection at normal
incidence from any convex surface where alf radii of curvature are large compared
to a wavelength. We consider a plane wave normally incident on the convex
surface at the point P, as shown in Fig. 3.6.1(c). Let its principal radii be R, and
R,. Imagine a series of planes that intersect the surface of the object: The
principal normal sections are defined as those having a maximum and minimum
radius of curvature, called R, and R,, respectively. Suppose that AA’ and BB’
are lines on the convex surface that lie in the two respective principal normal
sections, as shown in Fig. 3.6.1(a) and (b).

Consider the plan view shown in Fig. 3.6.1(c). The two incident rays sub-

tending an angle 2d9, at the center of curvature intercept a segment of length d!,,
where

dl, = R, de, (3.6.2)
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Figure 3.6.1 Reflection from convex

Pl B2 surface: (a) cross-section through AA’
! oL, {foed, 4 %, with radius of curvature R;; (b) reflec-
S U tion from a small element of area dl, dl,
Rz with AA’ and BB’ as the principal nor-
A mal sections; (c) ray incident from O at
() the point P on the convex surface.

If we consider the element d/, at right angles to this segment, we can write

dlz = R2 dez (3.6.3)
The power incident on this element of area d/, d/, is
dP = I, dl, dl, = R,R, db, d6, (3.6.4)

The reflected wave in the plane view of Fig. 3.6.1(c) subtends an angle 246, and
appears to be emitted from a point R,/2 from the center of curvature. Thus the
area over which the reflected power is distributed at a radius r is

ds = r*(2 do,)(2 db,) (3.6.5)
Hence the reflected intensity I is
dPr _ LRiR

I = s a2 (3.6.6)
For a sphere of radius a, Eq. (3.6.6) reduces to the relation
I, @
1 = e (3.6.7)

This result is the same as Eq. (3.6.1).
When the sphere is nonrigid and made of a material with a reflection coef-
ficient I', we can write

Zz-ZO

l“=zz+zo

(3.6.8)
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where Z, is the impedance of the sphere and Z,, is the impedance of the surrounding
material. We find, by the same arguments, that

In o @

1" T e (3.6.9)

In practice, a calculation for I' in the simple form given in Eq. (3.6.8) is

reasonable only for waves at normal incidence. As the main contribution to the
backscattered wave is from this region, however, the use of Eq. (3.6.8) is valid.
On the other hand, reflection of the incident plane wave to an off-axis transducer
requires using a more general formula for T..

3.6.3 General Scattering Theory

Here, to acquaint the reader with the concepts used in the theory of scattering
from small, arbitrarily shaped objects, we treat a simplified case of scattering by
a hydrostatically compressible object in a liquid. We also discuss more general
formulas for scattering in solids, and their implications.

Surface integral formulation. We use the Green’s function theory given
in Sec. 3.1.3 [see Eq. (3.1.27)]. There we showed that if the potential ¢ and its
normal gradient Vé - n are known on a surface s, the potential at any other point
due to excitation at this surface is ¢,(x, y, z), where

&,(x, v, 2) = f (&V'G — GV'd) - n ds’ (3.6.10)

and the prime denotes source coordinates, in this case on the surface of the sphere.
Here, to eliminate negative signs in Eq. (3.6.10), we have defined n as the outward
normal from the sphere, and have redefined G as

e—JkR

G= 4R

(3.6.11)

with

R=Vx—xP+0-yr+@G-z)y (3.6.12)

Now suppose that we consider an object excited by an incident plane wave, as
illustrated in Fig. 3.6.2. Suppose that the incident plane wave has a potential ¢,
when there is no scattering object present. When a scattering object is present,
the total potential is

¢ = + ¢ (3.6.13)

where ¢; is the potential of the scattered wave.

Therefore, in principle, if the total potential is known at the surface of the
sphere, we can find ¢*(x, y, z) by writing the integral equation for ¢, obtained
using Egs. (3.6.10) and (3.6.13), and solving to determine ¢ at any point. The
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$;

Figure 3.6.2 Object excited by an inci-

= dent plane wave.
required integral equation is

b= b + j(q;V'G - GV'¢) *n ds’ (3.6.14)

Exact solutions to this problem can be obtained for spheres and cylinders,
but not for scatterers of other shapes [66—69].

Volume integral formulation. It is convenient to write Eq. (3.6.10) in the
form of a volume integral. Before doing this, however, note that the potentials
defined in Eq. (3.6.10) are for a region just outside the perturbed volume V. At
the surface of this volume the normal pressure p is continuous, as is the normal
component of displacement u, = dd/dn, but the potential is not. Using the re-
lationship p = w?p,,0¢ in Eq. (3.6.10), Eq. (3.6.10) can be written in terms of the
pressure just inside the volume V in the form

P, y, 2) = f <pV'G — Pmo GV'p) -n ds’ (3.6.15)

Ym0

where p,,o and k' are the density and compressibility factors, respectively, inside
the volume V (see Secs. 2.2 and 3.1). We have dropped the ' superscript for all
other parameters at this point to keep the notation simple; here the ' superscript
denotes differentiation with respect to coordinates inside the sphere.

We may now employ Gauss’s integral theorem to write Eq. (3.6.15) in the
form

px, y, 2) = j [V’ -(PV'G) - E,'Q v . (GV'p)] dv’ (3.6.16)
v Pmo
Using the vector relation V - (6V§) = ¢V + Vo - Vi, it follows that

p(x, y, 2) = jv [(1 - sz) Vp-V'G + (V'ZG — Bmo GV’2p>] %

Pmo

(3.6.17)
where p and G obey the wave equations
©® Prio
3k’

Vip + p=0 (3.6.18)
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and

2
vig + L5 _ g (3.6.19)
3k
respectively, inside the volume V. Substituting Egs. (3.6.18) and (3.6.19) in Eq.
(3.6.17) and using the relation k> = w?p,,o/3k finally yields the scattered pressure
in the form

psx,y,2) = J [(1 - 9',"—°> Vp-V'G - k*pG (1 - —K-)] av’ (3.6.20)
v Pmo K

We can now use this scattering theorem to determine the scattered power or
amplitude resulting from different types of scattering objects.

Born approximation. It is not easy to obtain an exact solution of Eq.
(3.6.20) for the scattered pressure, because the total pressure p is not known within
the perturbing object. A simple assumption, the Born approximation, which is
used in many types of perturbation theories, takes the pressure inside the scatterer
to be equal to the value of the unperturbed incident wave pressure p; [1, 66—68]
defined as

pi = Aje™ (3.6.21)

where the exciting wave propagates in the z direction. The Born approximation
is equivalent to assuming that the perturbations in k and p,o are small. We can
find the backscattered wave at the point r, 6, 0, in spherical coordinates, for the
simple situation r — o« by using the expression for G of Eq. (3.6.11). We write,
first,

V(rcos® — z')2 + (rsin® — x')> + y? (3.6.22)
Because r? >> > y'2, and r? >> z'2, it follows that
R=r —2"cos® — x'sin 6
z' =r'"cos @ (3.6.23)
x' = r'sin 0’ sin ¢’

We then substitute for G in Eq. (3.6.20) and write

2 ,—jkr
p(r.8) _ _Ke J' [(9—3"2—1>cose+1—-'5,]
A, r  Jobject | \Pno K

i
X {e —jkr'[1 — cos 8) cos 8’ — sin 6sin @’ sin cb’]} r'2 sin 6’ de’ dd)'

(3.6.24)

In the simplest case, when the diameter of the object is very small compared to
the wavelength, the integral becomes merely the volume of the object. Thus the
scattered pressure varies with angle as

~jkr
ps(:{ ) _ _ .’Sz_Yg; [(zﬁ - 1> cos 8 + (1 - ;"—)] (3.6.25)
i mO
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Observe that in the Rayleigh scattering limit. the scattered pressure varies as the
square of the frequency and is proportional to the volume of the scattering object.
This result is universal for small scattering objects. In addition, if Eq. (3.6.24) is
written in Cartesian coordinates, the integral becomes a Fourier transform of the
term in square brackets over the cross-sectional area of the object. Starting from
the angular spectrum of the scattered wave, we can go through an inversion process,
using Fourier transform techniques to determine the shape of the object. Thus,
with only these simple assumptions, a great deal of information is available about
the nature of the object.

Quasistatic approximation. Even when the diameter of the scattering
object is very small, if there is a large change in its density or elastic constant, the
fields inside it will be different from the exciting fields. When the object is very
small in dimensions compared to the wavelength, we can assume that in the neigh-
borhood of the object the field variations are quasistatic and can then use static
solutions for the fields in this region. To put it another way, in this case the
variations of the pressure p in the neighborhood of the object are very large. When
the terms 3*p/ax2, 3p/ay?, and 3°p/dz2? are large compared to k?p, the solution of
the wave equation [Eq. (3.6.18)] will then depend on the solution of Laplace’s
equation, V2p = 0.

The exciting pressure wave p, [Eq. (3.6.21)] in the neighborhood of the object
may be written in the approximate form

Pi = Al — jkz) = A(1 - jkr cos @) (3.6.26)

where we assume that the origin of the coordinates is at the center of the scattering
object and that |kz| << 1. This pressure term p; has associated with it a displace-
ment u.;, defined as

v = oploz  —jkA,;
Y O WP
When an ellipsoid is placed in such an exciting field, the displacement fields within

it will also be uniform [67, 68, 70]. The simple case of a sphere is derived in
Appendix H, where it is shown that the intemnal displacement field w, is

(3.6.27)

_ 3u,,;
2 + Pmo/Pmo
Substituting this result in Eq. (3.6.20) for a sphere of radius a yields the relation

pr,8) e K@ [3(1 — prmo/Pmo) X )
A, 3 2 T Prn/Po cos® + |1 = (3.6.29)

(3.6.28)

z

In the Rayleigh scattering regime, just as with the Born approximation, the scat-
tered pressure varies as the square of the frequency and the cube of the radius of
the scattering sphere (i.e., as the volume of the scattering sphere).

We can work out the scattered intensity per unit area at a radius r by taking

306 Wave Propagation with Finite Exciting Sources  Chap. 3



the square of Eq. (3.6.29) and integrating over a unit solid angle. We find that
as I, = (|p3|r3/2zo) dQ), where dS) = sin 0 df d¢ is the differential solid angle and

Zy = Vpmoc is the impedance of the medium, the ratio of the scattered intensity
I, to the incident intensity /; is

2
1(8) _ k*a® | 3(1 — Pro/Pmo) K)
L = o2 [1 T 20t b cos® + |1 = (3.6.30)

We now consider some examples of scattering of acoustic waves in a liquid.
Example: Scattering from a Rigid Sphere in a Liquid

Lord Rayleigh, by carrying out the exact analysis for a rigid sphere, showed that a
small rigid sphere acts like a dipole source when illuminated by a plane wave [66, 69].
If 6 is the angle between the scattering direction and the incident wave (6 = 0 is
forward-scattering and 8 = ar is backward-scattering), it follows from Eq. (3.6.30)
that for a rigid sphere of radius a << A, for which p,,o/p,,c— ® and k'/k — = (impedance
large and velocity finite), the scattered intensity /. at an angle 6 is

L_ —(1 3 cos e) (3.6.31)

Thus for backward scattering (6 = =),
I(backward) _ 25 k*a®

% 2 (3.6.32)
with
p, k@
a - (3.6.33)
The total scattered power P (t
P(tot J: . ' r2l, sin 0 d6 do (3.6.34)
or
P(tot) = ZQE k*asl; (3.6.35)

Thus it is as if the incident beam were intercepted by an obstacle of total cross section
o (tot), where

o(tot) = Ro) Tm

s (3.6.36)
This parameter o(tot) = P(tot)/l; is k 'ring cross section of the
scatterer. We note that when the scatterer behaves like a specular reflector, then
o(tot) = 2mwa2. This is twice the physical cross section of a sphere because as much
power is radiated in the forward direction as in the backward direction. For a rigid
sphere, it follows that

ka (3.6.37)
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Example: Air Bubbles and Sand Grains in Water
Because air bubbles are easily compressed, I/I; is very large for air bubbles in water.
Thus, for air in water, k/k’ = 19,000 and, from Eq. (3.6.30), the backscattering is 77
dB larger than for classical Rayleigh scattering from a rigid sphere. Forsandin water,
on the other hand, where the sand is regarded as equivalent to a compressible liquid,
Pro/Pmo = 2.6, k/k' = 0.1, and the scattering from a spherical grain is 4 dB less than
it is from a rigid sphere of the same volume.

Kirchoff approximation for scattering from a large sphere (ka >> 1).
It is interesting to consider the situation treated in Sec. 3.6.2 by simple specular
reflection concepts, by using the field theory techniques developed in this section.
When considering scattering from a large sphere, it is convenient to use the surface
integral formula of Eq. (3.6.10). We assume that if ka >> 1, any portion of the
sphere around the point r, 6, ¢ acts like a planar reflector at an angle 6 to the
incident wave, and the reflection coefficient from that point is I'(8).

The pressure of the incident wave p; is

p; = A;e 7%cosh (3.6.38)

where we have taken the origin of the coordinates to be at the center of the sphere.
The total pressure at the spherical surface, as with a planar reflector, is assumed
to be doubled when I' = 1. More generally, on the basis of the same types of
assumptions,

p = —0%p0b = [l + I'(0')]A;eikacos® (3.6.39)

We assume that p = ¢ = 0 and 0 < 6 < 7/2 in the shadow region. For simplicity,
we consider only backscattering in the 6 = m direction. For r >> a, we write R
= r + r’' cos 6’, where the coordinates just outside the sphere are r', 8’. Then
the Green’s function G at r’ = a can be written in the form

e-jkacose’ )
G| =g (3.6.40)
with
; —jka cos 6’
%f_f = —]k_ez?rr—— e’*r cos 0’ (3.6.41)
and
ap 7 ' — jkacos8®’
Pl I —jk[1 — T'(8')]A; cos 6 e (3.6.42)

It follows from Eq. (3.6.10), taken for a surface just outside the volume V, that

Lo —jkr [
ps(:{ 9) = ]ker J;__ . az cos 0’ sin 6’ e—2jkacose' I“(er) der (3643)

Assuming that I' = constant, we find that when ka >> 1, Eq. (3.6.43) can be
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integrated to yield

pr,0) _ e~he=o
A,‘ 2r
Here we have ignored terms of the order of 1/ka down from the main term, because

the theory should not be expected to be reliable for terms of this order. The
backscattered intensity I, is defined as

T'a (3.6.44)

25
= .6.4
I 27, (3.6.45)
Therefore, the ratio of the backscattered intensity to the incident intensity I; is
I, T?2g?
7.- =72 (3.6.46)

As we might expect, this result agrees with Eq. (3.6.1). Note that we can estimate
the backscattering cross section o g, by assuming that the power is radiated uniformly
in all directions, which implies, from the argument in Sec. 3.6.1, that

Or, = Ta? (3.6.47)

We note that this is just half the total scattering cross section, for as much power
is radiated in the forward direction as in the backward direction.

Comparison with exact results and the concept of creeping waves.
The exact results for scattering from a rigid obstacle are plotted by the solid line
in Fig. 3.6.3; for comparison, the dashed lines plot Rayleigh scattering theory,
which is approximately true for ka < 0.5, and the asymptotic specular approxi-
mation for reflection for ka >> 1. The exact results have an extra periodicity due
to the presence of leaky waves, which propagate around the surface of the sphere
with approximately the longitudinal wave velocity in the liquid. These leaky waves,
known as creeping waves, are illustrated in Fig. 3.6.4. For this reason, it is rarely
worthwhile to carry out the integral of Eq. (3.6.43) in more detail and keep terms
that vary as 1/ka. Such analyses can be improved to reproduce the theory of
scattering from the front surface with accuracy. They cannot, however, reproduce
the effect of creeping waves.

The fact that there are waves that can propagate around an obstacle is im-
portant. If the sphere of radius a is surrounded by another sphere of very large
radius b, and if ka >> 1, a series of longitudinal or shear waveguide modes prop-
agates around the inner sphere. If the outer sphere were removed to infinity, a
mode propagating around the inner sphere would tend to have infinite energy.
Instead, as it radiates power radially, this creeping wave becomes a leaky wave,
and its amplitude decreases along the circumference away from the point of ex-
citation [66, 69, 71].

When the plane wave incident on the sphere is longitudinal, asitisin a liquid,
it tends to excite a longitudinal creeping wave at the shadow boundary (i.e., where
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ka
Figure 3.6.3 Solid line, plot of the exact result for backscattering from a rigid
sphere in a liquid; Dashed lines, plots of the specular reflection theory [Eq. (3.6.1)]
and the quasistatic Rayleigh scattering limit [Eq. (3.6.31)].
the phase velocity of the creeping wave is in the same direction as that of the
incident wave). The creeping wave excites a reflected plane wave on the other
side of the sphere, as illustrated in Fig. 3.6.4. The results of this concept are clear
in Fig. 3.6.5, which shows the time-domain backscatter response to a short pulse.

This has been found by taking the Fourier transform of Fig. 3.6.3.

Generalizations of the theory. We see that a pulse is reflected from the
front surface of the sphere and that a further weak pulse, corresponding to the
The response in the

creeping wave, arrives at a time ¢t = a(2 + m)/V later.
frequency domain thus corresponds to the interference between the specularly
reflected wave and the later signal from the creeping wave, which travels around
the circumference at a velocity close to that of a longitudinal wave [69].
The creeping wave concept can be generalized further for obstacles on which
there are sharp points or comers. In this case, each sharp discontinuity behaves
like a source for reflected waves [72]. Sharp discontinuities also generate creeping

CREEPING
WAVE

A 4

SPECULAR

REFLECTION
Figure 3.6.4 Specular reflection and

: creeping wave from a sphere.
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waves, which propagate along the surface of the object and are reemitted at another
similar discontinuity. A good example is a smooth crack in a solid, which behaves
like a specular reflector. The crack may not emit a reflected wave in the direction
of the receiving transducer; the ends of the crack, however, scatter waves in all
directions, to create a characteristic angular interference pattern between the two
waves emitted, one from either end of the crack; this pattern varies with frequency
[73, 74). Creeping waves can also be excited at one end of the crack, propagate
along the crack surface, and be emitted from the other end of the crack. The
situation becomes even more complicated if the surface is rough. In this case,
there may be a number of secondary sources along the surface of the object, as
we discussed when considering the phenemonon of speckle in Sec. 3.3.2.

The results can also be generalized in other ways. For instance, the de-
pendence of scattering with angle will change with the shape of the object, even
when its size is small, and the intensity of the scattered wave can have a different
frequency dependence in the Rayleigh limit. As an example, we consider scattering
of a surface wave from a small cylinder of radius a, whose axis is normal to the
direction of propagation of the incident wave. For kR >> 1, the Green’s function
will vary as [exp (—jkR))/V/KR, and the scattered wave intensity will vary as f3a*
(see Prob. 3.1.3). This compares to scattering of a volume wave from a sphere
of radius a, where the scattered intensity varies as f*a® [1, 66-69].

Similarly, if we consider scattering of a longitudinal wave in a solid from a
small defect, we can find generalized forms of Eq. (3.6.20) [1, 68, 75]. In general,
both shear and longitudinal waves are excited and the angular dependences of these
scattered waves will be quite different and complicated, even in the Rayleigh limit,
by their dependence on stress type and direction rather than pressure. Thus, even
in the Rayleigh limit, we can obtain a great deal of information from the angular
dependence of scattering on the elastic properties of the scatterer [1, 68, 70].

At higher frequencies, scattering behavior becomes even more complicated.
Consider a void in a solid, which behaves partially like a specular reflector; the
reflection coefficient of a short pulse reflected from the front surface is given by
Eq. (3.6.1). In addition, as we have seen, creeping waves, which give rise to very
weak reradiated signals, will propagate along the surface of the object. When
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excited by a pulse, such a void then gives a strong reflection from its front surface,
followed by a short pulse corresponding to a creeping wave, as illustrated in Figs.
3.6.4 and 3.6.5 [71].

The behavior of inclusions is still more complicated and is best understood
on the basis of ray tracing theory. Once more there will be a reflection from the
front surface, but there will also be waves that propagate through the middle of
the inclusion and are reflected from its back surface. As mode conversions can
take place from longitudinal to shear waves, and vice versa, quite complicated
behavior occurs and there may be relatively strong reflections from the back surface
of such an inclusion. Furthermore, waves can also propagate around the outside
of the inclusion, which can give rise to still other pulses. Hence the behavior in
the frequency domain is relatively complicated because of the interference pattern
that occurs between these various, multiply reflected waves [71, 75, 76].

As with the simpler theories described in this section, the detailed behavior
of scattering from spherical voids and inclusions in solids can be worked out with
an exact theory, and approximate techniques, very similar in nature and form to
those of Egs. (3.6.15) and (3.6.20), can be derived. Both Born approximations
and quasistatic approximations have been made in the manner described here.
The quasistatic approximations are particularly interesting for dealing with scat-
tering from small cracks, because they rest on a foundation of static fracture me-
chanics theory, which has been developed over the years [68, 70, 77-79]. The
theories have been generalized to deal with excitation by Rayleigh surface waves
as well as plane longitudinal and shear waves. Variational techniques and other
methods have also been developed to deal with these problems. Thus a great deal
of theoretical insight into scattering from flaws can be obtained. The inverse
problem of determining the shape, size, and nature of a flaw from the scattered
signals is also of great interest, and a great deal of theoretical work on the subject
is being carried out.

PROBLEM SET 3.6

1. (a) Work out the scattering from a disk-shaped crack of radius a excited by a plane wave.
Assume that ka >> 1 and that the incident plane wave is incident on the disk at an
angle 0 to its axis. Assume that the reflection coefficient is zero at the crack, so
that «, is doubled at the crack from its incident value. Regarding the crack as a
piston transducer surrounded by a rigid baffle, find the amplitude of the backscattered
wave in the far field (the Fraunhofer region of the crack) as a function of angle
(6 > w/2). Thus consider only specular reflection and neglect creeping waves.

(b) Compare the amplitude of your result for the backscattered signal (6 = 1) with that
for a spherical void of the same radius. Again, ignore creeping waves.

2. Use a quasi-static theory to work out the scattering, as a function of angle, of a normally
incident longitudinal plane wave from a penny-shaped (disk-shaped) crack of radius a,
when ka << 1.

Hinr: Using quasistatic theory, we can show that the crack opening displacement Au,
(the incremental distance between the two crack faces), when an RF field T5;, or pressure,
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is applied, is of the form

1-o0

31a

Au, = (@ - PyeT,

Treat the crack like a small piston transducer, or use Eq. (3.6.10) with ¢ = 0 (i.e.,
T; = Oon the crack). Here o is Poisson’s ratio and p is the second Lamé constant.

3. The attenuation per unit length of a plane wave is

2P,

where P, is the power lost per unit length and P is the incident power transmitted.

(a) Consider the problem of observing objects in turbid water, in which there are N sand
particles per unit volume. Suppose that the particles are spherical and 100 pm in
diameter. Derive the total scattered power of a light wave from a particle, using
the concepts of Sec. 3.6.1 and the discussion after Eq. (3.6.36). Then work out the
attenuation per unit length for N sand particles per unit volume.

(b) Work out a formula for the attenuation in turbid water, due to sand, of a 0.5-MHz
acoustic wave (V = 1.5 km/s). Suppose that there are 10* particles/cm?. Find the
attenuation per meter of light and sound.

Hint: See the example after Eq. (3.6.37).

4. Consider a spherical reflector of iron in a medium such as silicon nitride. In this case,
the velocity of a wave inside the sphere is almost exactly half the acoustic wave velocity
in the surrounding medium. Show by ray tracing in the paraxial limit that rays entering
the sphere will return along a parallel path after being reflected from the back of the
sphere. For this reason, reflections from the back of a sphere are often larger than
those from the front surface. This phenomenon is known as “the scotchlight effect.”
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